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Ridge regression/Tikhonov regularization

Object function and estimates. In ridge regression (Tikhonov regularization),
one estimates the parameter vector β of the linear model

y = XXXβ + ε (1)

by minimization of the object function

χ2 = ‖XXXβ − y‖2 + h2‖β‖2. (2)

The first term of the object function is the residual sum of squares; the second term
penalizes a large norm (“roughness”) of the parameter vector β. The regulariza-
tion parameter (ridge parameter) h determines the trade-off between minimizing
the residual sum of squares and minimizing the norm of the estimate. For a given
regularization parameter h, the regularized estimate is

β̂h = (XXXTXXX + h2III)−1 XXXTy. (3)

For regularization parameter h = 0, the estimate β̂h reduces to the ordinary
least squares estimate. For regularization parameter h → ∞, the estimate β̂h

approaches zero. For intermediate values of the regularization parameter, the es-
timate β̂h is “shrunk” toward zero compared with the ordinary least squares esti-
mate; hence, it is a biased estimate. Even if the design matrix XXX is rank-deficient,
so that XXXTXXX is singular, the regularized matrix (XXXTXXX + h2III) is nonsingular for any
nonzero value of h.

Estimates in terms of SVD. Substituting the singular value decomposition of the
n× p design matrix XXX = UUU ΣΣΣ VVVT into the ridge regression estimate (3) yields

β̂h =

p∑
i=1

fi
uT
i y

σi
vi (4)

with filter factors

fi =
σ2
i

σ2
i + h2

. (5)

The estimate β̂h is a linear combination of right singular vectors vi of the design
matrix XXX. For singular values σi � h, the filter factors fi are approximately
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zero and the associated right singular vectors vi are filtered out. For singular
values σi � h, the filter factors fi are approximately one and the associated right
singular vectors vi are retained in the estimate β̂h.

In signal processing, the filter function (5) is known as a Wiener filter. The
Wiener filter, acting on Fourier coefficients, is an optimal filter to separate a signal
from noise. The squared singular values σ2

i are the correlate of the spectral density
of the signal in Wiener filtering. The squared regularization parameter h2 is the
correlate of the spectral density of the noise in Wiener filtering (cf. Papoulis 1991,
chapter 14.1). In ridge regression, right singular vectors vi for which the ratio of
“signal” σ2

i to “noise” h2 is much smaller than one are filtered out.

Filtering and comparison with TSVD. The estimate of the parameter vector
β regularized by truncated SVD can be written in the same form as the ridge
regression estimate (3),

β̂r̂ =

p∑
i=1

fi
uT
i y

σi
vi, (6)

but with filter factors

fi =

{
1 for i ≤ r̂

0 for i > r̂
(7)

(for truncation at effective rank r̂). That is, regularization by TSVD corresponds
to filtering with a step function filter.

The ordinary least squares estimate can likewise be written in the form (6),
with filter factors fi = 1 for all i (that is, no filtering).

In TSVD regularization, the regularization parameter r̂ is discrete; in ridge
regression, the regularization parameter h is continuous. The filter factors fi in
ridge regression decay more slowly with decreasing singular values σi than the
filter factors in TSVD regularization. Ridge regression affords a smoother filtering
than TSVD.

The structural parallels between the ridge regression filter (5) and the optimal
Wiener filter suggest that ridge regression might suppress noise in data in a more
robust way and with less loss of relevant information than TSVD. Indeed, ridge
regression also arises as a regularization method when errors in the design matrix
XXX, which are ignored in the regression model (1), are taken into account (Golub
et al. 2000). However, since the adequacy of regularization methods is context-
dependent (e.g., in image processing, smoothness of the estimates is not always
desirable), it is difficult to make general statements about the superiority of one
regularization method over another.
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Transformation to standard form. The object function (2) is said to be in stan-
dard form. In place of the standard-form object function (2), one often wants to
minimize an object function of the form

χ2 = ‖XXXβ − y‖2 + h2‖LLLβ‖2. (8)

If smoothness of the estimate is an objective, the weight matrix LLL might repre-
sent a discrete second-derivative operator. [Discretizing the second derivative of a
function f as f ′′i ≈ ∆−2(fi−1 − 2fi + fi+1), with step size ∆, the matrix LLL would
be a tridiagonal matrix with −2∆−2 on the main diagonal and ∆−2 on the adja-
cent diagonals (except for boundary points).] Another common choice of weight
matrix LLL is a diagonal matrix with diagonal elements Lkk =

√
(XXXTXXX)kk. With

this choice of weight matrix, the estimated parameter vector β̂h is invariant under
rescaling of the response vector y.

If the weight matrix LLL is invertible, the object function (8) can be brought into
standard form by the transformation X̃̃X̃X = XXXLLL−1 and β̃ = LLLβ. The standard-form
ridge regression can then be computed from the rescaled design matrix X̃̃X̃X. If the
weight matrix LLL is not invertible, other methods must be used (see Hansen 1998,
chapter 2.3).
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