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Abstract

Extra forces due to extra dimensional motions naturally arise in various kinds of ex-

tra dimensional models, where they could lead to deviations of particle trajectories

compared to those without extra dimensions. In this thesis, we study the effect of

extra forces on the classical particle trajectories in the five dimensional Friedmann

universe and the Randall-Sundrum model. The classical trajectories observed in the

ordinary dimensions are calculated explicitly in short time limits. In the5D Fried-

mann universe with a non-static extra dimension, the deviations of the trajectories

grow quadratically in time, and the compactness of the extra dimension does not

show up because the extra dimension is conformally flat. In the Randall-Sundrum

model where the extra dimension is inhomogeneous due to the warped geometry,

beside the quadratic growth, the deviations also contain sinusoidal-like fluctuation,

whose oscillation periods are approximately equal to the time of revolution around

the compact extra dimension. As a classical test of the current models, we generate

classical free wave packets in5D space-times by randomizing the initial conditions

of both ordinary and extra dimensional motions, and we compare their evolutions to

those in the ordinary4D space-time. It is shown that the widths of the wave pack-

ets in the Robertson-Walker and Randall-Sundrum models evolve in the same way

as that in the ordinary4D space-time in the limit of static universe, and correction

terms arise if the size of the extra dimension changes with time.

We also study the extra force in the combined Kaluza-Klein-Randall-Sundrum

model. It is shown that the extra force has a term that corresponds to the Lorentz

force of electromagnetism, from which the charge-conjugation operation can be
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defined as the parity reversal in the fifth dimension. It is also shown that, in the

weak electromagnetic field limit, electric charges are equivalent to the fifth velocity,

and charged and neutral particles can be represented by the same particle with the

two different modes of fifth dimensional motions. The neutral particles would be

observed to have masses suppressed by the warp factor, which generates a mass

hierarchy between charged and neutral particles.

ii



`̀̀���

{î§¡��9D3ãÔ�3Ü²g-º�XlÝÜ²æ�9°Ü²æ¸

Ô� �ª�Òy×�°î§¡�Ý�ª� 39	¡Z��&Æ@~Ô�

3{îè º�ÝBÎ�¼�&Æ2àËÍ´#�Ý{îÿl��ÀÂL

Robertson-Walker�!X��Ý"î FriedmannE"�C�`Ü²g-Ý"

î Randall-Sundrumè �&Æ�Õ�×BÎÔ�39ËÍ{îÿl��7

 3°îè Ý�¼�3"î FriedmannE"���¼Ý�É�` Þg

]¦���Ü²g-Ýå[P¬^b"î�¼�3"î Randall-Sundrumè

 ���¼Ý�ÉJtÝÞg]¦�²�?b®l%�4�M����Ã

8�yÔ��B×øå[;Ü²g-XmÝ` �
?�§¡�&Æ.;

ðCÜ²Ý��f��^;�ÿ�×Í3"îè �
Ýëî�ã®��

¬ÞÍ
;�V�°îè Ýëî®�f´�&Æ¼�®�-�Ý
;�

P�3�VE"Á§ì�«°îÝ8!�	Ü²g-ÝM��` ;��

&Æ-ÿÕÍÑÑ4�

&ÆùD¡y×ÍÈ) Kaluza-Klein-Randall-Sundrumÿl�ÝÜ²æ�

&ÆJ�9Ü²æ	��bETLorentzéÂæÝ×Í4�ãh&Æ�L{

î§¡�Ýé��7Õ��&Æ?¼��33éÂ�Á§��ñé�Ô�

õ�PÔ�ÎETyËÍ�!ÿPÝÜ²g-º����ñé�Ô�Ý²

�º��`. �X9×�9ø�Q2®ßñé�Ô���ñé�Ô�� 

Ý²�·ù�¢h�&Æ���|��×�×¥æ�õéÂ��)ú�Ý

¢ó�Ý����²�®Þ�

iii



Acknowledgments

I would like to thank my supervisor Prof. M.-C. Chu for giving me invaluable

advices and helps in research, and stimulating my thoughts on the great mysterious

nature of the physical world.

I would also like to thank my greatest family for their endless, altruistic supports

during these two years of MPhil studies.

Lastly, I have to thank Dr. George Jor of the ELTU for teaching and improving

my written and spoken English.

iv



Contents

1 Prologue 1

1.1 Research Background . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Statement of the Problem . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Organization of the Thesis . . . . . . . . . . . . . . . . . . . . . . 5

2 Review of Various Extra Dimensional Models 6

2.1 General Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Kaluza-Klein Theory . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Space-Time-Matter Theory . . . . . . . . . . . . . . . . . . . . . . 13

2.4 Arkani-Hamed-Dimopoulos-Dvali Scenario . . . . . . . . . . . . . 16

2.5 Randall-Sundrum Scenario . . . . . . . . . . . . . . . . . . . . . . 19

3 Review of Extra Forces 27

3.1 Definition of Force in4D . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Extra Forces in STM Theory . . . . . . . . . . . . . . . . . . . . . 28

3.3 Variation of4D Mass . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.4 Position-Momentum Uncertainty Relation . . . . . . . . . . . . . . 32

3.5 Extra Forces in Brane Theories . . . . . . . . . . . . . . . . . . . . 34

4 Extra Forces in the5D Friedmann Universe 37

4.1 Generalized Robertson-Walker Metric . . . . . . . . . . . . . . . . 38

4.2 Unobserved Motions in Extra Dimensions . . . . . . . . . . . . . . 43

v



4.3 Equations of Motion with Three Extra Spatial Dimensions . . . . . 51

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

5 Extra Forces in the Randall-Sundrum Model 55

5.1 Model Development - Evolving Extra Dimension . . . . . . . . . . 56

5.2 Classical Particle Trajectories . . . . . . . . . . . . . . . . . . . . . 59

5.3 Unobserved Motions in Extra Dimensions . . . . . . . . . . . . . . 66

5.4 Modification of RSI model . . . . . . . . . . . . . . . . . . . . . . 72

5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6 Comments on Extra Forces as the Source of Quantum Fluctuations 78

