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Abstract

We consider the magnetic field of a shell uniformly magnetized by an internal dipole that is subsequently removed.
The Gauss coefficients of the resulting field are given in terms of the spherical harmonic coefficients of the shell
thickness. This general solution can easily be reduced to common special cases by superposition. For a shell of
constant thickness the external field vanishes (by Runcorn’s theorem). For shell thickness variations caused by a
laterally varying temperature field, the resulting magnetic moments are appreciably greater than the previously
published correction due to rotational flattening. If the crust of Mercury contains rocks capable of sustaining high
specific magnetizations, orif Mercury had a now-extinct dynamo field which was more intense than the Earth’s
present core field, then the Mariner 10 observations of Mercury’s magnetic field are consistent in magnitude and
geometry with the predictions of this model. For such a scenario, the requirement of a fractionally large molten outer
core supporting a dynamo at present would be relaxed. The origin of Mercury’s magnetic field will be addressed with
measurements to be made by NASA’s MESSENGER spacecraft.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The internal state of Mercury is puzzling. The
simplest thermal evolution models for Mercury
(e.g., [1]) predict that, because of its small size,
the planet should cool rapidly and its initially
molten core should now be fully or nearly solid.
The discovery by Mariner 10 of Mercury’s global
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magnetic field caused a dramatic shift in thinking,
and the field is now often ascribed to dynamo
generation by convection in a molten outer core
of substantial thickness [2,3]. This unexpected ob-
servation and its interpretation led to the emer-
gence of models that attempt to keep Mercury’s
interior hot and the core largely molten. These
conditions may be achieved by several means;
two popular ideas are the inclusion of sulfur in
the outer core, greatly reducing the melting point
due to the low eutectic temperature of Fe-FeS,
and the suppression of mantle convection, reduc-
ing the efficiency of heat loss. The arguments for
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rejecting the alternative hypothesis, that the field
is crustal in origin [4-8], were severalfold. First,
intensely magnetized rocks were not believed to
be present in the natural environments of the ter-
restrial planets. However, the Mars Global Sur-
veyor (MGS) mission to Mars has provided a
striking demonstration that materials with specific
magnetizations of ~20 A/m are in fact present
[9,10]. Laboratory experiments further support
the possibility that single- and multi-domain ther-
moremanent magnetization (TRM) in some min-
erals is significant [11], although the required oxi-
dized minerals (e.g., hematite, magnetite) might
not be expected in the likely water-poor crust of
Mercury. Other magnetic minerals (e.g., pyrrho-
tite) can be considered for both Mars [12] and
Mercury. Secondly, an elegant theorem by Run-
corn [13,14], proving that a uniform shell magne-
tized by an internal source subsequently removed
has no external field, argues that even if magnetic
carriers are available in Mercury’s crust, they can-
not account for the observed field if they are dis-
tributed uniformly. Breaking the symmetry requi-
site to Runcorn’s theorem is the subject of this
paper.

Inhomogeneities in planetary crusts arise from
a variety of mechanisms, such as impact cratering,
tectonics, and magmatism. In part due to Mercu-
ry’s spin—orbit coupling, by which the planet spins
three times for every two revolutions around the
Sun, mean surface temperatures are strongly de-
pendent on position. For a constant, uniform,
conductive thermal gradient within the litho-
sphere, this spatial dependence will result in var-
iations in the depth to the Curie temperature 7,
above which no TRM is possible for any given
magnetic carrier. Here, we investigate how such
variations in the thickness of the layer that is
available to be magnetized might be responsible
for external magnetic fields. The following sec-
tions provide a general solution to the variable
layer thickness problem, demonstrate some spe-
cial cases that are easily obtained from it, and
apply the formulation to Mercury. Our aim is
not to dispute that Mercury’s magnetic field
may indeed originate in the core, but rather to
reexamine the often dismissed possibility that it
originates in the crust.

2. Magnetostatics

We consider the magnetic field of a homogene-
ous shell, magnetized by an internal dipolar field
aligned with the spin (z) axis that is subsequently
removed. We seek the solution for a shell with
one spherical boundary and one arbitrary bound-
ary. Arbitrarily shaped shells can then be consid-
ered by superposition of the solution for such
simple shells. For concreteness, we choose the in-
ner shell boundary to be spherical, and the outer
boundary is kept arbitrary (Fig. 1).