7 Particle-Antiparticle Pairs as an Observable Effect of Extra Force 80

7.1 Reasons for Antiparticles . . . . . . . . . . . . . . . . . . . . . . . 81

7.2 Attempts in Classical Physics . . . . . . . . . . . . . . . . . . . . . 85

7.3 5D Kaluza-Klein Scenario . . . . . . . . . . . . . . . . . . . . . . 86

7.4 Generalizations to Brane Theories . . . . . . . . . . . . . . . . . . 89

7.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

8 A Summary of this Thesis 99

Bibliography 101

vi



List of Figures

2.1 Pictorial description of the 2-brane world scenario in Randall-Sundrum

model. The physical world visible to we human is located atφ =

±π and a hidden brane is atφ = 0. . . . . . . . . . . . . . . . . . . 21

4.1 The distribution of displacementf (ra) due to the motion in the extra

dimension in a spacetime with metric (4.1). The initial conditions

are arbitrarily chosen:ra0 = 0, ṙa0 = 1, b0 =−ḃ0 = 1, andt = 0.1,
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Chapter 1

Prologue

1.1 Research Background

Extra dimensions were first employed in the attempt of unifying the gravitational

and electromagnetic forces with a five dimensional space-time [1, 2, 3, 4]. In the

so-called Kaluza-Klein theory of gravity, the vector potential of a classical electro-

magnetic field arises naturally if the curvature of the fifth dimension depends only

on the usual4D coordinates [1]. Famous examples where extra dimensions play a

crucial role include the String Theory [5] and brane-world cosmology [6]. More

recently it has been proposed that extra dimensions can be used to solve the Hi-

erarchy Problem. One of the well-known models that achieve this goal was given

by Arkani-Hamed, Dimopoulos and Dvali (ADD) [7], where the Planck scale is

reduced to TeV scale by volumetric suppression. The size of the extra dimensions

can be as large as the millimeter scale. A more sophisticated model is given by

Randall and Sundrum (RS-I) [8], where the hierarchy between the Planck scale and

the Standard Model-matter scale is generated by the warp factor of the extra dimen-

sion whose size remains at the Planck length. The RS-I model can be viewed as

the low energy limit of Horova-Witten heteorotic string theory after the Calabi-Yau

compactification [8]. In the original models of ADD and RS-I (brane-world), only

bulk gravitons were allowed, but very soon later bulk gauge fields and bulk fermion

fields were also included (e.g. in models with flat universal extra dimensions), and
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Chapter 1 Prologue 2

a number of the massive Kaluza-Klein gravitons and new gauge and fermion field

quanta were predicted [9], which will serve as new kinds of signatures in future

experiments such as the Large Hadron Collider and Linear Collider [10] as well as

in neutrino mass measurements [11].

There exists another extra dimensional theory known as the Space-Time-Matter

(STM) or Induced-Matter theory [12]. In STM theory, every curved4D space-time

can be embedded in an empty5D space-time through Campbell’s theorem [12, 13].

In other words, the rest mass observed in our4D space-time is only a manifesta-

tion of the geometry of hyperspaces in the empty5D space-time. It is interesting

to notice that this could be an alternative to the Higgs mechanism [14]. STM the-

ory suggests that a test particle (whose rest mass and energy does not modify the

underlying geometry) freely moving in5D space-time experiences an extra force

related to its motion along the extra dimension if it is percieved by a4D observer

living on the brane [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. The extra force in

STM theory was first defined in Ref. [15] and was later modifed in Ref. [22] so

that it is consistent with4D observations. Due to the extra force, the4D observer

concludes that the rest mass of the test particle must be varying with the4D proper

time. This implies that the fifth dimension is intimately related to the observed rest

mass. It was shown that one can always define for a particle the4D induced mass as

the product of its5D mass and its momentum in the fifth dimension. In particular,

if the particle is5D massless, then the4D induced mass is proportional to the fifth

momentum [22]. Furthermore, the weak equivalence principle for a test particle can

only be valid in the limit of zero4D induced mass [26].

The extra forces in the brane models have also been discussed by several authors

[18, 21, 23, 22]. Youm [18] found the general form of the equations of motion of a

bulk particle. He pointed out that a mechanism was needed to confine a particle to

the TeV brane. Seahra [21] established such a mechanism by using the generalized

centripetal force and asserted that a4D observer can only tell whether the space-

time is5D by examining the anomalous torque of a gyroscope, an idea very similar
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to the Foucault pendulum in a non-inertia frame. The continuity of the extra forces

across singular branes was shown by Ponce de Leon [22].

A very simple way to understand the existence of the extra forces is that the total

momentum and the total energy are conserved in the higher dimensional space-

time. In other words, individual components of the four-momentum, especially

those observed in our ordinary space-time, may not be conserved due to the energy-

momentum tranfers between the ordinary and extra dimensions. This may lead to

observational signatures distinct from those in4D theories. For example, the first

order perihelion shifts of a test particle around a spherical massive object would

contain, beside the usual Schwardchild term, a extra term related to the curvature of

the extra dimension [27, 12].

Another way of understanding the existence of the extra forces is that in5D

space-time, the following identity holds:uAFA = 0. Hereafter in this paper, five

dimensional quantities will be denoted by captial Latin indicesA,B,C, . . . running

over0,1,2,3,4. For example, a five-vectorxA will be used to denote the five-tuple

xA = (t,x,y,z,φ), wherex4 ≡ φ is the extra coordinate. Extracting the extra terms,

one getsuαFα = −u4F4, where four dimensional quantities are denoted by lower

case greek indicesα,β ,γ, . . . running over0,1,2,3. The right hand side of this

equation is zero in4D space-time, and a non-zero value of which could lead to a vi-

olation of4D energy-momentum conservation. Based on this observation, Wesson

[28] derives a Heisenberg uncertainty relation of a massless5D particle in position

and momentum measurements by employing the canonical gauge [29] and identi-

fying the fifth coordinate as the reciprocal of the induced4D mass observed in the

laboratory, which is equivalent to the Compton wavelength. He conjectures that a

particle is virtual if its Compton wavelength is smaller than the length scale of the

fifth dimension and it is real otherwise. Wesson later [30] takes another route by

transforming Milne’s metric into a “metric wave”, which is a metric whose coeffi-

cients in the4D parts are complex waves, and he concludes that for a5D massless

particle, de Broglie’s relations can be recovered if the fifth coordinate is identified
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as the induced4D mass of the particle. These two work are actually not the very

first attempts to formulate the4D Heisenberg uncertainty principle by using a5D

deterministic theory. It happens that Klein was the first one who considered the

possibility of interpreting the Scrödinger equation as a five-dimensional classical

wave equation, and thus relating Planck constant to the size of the extra dimension

[2]. (See also the comments in the last chapter of Reference [12].) However, the

fifth dimension employed in the STM calculations becomes an internal degree of

freedom, as an induced-mass dimension rather than a spatial dimension. The iden-

tification of the fifth dimension as the reciprocal of the induced mass and the use of

an imaginary metric wave can be viewed as the “quantizaton rules” in STM theory.

1.2 Statement of the Problem

In the previous work [15, 12, 31, 32, 21, 23, 22], the general terms of the extra forces

in different five dimensional models are obtained through dimensional reduction of

the geodesic equations. These extra forces in general depend on the particle kinet-

ics, but the geodesic equations are usually left unsolved, and only the qualitative

behaviors (e.g. their linear dependence on the four-velocities) of the extra forces

are discussed. Although the general form of the extra forces appears very similar in

different classes (e.g. flat and warped) of5D metrics, their evolution might be very

different because particle kinematics are different. Our aim in this thesis is to solve

for the 5D classical trajectories of a free massive bulk particle in flat and warped

space-times.

We will, as other author did [31, 32, 21, 22], take the view of a bulk observer

who is able to see the bulk particle regardless of its position in the extra dimension.

As pointed out by Youm [31], this assumption is in contrast to the brane models,

where the4D observers should be confined to the visible brane. However, it is this

assumption that leads to interesting observational results.

Intuitively, a free particle running through a compactified extra dimension may
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show in the ordinary dimensions (through momentum tranfers discussed above)

a periodic motion with a period that equals the time for completing a cycle in the

compactified extra dimension. Since we expect that the extra dimension is too small

to be observable, the period of motion may be extremely short, and the periodic

motion percieved in the laboratory may appears as some sort of fast fluctuations

that can only be characterized by a probability distribution. In addition, the initial

conditions of the extra dynamical variables are uncontrollable in the laboratory and

should be randomized to give the spectra of the observed4D trajectories. In the line

of these thoughts, we employ some common metrics and look for the time evolution

of such trajectories.

1.3 Organization of the Thesis

In Chapter 2, we review Einstein’s General Relativity of curved space and time,

based on which we review how Kaluza and Klein develop their five dimensional

model to explain electromagnetism as a purely geometrical effect. Then we survey

several extra dimensional models, including the modern version of the Kaluza-Klein

theory called the Space-Time-Matter theory, the Arkani-Hamed-Dimopoulos-Dvali

scenario and the Randall-Sundrum scenario. In Chapter 3, we develop the necessary

tools for the discussions of extra forces. We first review the definition of force in

four dimensions. Then we are able to identify what we will call extra forces from

the equations of motion in various extra dimensional models.

In Chapter 6, we study the trajectories in a more general version of Arkani-

Hamed-Dimopoulos-Dvali world, namely the five-dimensional Friedmann-Robertson-

Walker universe. In Chapter 6, we study the trajectories in the Randall-Sundrum

five-dimensional space-time. In both models, we carry out the randomization as

discussed above. We compare the5D wave packets in these two models with those

in four dimensional theories. The extra forces in a combined metric of Kaluza-Klein

and Randall-Sundrum ones will be investigated in Chapter 7.



Chapter 2

Review of Various Extra Dimensional

Models

2.1 General Relativity

After the publication of Special Relativity, Albert Einstein soon realized that New-

ton’s law of gravitation is not Lorentz invariant and thus incompatible with Special

Relativity. This incompatibility is due to the notion of absolute accelerations in

Newtonian mechanics. In order to overcome it, Einstein developed the equivalence

principle, asserting that gravitational acceleration is also a frame-dependent con-

cept, and, therefore, it must also be treated in the framework of relativity. Most

importantly, all law of physics must remain valid in all accelerating frames of ref-

erence. But this is not the end of the story. In the space-time around the Earth, for

instance, the gravitational strengths are different at different radial distance from

the centre of the Earth, implying that there are infinitely many different accelerating

frames filling the whole space-time. By the equivalence principle, the motion of an

object dependsnot on its own mass but solely on the gravitational strength at its

position. This implies that it is the structure of the space-time, or the space-time ge-

ometry, that determines the motion of a particle. The presence of a massive object

thus modifies the geometry of the space-time around it. In this way, gravitation be-

comes a field that fills up the whole space-time. Consequently, action-at-a-distance

6
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in Newtonian theory of gravitation does not exist in the new theory. Furthermore,

Lorentz invaiance in Special Relativity is replaced by general covariance in Gen-

eral Relativity, just as Galilean invariance in Newtonian mechanics is replaced by

Lorentz invariance in Special Relativity.

Curved Space-time

Riemannian geometry is used in General Relativity as a geometric theory of grav-

itation. In the space-time, the distance between two pointsxµ = (t,x,y,z) and

xµ +dxµ = (t +dt,x+dx,y+dy,z+dz), whereµ = 0,1,2,3, is given by the metric

equation:

ds2 =
3

∑
µ=0

gµνdxµdxν , (2.1)

wheregµν is called the metric tensor. In this thesis, we will adopt the convention

that lower Greek indicesα,β ,γ, . . . run over0,1,2,3. The summation of the above

equation, and other equations in this thesis, can be written in a more compact way

by adopting Eintein’s summation convention: whenever the same summation index

exists as a lower index as well as an upper index, the summation over all possible

values (µ = 0,1,2,3 in this case) is implied. Thus Eq. (2.1) can be rewritten as

ds2 = gµνdxµdxν . (2.1’)

The inverse of the metric tensorgµν is defined bygµνgνλ = δ µ
λ , where the Kro-

necker deltaδ µ
λ is given by

δ µ
λ =





0, if µ 6= λ ;

1, otherwise.
. (2.2)

In Special Relativity, only Minkowski (flat) space-time is relevant. The correspond-

ing metric tensor is given by the Minkowski metric:

ηµν = diag{1,−1,−1,−1}. (2.3)
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In this thesis, we shall adopt the “mostly negative” convention, such that the time

dimensions have positive coefficients while spatial dimensions have negative coef-

ficients.