In the absence of any free currents and time-
dependent electric fields, the magnetic field H out-
side a presumed, now extinct dynamo, satisfies:

VXH=0 (1)
Hence, the field can be written in terms of a
potential:
H=-Vo, (2)
where in spherical coordinates the dipole potential
at a point (r, 6, ¢) is of the form:
_ P cosé 3)

7 A 2

Fig. 1. Schematic illustration of a shell with an arbitrary out-
er boundary and a spherical inner boundary. The magnetiz-
ing dipole p is shown at the origin.
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where p is the dipole moment. For a linear me-
dium, the magnetization is:
pe (2 0030? sinGA)

M(r) =cH="— — Tt 0

4n “)

where (7, 0, (?J) are the unit vectors in spherical
coordinates. While similar in form to the suscep-
tibility, the constant ¢ actually measures the ratio
of the remanent magnetization to the applied field
after the latter vanishes. The scalar potential
®M(r') resulting from this magnetization distribu-
tion M(r) that remains after the applied field H is
removed is ([15], p. 197, in SI units):

Dy(r) = —% IVrli/[r(’? dv +
1 M(r)-a(r)
E —| r—r’| dS (5)

All integrals are over the entire volume v or
surface s, where f is the unit normal to the sur-
face. The first term vanishes, and the second term
can be expanded in Legendre polynomials:

1 I/ ,
I Z >
lr—r'| r’;(ﬂ) Pi(cosy), r'>r (6)
where yis the angle between r and r’. The spher-
ical harmonic addition formula is used to write:
i

3 Y, (0,0) Yim(6', ") ()

m=—1[

Pi(cosy) = 214%
where Y}, is the complex spherical harmonic
function of degree / and order m, and * denotes
complex conjugation. Unless otherwise specified,
summations over / and m below will be from 0 to
o and from —/ to /, respectively. The harmonics
are defined in terms of the associated Legendre
functions [16]:

Y/m(e: ¢) =

(214; 1) %le(cose)eimai (8)

(=1

and are normalized to 1:

f Y, (97 ¢) Yl’m’(ez ¢)d.Q = 511’5171”1’ (9)

Im

where dQ=sinf d6 d¢ and 9; is the Kronecker
delta symbol, which equals 1 for i=j and 0 other-

wise. It is often convenient to define the shell
boundary parametrically, so that on the integra-
tion surface:

r=r(0,¢)r (10)

Using the shorthand definition d¢ =09/06, 04 =9/
9¢, and:

Vi=00ds+ ¢(sin0)" 19, (11)
the unit normal is:
1
?——Vﬂ'
fir) = 1 (12)
F—=V1r|
r
and the area element can be written as:
r? 1 )
ds =—dQ = [i—Vrlr’dQ (13)
rn r

Substituting these expressions into Eq. 5, and
referencing to a radius « interior to r’, the poten-
tial is written as:

(7,00 == 5™ (5) " e Y00 (14)
Ho Im r

where o =4nx10"7 Tm/A. Each of the Gauss

coefficients gy, will have two contributions, one

from the integral over the outer surface, g;,°,

and the other from the integral over the inner

surface, gj':

&im :g;z1+g}m (15)

The contribution from each of the boundaries
is:

o1 o 1 cp sin@
Em = S 4n 2l 1) & /01( cosvT 9’)

r

(5)"vi0. 0100 (16)

The negative sign is appropriate for the inner
boundary due to the opposite direction of the unit
normal vector. It is convenient to expand the shell
topography in terms of spherical harmonics:

N0, 0) = o Yiw(0, ) (17)

I'm’
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Table 1
Normalized potential coefficients g;,, due to a shell of arbitrary topography, rj,, uniformly magnetized by an internal dipole of
moment p
/ m=0 1 3 4
0 0
.2 !
52" f
) 2 18 2, 6,
Sml,o 5\/33,0 \/— 5\/73,2
3 6 + 12 [2 / 2 +6 3 3
7 \/3—512,0 7 \ﬁm,o 3 iz] 7 \/Jz,z 742 743
4 4 + 20 " 4 ’ 1 4
- = = —Fr
9\/773.0 3\/ﬁso \/ \/ 3\/—32 52 9 \/—153 3\/ﬁ5'4

The coefficients can be related to the conventional Gauss coefficients by Eq. 27. The quantity (uocp/dna®ro)(roo/a)’ ™" has been
factored out of each term. Real fields can be described by terms with non-negative m, but in general this table is valid when

each index m is replaced by —m.