Einstein’s Equation and Particle Motions

According to General Relativity, the curvature of the space-time should be deter-

mined by the stress-energy source in the underlying space-time. Indeed, the metric

tensorgµν is governed by Einstein’s equation:

Gµν = 8πTµν , (2.4)

whereGµν is the Eintein’s tensor made out ofgµν , Tµν is the stress-energy tensor,

which is defined by

Tµν = (ρ + p)uµuν + pgµν , (2.5)

whereρ is the energy densities,p is the pressure in the spece-time, anduµ is the

four-velocity of the source [33]. The raising and lowering indices are given by the

metric itself:

Aµ = gµνAν , Aµ = gµνAν . (2.6)

It is remarked that the solution to Einstein’s equation is not unique. A simple ex-

ample is that bothδµν andηµν satisfy Eintein’s equation in the empty space, where

Tµν = 0. To fix the solution, one needs to imposea priori boundary conditions. In

this simple example, we need to know beforehand that the underlying space-time is

Minkowskian rather than Euclidean.

A particle moving in a gravitational field is now pictured as a particle moving

freely in a curved space-time. In other word, the momentum of the particle should

be constant in the curved space-time. In Minkowskian space-time, this can be stated

as

dpµ = 0. (2.7)
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To transit from Special Relativity to General Relativity, we simply replace the

derivative by covariant derivative:

dpµ +Γµ
αβ pαdxβ = 0, (2.8)

or in terms of the four vectorxµ and the derivatives in the4D proper times, it is

more commonly expressed as

d2xµ

ds2 +Γµ
αβ

dxβ

ds
dxβ

ds
= 0, (2.9)

This implies that the resultant trajectory is exactly the geodesics in the curved space-

time. Eq. (2.9) will be the central equation in the rest of the thesis.

2.2 Kaluza-Klein Theory

One of the most intriguing ideas in modern physics is the unification of the four

known interactions,i.e. the gravitational interaction, the weak interaction, the elec-

tromagnetic interaction and the strong interaction. The latter three have been unified

successfully over the past few decades, and the resulting theory is called the grand

unified field theory (GUT) accompanied by the standard model. GUT is, however,

by no means complete. Gravitational effects have been completely ignored (even

though the energy densities of the quanta would gravitate); otherwise the theory

would be highly nonlinear, which is difficult to quantize and is not renormalizable.

The quest for a unified field theory could be dated back to 1873, when James

Clerk Maxwell published his famous equations relating electricity and magnetism,

revealing a deep symmetry among the two apparently independent physical fields,

namely that a moving charge generates a magnetic field while a moving magnetic

dipole generates an electric field. However, since all reference frames moving with

constant velocities are equivalent, electromagnetism was finally unified when Albert

Einstein developed his special relativity. In this picture, electricity and magnetism

are just manifestations of one single rank-two tensorFµν . Einstein also unified the

concepts of time and the three spatial coordinates into a 4-vectorxµ = (t,x,y,z).
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As is well known, Einstein spent half of his life in searching for a field theory

which could unify gravitation and electromagnetism. The first seemingly successful

unification of these two fields was first suggested by Kaluza [1] and then refined

mathematically by Klein [2].

Kaluza’s Anatz

The theory of Kaluza and Klein starts with a five dimensional space. Four of these

five dimensions are the three ordinary spatial plus one time dimensions. The re-

maining one is an extra dimension, whose nature is under exploration. The line

element of this5D space is

dŝ2 = ĝABdxAdxB , (A,B = 0,1,2,3,4) (2.10)

where the summation over all indices is implied when the same index label appears

as both superscript and subscript.x0 refers to the time coordinate,x1,x2 andx3 the

usual extended spatial dimensions andx4 the extra dimension. We will adopt the

convention that five dimensional quantities are denoted by hats and capital Latin

indicesA,B,C, . . . run over0,1,2,3,4. Kaluza asserts that if one takes the “cylinder

condition”, i.e. the metric is independent ofx4:

ĝAB,4 = 0, (2.11)

andĝ44 = 1, then the Christoffel symbols of the first kind has a member

[4µ ,β ] =
1
2

(
ĝ4α,β − ĝ4β ,α

)
. (α,β = 0,1,2,3) (2.12)

He conjectures that if the metric componentĝ4,α is proportional to the vector po-

tentialAα , then Eq. (2.12) actually relates the geometry to the electromagnetic field

tensor

Fµν = 2[4µ ,ν ] . (2.13)

Klein [2] then extends Kaluza’s idea with a more mathematical ground. One
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can rewrite the metric (2.10) into the equivalent form:

dŝ2 =
(

ĝαβ −
ˆg4α ĝ4β

ĝ44

)
dxαdxβ + ĝ44

(
dx4 +

ĝ4α
ĝ44

dxα
)2

. (2.14)

This form has singled out the first term as the4D line element on the right hand

side. Indeed, the quantity

gAB = ĝAB− ĝ4Aĝ4B

ĝ44
(2.15)

is orthogonal to the fifth coordinate, so thatg44 = g4A = 0 [12]. If ĝµν are indepen-

dent ofx4, thends2 = gαβ dxαdxβ
is obviously the required4D line element. Klein

also notices thatds2 so defined satisfies is invariant under the following coordinate

transformations:

xµ ′ = f̂ µ (xµ) , x4′ = x4 + f̂ 4(xµ) , (2.16)

such thatxµ are actually the usual4D space-time coordinates. According to Kaluza’s

ansatz,ĝ4α = κAα andĝ44 = −1, whereβ is a constant. The metric is thus given

by

ĝAB =


gµν −κ2AµAν −κAµ

−κAν −1


 , (2.17)

wheregµν satisfies the 3+1 Einstein equation,Aµ is the vector potential of an elec-

tromagnetic field. The Einstein-Hilbert action can be evaluated in the five dimen-

sional vacuum space:

Ŝ=− 1

16πĜ

∫
d5x

√
ĝR̂=−

∫
d4x

√
g
( 1

16πG
R+

1
4

FµνFµν

)
, (2.18)

whereĜ is the five dimensional gravitational constant,G = Ĝ/
∫

dx4 is its four

dimensional counterpart andR (R̂) is the 3+1 (4+1) Ricci tensor ofgµν (ĝµν ), and

κ =
√

16πG have been set in order to get the usual electromagnetic action. Eq.

(2.18) is just the sum of the actions of gravity and electromagnetism, indicating

that the two forces have seemingly been unified by usingĝAB. Notice that the5D

space-time is vacuum but contains two kinds of4D matter. This is remarkable, and

it has been the basic assumption in the Space-Time-Matter theory, which will be

discussed in Section 2.3.
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Physical Attributes of the Fifth Extra Dimension

However, the postulation of the fifth dimension was quite artificial. It appeared

to be purely a mathematical manifestation which incorporated electromagnetism

with gravity. The first attempt to assign physical attributes to the extra dimension

was made by Einstein and Bergmann [34]. They reason that if the fifth dimension

is extremely tiny compared to the other three ordinary spatial dimensions and is

periodic (compactified), then the total number of dimensions are effectively reduced

to (3+1)D by intuition.

Indeed, Klein was inspired by the periodicity of the fifth coordinate well-before

Einstein and Bergmann’s work. He tried to reproduce the Schrodinger equation by

taking the geometrical optical limit of a classical five-dimensional wave equation for

massless particle and assuming that the fifth coordinate is periodic [2]. Furthmore,

the canonical 4-momentum under the metric (2.17) is

pµ = m
dxµ

ds
+κAµ p4. (2.19)

Thus this is the canonical momentum for an electron provided that

p4 = e/κ . (2.20)

If the fifth coordinate has a periodb, then, from quantum theory,p4 = Nh/b, where

N is the quantum number, andh is the Planck constant. It follows that, in Gaussain

units,

b∼ κh
e
≡ κh

ce
≈ 10−30cm, (2.21)

which says that the fifth dimension must be extremely tiny. (It happens that this or-

der of magnitude also coincides with the Planck scale.) Charge now has dimension

(Mass)
1
2(Length)

3
2(Time)−1. (2.22)
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2.3 Space-Time-Matter Theory

In the Kaluza-Klein theory, the cylindrical condition is critical to reproduce the vec-

tor potentials as the non-diagonal metric components. It is also this condition that

leads to the compactification of the extra dimension. A natural generalization of

the Kaluza-Klein theory is to release the cylindrical condition,i.e. we allow the

metric components to be dependent on the extra coordinate. The resulting theory is

called the modern Kaluza-Klein theory, or better known as the Space-Time-Matter

(STM) theory or Induced-Matter theory [12]. Beside the release of cylinder con-

dition, STM theory is inspired by another fact from the Kaluza-Klein theory: The

higher dimensional space-time can be empty, yet appearing non-empty in the lower

dimensional subspace-time. This assertion is supported by Campbell’s Theorem

[13]. A complete survey of the recent developments in STM theory can be found in

[12].

5D Vacuum and4D Induced Matter

The basic ansatz of the Space-Time-Matter Theory is that the5D Einstein’s equation

satisfies:

ĜAB = 0, (2.23)

or, equivalently,

R̂AB = 0, (2.23’)

whereĝAB is the five dimensional metric,̂GAB = R̂AB− R̂ĝAB is the five dimensional

Einstein Tensor,̂RAB andR̂= ĝABR̂AB the five dimensional Ricci tensor and scalar

respectively. (2.23) and (2.23’) can be derived from varying the five dimensional

Einstein action

S=
1

16πĜ

∫
d5xR̂

√
ĝ, (2.24)

whereĜ is a five dimensional gravitational constant.

The ansatz (2.23) asserts that the higher dimensional space-time is empty. It

implies that matter observed in four dimensions are manifestations of pure geometry
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in higher dimensions. To illustrate this, the five dimensional Einstein’s equation can

be decomposed into usual four dimensional quantities plus the extra ones as follows.

In general, the metriĉgAB has 25 components. A fully covariant five dimensional

theory has 5 coordinate degrees of freedom, which can be used to simplify the

algebraic calculations. A natural choice is specified byg4α = 0, leaving one of

the coordinate degrees of freedom over for further simplifications. Compared to

the Kaluza-Klein theory, this choice of coordinate degree of freedom removes the

explicit electromagnetic potentials. Therefore such a choice in some sense describes

neutral matter. The metric components may depend on the fifth coordinate:ĝαβ =

ĝαβ (xA), ĝ44 = ĝ44(xA), and thus the restriction of the cylindrical conditions in the

original Kaluza-Klein theory is released. Notice thatĝαβ is identified to be the4D

metric componentsgαβ .

The five-dimensional line element can be written as

dŝ= ĝABdxAdxB, (2.25)

where

ĝαβ =


 gαβ (xA) 0

0 −Φ2(xA)


 . (2.26)

We assume that the fifth dimension is space-like. In Space-Time-Matter theory, it

can be time-like or space-like, both of which may lead to well-behaved classical

solutions. The5D Ricci tensor in terms of the5D Christoffel symbols is given by

R̂AB = ∂CΓ̂C
AB−∂BΓ̂C

AC+ Γ̂C
ABΓ̂D

CD− Γ̂C
ADΓ̂D

BC. (2.27)

Writing out theαβ -, α4- and44-parts explicitly and collecting the terms into the
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4D Ricci tensor, one gets1

R̂αβ = Rαβ −
∇β ∂αΦ

Φ
− 1

2Φ2

(
∂4Φ∂4gαβ

Φ
−∂ 2

4 gαβ

+gλ µ∂4gαλ ∂4gβ µ −
gµν∂4gµν∂4gαβ

2

)
;

(2.28)

R̂44 = Φ2Φ− ∂4gλβ ∂4gλβ

4
− gλβ ∂ 2

4 gλβ

2
− ∂4Φ

2Φ
gλβ ∂4gλβ ; (2.29)

R̂α4 =
√

g44∇β

(
gβσ ∂4gσα −δ β

α gµν∂4gµν

2
√

g44

)
. (2.30)

Here∇ denotes covariant derivatives and2 is the5D d’Alembertian. By the asser-

tion R̂AB = 0, we find from Eq. (2.28) that

Rαβ =
∇β (∂αΦ)

Φ
+

1
2Φ2

{
(∂4Φ)(∂4gαβ )

Φ
−∂ 2

4 gαβ

+gλ µ(∂4gαλ )(∂4gβ µ)− gµν(∂4gµν)(∂4gαβ )
2

}
.