In inserting Eq. 17 into Eq. 16, consider first
the terms that are not proportional to ry,,, where
I’=1. The contribution of the integral of these
terms due to the inner and outer boundary inte-
grals sums to:
J((ro/a) ™! =(rbp/a)~")2 cosO Y7, (6, 9)d2  (18)

This quantity always vanishes, due to the radial
term for /=1, and due to the angular integral for
/>1. Consider now the terms proportional to
Fr, Where I’ =1. Since the inner boundary was
taken to be spherical, only terms due to the outer
shell remain, and so we drop the superscript and
refer to that expansion as simply r;, hereafter.
Assuming that all but the first coefficients are
small:

Tipy

' <1, =1 (19)
r00

Expanding in terms of the small quantities:

1 Tty
7(997'z I'm
r

dg Yl’m’(07 ¢) (20)
I'=1,m' Foo

and making use of the identities:
S Y1um (0,0) Y1, (6,0)Y;,(8,¢)dQ =

(2[1 + 1)(2[2 + 1)
a2l + 1)

10 Im
“ll,O‘IZ‘OCll ,ml7lz,mz (21)

where CJ" 'm o, ¢ Clebsch-Gordan coeflicients
([16], § 27.9) and:

39 Ylm(97 ¢) =

cos@
iné@

Ylm(e ¢)+ VL Ylm+l(9 ¢) ( )

for the derivative of the spherical harmonic func-
tions [16], gives finally:

© !

_ Ho cp
8im = Z 4TE a3
I'=0 m'=

(<2z+m )Cl 10—V 2L =M Cllyr1 1) (23)

(21/ + 1) 10 'm (@) =1
(2]+ 1)3 r0,1,0 roo \da

where L=1[([+1), M=m(m+1), L'=['(I"+1), and
M'=m'(m'+1). Table 1 lists g5, up to degree
and order 4.

The Schmidt quasi-normalized real spherical
harmonic functions p;, that are conventional in
geomagnetism can be used to decompose the po-

tential:
I+1
Dl 0, 9') Z Z (@)
=0 m=
Pim(cos6’ )(g;m cosm¢ + h;m sinm¢’) (24)
where:

n(cos6) = [ (28 ms Pnleose) (25)
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The real multipliers g;,, and l;/m are known as
Gauss coefficients and are related to their complex
counterparts by:

2

8o = Tglo

) T

8im = (_1) m Re(glm) (26)
- 21+ 1

hj = —(—1)" o Im(gyn)

where Re and Im extract, respectively, the real
and imaginary parts of their arguments.

3. Special cases

We consider three special cases of the general
solution provided by Eq. 23 and Table 1: a con-
stant-thickness shell as in Runcorn’s theorem, a
shell with a generic degree-two flattening, and a
possible shell appropriate for Mercury.

3.1. Runcorn’s theorem

Runcorn’s [13,14] assertion, that lacking any
lateral variations in shell thickness the external
field vanishes, is seen in the trivial case in which
all rp,y =0 for I' > 0. In this case, g, is identically
Zero.

3.2. Flattened shell
Suppose the outer boundary is given by:

r(6) = a(l + nPy(cosh)) =

20
a<1 N 773 c0529 1) 27)

where «a is the radius, and 7 is the flattening pa-
rameter, small with respect to 1. It is easy to show
that for this shell, flattened symmetrically about
the dipole (z) axis, the only two non-zero Gauss
coeflicients are:

10 ="2° ﬂ(g> (28)

“in S \5

and

- Lo cpn (6
&30 = D (E) (29)

Their ratio is g3p/g10 = 3/7. The inducing dipole
field potential has as its sole Gauss coefficient:

Bo=pk (30)

Hence, the /=1 induced potential is reduced
relative to the imposed potential by the factor
élo/é"fo =(2/5)cn. Note that this ratio is indepen-
dent of a.

A comparison can be made with the effect of a
shell of constant thickness ¢ and flattening 7. This
case can be considered as the difference between
two shells with radii:

r=a(l +nPy(0)) (31)

72261(1+77P2(9))+t (32)

za(l—ké) [1+n(1—5) P2(9)+0(£>2] (33)

a

By superposition, the resulting dipole moment
will be in proportion to the sum of the /=1 Gauss
coefficients:

GM2__ 5 M1
810810 ) 2 4
M. = ~ = —zcpn-— 34
( F LA L L (34)
This agrees with the result by Runcorn [14]:

_lércitp_,
T 15a

(35)

as he normalized the P, such that his flattening
n' =—3n/2, and he has an additional factor of 4n
due to choice of units.

Comparing the two cases, it is clear that the
flattened, constant-thickness shell has a field
smaller than the flattened outer boundary shell
by a factor of t/a, which can be of order 1/100.

3.3. Mercury

Consider the case in which the magnetized layer
thickness varies as a result of variations in depth
to a single Curie temperature, controlled by sur-
face temperature and uniform heat flow. Since the
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insolation pattern should be symmetric about the
equator, only terms with even / are non-zero. Fur-
thermore, symmetry about longitudes 0° and 90°
results in only cosine terms with even m. These
constraints simplify Table 1 considerably, such
that the only non-zero Gauss coeflicients up to de-
gree and order 4 are gj9, g30, and g3. An appro-
priately constrained spherical harmonic expansion
of modeled near-surface temperatures [17], yields:

{100,720, 722,740,742 }dT /dz
= {1230,—131,81,—82,26} K

Other parameters in the expression for g, must
be estimated. Mercury’s planetary radius is taken
to be a=2440 km. The thermal gradient near the
surface is assumed to be d7/dz=10 K/km. For
these parameters, the Curie depth would vary by
about 10 km. A steeper (shallower) gradient
would increase (decrease) the magnitude of the
shell thickness variation and hence of the exter-
nally observed field. If the magnetization was ac-
quired from a dynamo generated in the core, then
one possibility is to assume the field strength at
Mercury’s core-mantle boundary (CMB) was
some factor f, of order unity, times its present
value at Earth’s CMB, on the grounds that the
square of the core field is expected to scale with
rotation rate, density, and inverse conductivity,
but not core size [18]. This would be the case if
Mercury’s dipole moment was approximately
2=9.2x10*" Am?, roughly an order of magnitude
smaller than Earth’s present moment. However,
the dynamo could have been even more intense
early in the history of both Earth and Mercury.
The implicit assumption that the dynamo was
constant during the cooling of the shell is likely
to be an oversimplification in light of the fact of
typical reversal timescales for the present Earth
dynamo are shorter than the cooling time ex-
pected for such a shell. Combining these assump-
tions yields the following for the remanent field
(written in terms of the often tabulated Schmidt-
normalized Gauss coefficients):

810 = —85nT+c
&30 = —139 nT+fe (37)
&3 = 63nTfc

Under these assumptions, the effect described
may be important for explaining Mercury’s field
if the product of the parameters fc is near unity.
For lunar basalts, the fraction of remanent mag-
netization is thought to correspond to ¢ <1 [13].
However, magnetic fields observed by MGS in
Mars orbit are as large as ~ 1500 nT [9,10] and
are believed to originate in the crust. In terms of
specific magnetization, such observed fields indi-
cate values of at least 20 A/m [9,19]. If magnetized
in a field comparable to the Earth’s B= 50000
nT, or H=40 A/m, these values imply ¢ can in-
deed approach unity. Of course, the larger the
value for f, the smaller the value for ¢ can be to
produce a measurable field.

If ¢ is large, non-linear effects of self-magneti-
zation may not be negligible. For example, the
effect of the Earth’s ellipticity has an appreciable
contribution from terms that are non-linear in the
susceptibility [20,21]. Combining a variable Curie
temperature depth with this effect will require a
more complicated model than is presented here,
which would include, for example, the early ther-
mal evolution of the crust.