(2.31)

That is, the empty5D space-time is apparently materialised in4D space-time. The

5D equationR̂44 = 0 gives a scalar wave equation for the scalar fieldΦ, andR̂4α = 0

gives a conservation law in5D. The4D Ricci curvature scalarR= gαβ Rαβ is given

by

R=− 1
4Φ2

[
(∂4gµν)(∂4gµν)+(gµν∂4gµν)2] . (2.32)

With Eqs. (2.32) and (2.28), we can define an4D energy-momentum tensor by

8πTαβ = Rαβ −Rgαβ /2≡Gαβ . This gives

8πTαβ =
∇β (∂αΦ)

Φ
+

1
2Φ2

{
(∂4Φ)(∂4gαβ )

Φ
−∂ 2

4 gαβ

+gλ µ(∂4gαλ )(∂4gβ µ)− gµν(∂4gµν)(∂4gαβ )
2

+
gαβ

4

[
(∂4gµν)(∂4gµν)+(gµν∂4gµν)2]

}
.

(2.33)

1The simplifications of these expressions involve the use of (i)(δ µ
ν ),4 = 0, or equiva-

lently, gµβ gλσ ∂4gλβ ∂4gµσ + (∂4gµν)(∂4gµν) = 0; and (ii) (ĝ44ĝ44),α = 0 or (∂4ĝ44)(∂α ĝ44)−
∂α ĝ44)(∂4ĝ44) = 0.
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Thus the4D ordinary space-time may seem non-empty. This illustrates the idea that

matter observed in four dimensions may be induced from the geometry in a higher

dimensional space-time.

The Canonical Gauge

In the above, the gauge conditionsg4α = 0 exhaust only four of the five coordinate

degrees of freedom. The remaining coordinate degree of freedom can be used to fix

Φ(xA)≡ 1. (2.34)

By redefining the4D metric componentsgαβ → l2gαβ /L2, wherel = x4 andL is a

length scale of the extra dimension, we get the “canonical” metric

dŝ2 =
l2

L2gαβ (xγ , l)dxαdxβ −dl2. (2.35)

The algebra under this gauge is greatly simplified.

The canonical metric can be applied to the field equations. For example, if the

canonical metric is substituted into (2.33), andgαβ is assumed to be independent

onx4 = l , then we find that Einstein’s equation becomesGαβ = 3gαβ /L2, implying

a cosmological constantΛ = 3/L2.

2.4 Arkani-Hamed-Dimopoulos-Dvali Scenario

While extra dimensions were originally proposed to unify the forces of nature, they

enter the modern theory of elementary particles for a completely different reason.

When we try to unify the four fundamental forces of nature, we often face the very

question, which is actually the main difficulty in the unification: why gravity is

so much weaker than the other interactions? One of the theories employing extra

dimensions to tackle this problem is proposed by Arkani-Hamed, Dimopoulos and

Dvali [35, 36].
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The Hierarchy Problem

Each theory of interaction has a typical energy scale, above which the quantum

effect of that kind of interaction becomes important. The typical energy scale in

quantum chromodynamics is 100 MeV, and the electroweak energy scale is of order

100 GeV. The current energy scale that is accessible in the laboratory is 10 TeV,

and these two theories describing three different interactions are shown to be con-

sistent with experimental results. In gravitational interaction, the energy scale can

be estimated from the gravitational constant, the Planck constant and the speed of

light

EG =

√
h̄c5

G
∼ 1019GeV. (2.36)

EG is often called the Planck energy, which is an order of magnitude1017 higher

than the electroweak scale and is far away from the current technological accessible

energy range. This is called the Hierarchy Problem because the gravitational scale

differs too much from other interactions.

Enter Extra Dimensions

Arkani-Hamed, Dimopoulos and Dvali (ADD) proposed a solution to the Hierar-

chy Problem by employing the extra dimensions. Their central idea is to treat the

electroweak energy scale as the fundamental scale for the gravitational interaction

in the extra dimensional world. Then the effective coupling strength in4D may be

suppressed to the Planck scale by the volume of the compact extra dimensions.

Suppose that the spacetime consists of 1+3+n dimensions, where the1+ 3-

dimensional subspace is the ordinary spacetime, and each of the othern flat di-

mensions are compact with a common sizeR. Since the properties of the standard

matter (SM) fields have been tested rigorously in the four dimensional subspace, the

authors assert that the SM fields should be confined on the4D subspace (or brane);

only gravitons are able to propagate through the extra dimensions. Forr < R, the

potential energy between two test massesm1 andm2 is given by the Gauss law and
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reads

V(r)∼ m1m2

Mn+2
G

1
rn+1 , (2.37)

whereMG is the energy scale of gravitation in then+ 4 spacetime, which is of

electroweak scale by assumption. Forr > R, the potential now reads

V(r)∼ m1m2

Mn+2
G Rn

1
r
. (2.38)

so that the usual inverse-r law is recovered. We see that the Planck scale is related

to MG via

M2
Pl = Mn+2

G Rn. (2.39)

If MG is the same as the electroweak scale (∼ TeV)

R=

(
M2

Pl

Mn+2
G

) 1
n

∼ 10
30
n −17 cm. (2.40)

If n = 1, thenR∼ 1013 cm which is of solar system order. Ifn = 2, thenR∼ 1

mm. Thusn≥ 2 implies the possibility of flat extra dimensions with submillimeter

scales that solve the Hierarchy Problem.