The best estimates to date for the magnetic field
of Mercury were obtained by Mariner 10 during
Mercury encounters I and III [22]. The estimates
for the dipole component gy range between 227
and 350 nT. This range of estimates can be ac-
counted for by attributing some of the observed
power to higher moments (such as an axisymmet-
ric quadrupole) [22]. The constraint on the dipole
moment is accordingly imprecise.

The computed Gauss coefficients above demon-
strate that the effect described may be relevant to
explaining the nature of Mercury’s magnetic field.
However, their values should not be viewed as
strict predictions. Rather, they are the consequen-
ces of an idealized crust containing none but the
long-wavelength inhomogeneity due to present-
day surface temperatures. A variety of processes
in the past and present surely have affected the
crustal structure, and hence, any remanent field.

4. Conclusions

1. A general solution to the problem of a magne-
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tized shell of arbitrary thickness has been ob-
tained. The Gauss coefficients of the resulting
field are given in terms of the spherical har-
monic coefficients of the shell thickness. This
solution can easily be reduced to common spe-
cial cases using superposition.

2. For a shell of variable thickness, such as might
be inherited from a variable temperature field,
the resulting magnetic moments are ~ 100
greater than the previously published correc-
tion due to rotational flattening [14], the latter
being suppressed relative to the former by a
factor of t/a.

3. If Mercury’s crust contains rocks capable of
sustaining high specific magnetizations, or if
Mercury had a now-extinct dynamo field
which was more intense than Earth’s present
core field, then the observations of Mercury’s
present magnetic field are consistent in magni-
tude and geometry with the predictions of this
model.

4. The question of whether Mercury’s present
magnetic field is generated in the crust will be
answered rapidly upon the arrival of the MES-
SENGER spacecraft [23] to the planet, as its
on-board magnetometer should detect asym-
metries in the field if it is crustal. Predictions
of the decay of the field’s power spectrum dif-
fer depending on the assumed source. While it
is possible, as shown here, for both the crust
and the core to lead to low-order field com-
ponents, a crustal field must possess local het-
erogeneities (due to structures such as impact
craters), implying more power at shorter wave-
lengths, that is, a slower decay of the power
spectrum. High-order components may be
present in a core field, but they would be atte-
nuated by upwards continuation to spacecraft
altitude.

Acknowledgements

We thank Gauthier Hulot and Pierre Rochette
for helpful reviews of an earlier draft and mem-
bers of MIT’s planetary science seminar for intel-
lectual stimulation of the idea. This research was
supported by the NASA Planetary Geology and

Geophysics Program under Grants NAGS5-11650
and NAG5-10165./VC]

References

[1] G. Schubert, M.N. Ross, D.J. Stevenson, T. Spohn, Mer-
cury’s thermal history and the generation of its magnetic
field, in: F. Vilas, C.R. Chapman, M.S. Matthews (Eds.),
Mercury, University of Arizona Press, Tucson, AZ, 1988,
pp- 429-460.

[2] D.J. Stevenson, Planetary magnetic fields, Rep. Prog.
Phys. 46 (1983) 555-557.

[3] N.F. Ness, Intrinsic magnetic fields of the planets: Mer-
cury to Neptune, Phil. Trans. R. Soc. London Phys. Sci.
Eng. 349 (1994) 249-260.

[4] N.F. Ness, Mercury — Magnetic field and interior, Space
Sci. Rev. 21 (1978) 527-553.

[5] N.F. Ness, The magnetic fields of Mercury, Mars,
and Moon, Annu. Rev. Earth Planet. Sci. 7 (1979) 249
288.

[6] L.J. Srnka, Magnetic dipole moment of a spherical shell
with TRM acquired in a field of internal origin, Phys.
Earth Planet. Inter. 11 (1976) 184-190.

[71 A. Stephenson, Crustal remanence and the magnetic mo-
ment of Mercury, Earth Planet. Sci. Lett. 28 (1976) 454—
458.

[8] D.W. Strangway, The magnetic fields of the terrestrial
planets, Phys. Earth Planet. Inter. 15 (1977) 121-130.

[9] M.H. Acuia, J.E.P. Connerney, P. Wasilewski, R.P. Lin,
K.A. Anderson, C.W. Carlson, J. McFadden, D.W. Cur-
tis, D. Mitchell, H. Réme, C. Mazelle, J.A. Sauvaud, C.
D’Uston, A. Cros, J.L. Medale, S.J. Bauer, P. Cloutier,
M. Mayhew, D. Winterhalter, N.F. Ness, Magnetic field
and plasma observations at Mars: Initial results of the
Mars Global Surveyor mission, Science 279 (1998)
1676-1680.

[10] M.H. Acuiia, J.E.P. Connerney, N.F. Ness, R.P. Lin, D.
Mitchell, C.W. Carlson, J. McFadden, K.A. Anderson,
H. Réme, C. Mazelle, D. Vignes, P. Wasilewski, P. Clout-
ier, Global distribution of crustal magnetization discov-
ered by the Mars Global Surveyor MAG/ER experiment,
Science 284 (1999) 790-793.

[11] G. Kletetschka, P.J. Wasilewski, P.T. Taylor, Mineralogy
of the sources for magnetic anomalies on Mars, Meteorit.
Planet. Sci. 35 (2000) 895-899.

[12] P. Rochette, J.P. Lorand, G. Fillion, V. Sautter, Pyrrho-
tite and the remanent magnetization of SNC meteorites: a
changing perspective on Martian magnetism, Earth Plan-
et. Sci. Lett. 190 (2001) 1-2.

[13] S.K. Runcorn, An ancient lunar magnetic dipole field,
Nature 253 (1975) 701-703.

[14] S.K. Runcorn, On the interpretation of lunar magnetism,
Phys. Earth Planet. Inter. 10 (1975) 327-335.

[15] J.D. Jackson, Classical Electrodynamics, 3rd edn., John
Wiley, New York, 1998.



268 O. Aharonson et al. | Earth and Planetary Science Letters 218 (2004) 261-268

[16] F.A. Dahlen, J. Tromp, Theoretical Global Seismology,
Princeton University Press, Princeton, NJ, 1998.

[17] A.R. Vasavada, D.A. Paige, S.E. Wood, Near-surface
temperatures on Mercury and the Moon and the stability
of polar ice deposits, Icarus 141 (1999) 179-193.

[18] D.J. Stevenson, Planetary magnetic fields, Earth Planet.
Sci. Lett. 208 (2003) 1-11.

[19] J.E.P. Connerney, M.H. Acuiia, P. Wasilewski, N.F.
Ness, H. Réme, C. Mazelle, D. Vignes, R.P. Lin, D.
Mitchell, P. Cloutier, Magnetic lineations in the ancient
crust of Mars, Science 284 (1999) 794-798.

[20] A. Jackson, D. Winch, V. Lesur, Geomagnetic effects of
the Earth’s ellipticity, Geophys. J. Int. 138 (1999) 285-285.

[21] V. Lesur, A. Jackson, Exact solutions for internally in-

duced magnetization in a shell, Geophys. J. Int. 140
(2000) 453-453.

[22] J.E.P. Connerney, N.F. Ness, Mercury’s magnetic field
and interior, in: F. Vilas, C.R. Chapman, M.S. Matthews
(Eds.), Mercury, University of Arizona Press, Tucson,
AZ, 1988, pp. 494-513.

[23] S.C. Solomon, R.L. McNutt, R.E. Gold, M.H. Acuia,
D.N. Baker, W.V. Boynton, C.R. Chapman, A.F. Cheng,
G. Gloeckler, J.W. Head, S.M. Krimigis, W.E. McClin-
tock, S.L. Murchie, S.J. Peale, R.J. Phillips, M.S. Robin-
son, J.A. Slavin, D.E. Smith, R.G. Strom, J.I. Trombka,
M.T. Zuber, The MESSENGER mission to Mercury:
Scientific objectives and implementation, Planet. Space
Sci. 49 (2001) 1445-1465.



	Crustal remanence in an internally magnetized non-uniform shell: a possible source for Mercury’s magnetic field?
	Introduction
	Magnetostatics
	Special cases
	Runcorn’s theorem
	Flattened shell
	Mercury

	Conclusions
	Acknowledgements
	References