Kaluza-Klein Decompositions

Since the extra dimension is also compactified in the ADD brane model, quantum

mechanics suggests that a particle would have extra momenta which are multiples

of the inverse sizes of the extra dimensions. (Klein also exploits this quantization of

wave length to estimate the size of the extra dimension. See Section 2.2.) In quan-

tum field theory, this is translated as that the particle would have mass eigenmodes

that do not appear in4D theories. We will show below how to get these new mass

eigenmodes of a classical field in an ADD braneworld. These eigenmodes are often

called the Kaluza-Klein modes. For simplicity, we would employ a5D toy model,

where the extra dimension is flat.

A metric appropriate for describing a5D ADD braneworld is

dŝ2 = gABdxAdxB = gµνdxµdxν −b2dφ2, (2.41)
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whereA,B = 0,1,2,3,4, mu,ν = 0,1,2,3, b is the size of the extra dimension, and

gAB is the4D metric with “mostly negative” trace. The range ofφ is [−π,π]. The

Klein-Gordon equation for a classical fieldΦ with massm in ADD model is
(

gµν∂µ∂ν − 1
b2∂ 2

φ −m2
)

Φ = 0, (2.42)

wheregAB is the inverse ofgAB, andΦ is a classical field. The Poincaré invariance

of the4D ordinary space-time implies thatΦ can be expanded as a direct sum of the

products of eigenfunctions inxµ andφ . Furthermore, the compactness of the extra

dimensions allows us to expand the eigenfunctions inφ into Fourier series:

Φ(xµ ,φ) = ∑
n

einφ Φ(n)(xµ). (2.43)

Then the effective Klein-Gordon equation for then-th Kaluza-Klein mode is
(

gµν∂µ∂ν +
n2

b2 −m2
)

Φ = 0. (2.44)

Therefore, in the effective theory, the higher dimensional field appears as an infinite

tower of fields with massesm2
n = m2 +n2/b2. We will see in Chapter 3 that when

the5D classical trajectories are examined, the4D rest mass is also varying with the

fifth momentum, which is analogous to the generation of mass eigenstates here.

Notice that the mass splitting in the current metric is uniform. This is a conse-

quence of the flat extra dimension. If the extra dimension is curved, then the mass

splitting would be much complicated. This is the case in the Randall-Sundrum

model.

2.5 Randall-Sundrum Scenario

In ADD model, the extra dimensions are flat, and the gravitational coupling is sup-

pressed by the volume of the extra dimensional subspace. In sizes of the extra di-

mension there can be as large as millimeter scale, which is significantly larger than

the Planck scale. Randall and Sundrum [37, 38] later employ a non-factorizable,
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warped metric to solve the Hierarchy Problem. The length scale of the Randall-

Sundrum scenario can be made to remain as the Planck scale.

The Setup

The original Randall-Sundrum model deals with an orbifolded fifth dimensionφ

assigned with values lying in the interval[−π,π]. The basic assumption is that all

(3+ 1) gauge fields are contained in the3-branes located atφ = 0 andπ, which

are conventionally called “hidden” and “visible” branes respectively (Fig. 2.1).

Such brane setting was first employed in the superstring theory to remove anomalies

[39, 40]. The bulk has a5D Planck scaleM and a cosmological constantΛ and it is

described by the classical action

Sgravity =
∫

d4x
∫ π

−π
dφ

√
ĝ{−Λ+2M3R̂}, (2.45)

whereĝ is the determinant of the bulk metriĉgMN(M,N = 0,1,2,3,4) andR̂ is the

5D Ricci Scalar derived from̂gMN. The branes have, apart from the(3+1) fields’

Lagrangians, “vaccum energy” as sources in the absence of particle excitations. The

classical actions for the3-branes are

Svis =
∫

d4x
√

gvis{Lvis−Vvis},

Shid =
∫

d4x
√

ghid{Lhid−Vhid},
(2.46)

whereghid = detĝMN(φ = 0) andgvis = detĝMN(φ = π) are the determinants of the

induced metric on the respective branes. The Einstein equation is given by

4M3
√

ĝ(R̂MN− 1
2

ĝMN)−Λ
√

ĝĝMN

= Vvis

√
ĝvisĝ

vis
µνδ µ

Mδ ν
Nδ (φ −π)+Vhid

√
ĝhidĝhid

µνδ µ
Mδ ν

Nδ (φ).
(2.47)

Randall and Sundrum find the static, 4-dimensionally flat metric for the above

action. They assume that the line element has the form

dŝ2 = e−2kbω(φ)ηµνdxµdxν −b2dφ2, (2.48)
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Figure 2.1: Pictorial description of the 2-brane world scenario in Randall-Sundrum
model. The physical world visible to we human is located atφ =±π and a hidden
brane is atφ = 0.



Chapter 2 Review of Various Extra Dimensional Models 22

whereb is a “radius” of the fifth dimension and the constantk has a dimension

(length)−1. The Einstein equations then read

ω ′2 =− Λ
24M3k2 ,

ω ′′ =
Vvis

12M3k
δ (φ −π)+

Vhid

12M3k
δ (π).

(2.49)

The periodicity inφ requires that

Vhid =−Vvis = 24M3k, Λ =−24M3k2 (2.50)

and

ω(φ) = |φ |. (2.51)

Physical Mass Scales

The four-dimensional effective theory can be examined by considering a tensor fluc-

tuation

dŝ2 = e−2kb|φ |gµν(xγ)dxµdxν −b2dφ2, (2.52)

wheregµν is the metric describing the tensor fluctuation. In literature, it is usually

written as a sum of the5D Minkowski metric ηµν and a tensor fluctuationhµν :

gµν(xγ) = ηµν(xγ)+hµν(xγ). By integratingφ in that action, we find

Sgravity⊃ 2
∫

d4x
∫ π

−π
dφM3e−2kb|φ |√gR

= 2
∫

d4x

[
M3

k

(
1−e−2kb|φ |

)]√
gR,

whereR is the Ricci scalar made out ofg. Thus we can define a4D Planck mass

scale as

M2
Pl =

M3

k

(
1−e−2kb|φ |

)
, (2.53)

which depends weakly onb in the largekb limit. Since bothM andk are of the

Planck scale, so doesMPl.

The physical masses on the visible brane can be determined by considering a

Higgs fieldH in the Lagrangian in the visible sector. The action of a Higgs field
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can be written as

Svis⊃
∫

dx4√gvis

{
gµν

visDµH†DνH−λ
(|H|2−v2

0

)2
}

=
∫

dx4
√

ge−4kbπ
{

gµνe2kbπDµH†DνH−λ
(|H|2−v2

0

)2
}

→
∫

dx4
√

g

{
gµνDµH†DνH−λ

(
|H|2−e−2kbπv2

0

)2
}

, (2.54)

whereλ is the coupling constant, and the last line is found by the wave func-

tion renormalizationH → ekbπH. In this action,v0 is a mass parameter. The last

equation shows that the physical mass scale is set by the symmetry-breaking scale

v≡ v0e−kbπ . In other words, ifv0 ∼ 1019GeV is the Planck mass, then the cor-

responding physical mass is given byv = v0e−kbπ ∼TeV, provided thatkb∼ 10.

Thus, because of the exponential factor, a large suppression of the mass scales can

be generated although the hierarchies among the parametersk, 1/b, andM are not

very large.

Kaluza-Klein modes

The Kaluza-Klein modes of a bulk field in the Randall-Sundrum scenario were

found by [41]. We consider a free scalar field whose action is given by

S=
1
2

∫
d4x

∫ π

−π
dφ
√

G
(

GAB∂AΦ∂BΦ−m2Φ2
)

. (A,B = 0,1,2,3,4) (2.55)

Integrating the action by parts and inserting the RS metric into the action, one gets

S=
1
2

∫
d4x

∫ π

−π
bdφ

{
e−2kb|φ |∂AΦ∂ AΦ+

Φ
b2∂4

(
e−4kb|φ |∂4Φ

)
−m2e−4kb|φ |Φ

}
.

(2.56)

Since the RS metric is Poincaré invariant everywhere in the ordinary dimensions,

one can expand the modes into the form:

Φ(xµ ,φ) = ∑
n

e2kb|φ |

Nn
ψn(xµ) fn

(mn

k
ekb|φ |

)
, (2.57)

where fn andmn are the eigenfunctions and the corresponding eigenvalues respec-

tively of the following equation

z2
n

∂ 2 fn
∂z2

n
+zn

∂ fn
∂zn

+
[
z2
n−

(
4+

m2

k2

)]
fn = 0, (2.58)
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wherezn = mnekb|φ |/k. Nn is the normalization constant forfn(zn). The solution of

fn(zn) is given by the Bessel function of orderα =
√

4+m2/k2:

fn(zn) = Jα(zn)+bnαYα(zn). (2.59)

Here bothmn andbnα will be determined by boundary conditions, where the deriva-

tives of fn(zn) at the orbifold fix points are continuous, as required by theZ2 sym-

metry. In particular, whenekbπ À 1, mn is determined by the equation

2J′α
(mn

k
ekbπ

)
+

mn

k
ekbπJα

(mn

k
ekbπ

)
= 0. (2.60)

It follows that the lightest modes havem1ekbπ/k of order unity, and that the masses

of the Kaluza-Klein modes are suppressed exponentially with respect tom. If m1

is of order of the Planck scale1019 GeV andkb around10, thenm1ekbπ/k ∼ 1

TeV, consistent with Randall and Sundrum’s idea. This mass suppression is due to

the warp factore2kb|φ | in the eigenexpansion (2.57), which has the greatest value at

φ = π, and thus the mass eigenmodes behave as if they are localized on the TeV-

brane. Furthermore, ifm= 0, there exists a massless mode wherem12 = 0, which

is usually identified as the massless graviton. Other non-zero solutions ofmn2 can

be treated as the spectrum of massive gravitons.

Radius Stabilization

In the discussion of graviton solutions in the metric (2.52), we have actually omitted

a modulus field, whose vacuum expectation isb, the radius of the extra dimension.

Since the solution of the Hierarchy Problem depends onb, the modulus field may

have significant effects. The complete metric describing gravitons and modulus

field in the Randall-Sundrum scenario is

dŝ2 = GABdxAdxB = e−2kb(xγ )|φ |g(xγ)dxµdxν −b2(xγ)dφ2. (2.61)
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Then the effective4D action containing the curvature terms becomes [42]

Sgravity⊃ 2M3
∫

d4x
∫ π

−π
dφe−2kb|φ |

[√
gR6k|φ |∂µb∂ µb−6k2|φ |2b∂µb∂ µb+bR

]

= 2
M3

k

∫
d4x

[(
1− kϕ

24M3

)]√
gR+

1
2

∫
d4x

√
g∂µϕ∂ µϕ,

whereϕ = ekπb
√

24M3/k. Thus the original Randall-Sundrum scenario contains

a massless scalar which couples to matter in TeV energy scales, contradicting to

experimental observations. Therefore, it requires a modulus stabilization in order

that the RS metric really solves the Hierarchy Problem.

Goldberger and Wise [42, 43] proposed a solution by employing a scalar field

with the bulk action (2.55)

SΦ =
1
2

∫
d4x

∫ π

−π
dφ

√
G

(
G

AB∂AΦ∂BΦ−m2Φ2
)

.

The scalar field is required to interact with the hidden and visible branes via

Shid =−
∫

d4x
√

ghidλhid(Φ2−v2
hid)

2,

Svis =−
∫

d4x
√

gvisλvis(Φ2−v2
vis)

2,

whereλvis, hid andvvis, hid are constants with mass dimensions3/2 and−2 respec-

tively. These interaction terms lead to an expectation valueΦ(φ) of Φ along the

extra dimension, andΦ(φ) has boundary conditionsΦ(0) = vhid andΦ(±π) = vvis.

The solution ofΦ(φ) is given by

Φ(φ) = e2kb|φ |(Aeνkb|φ |+Be−νkb|φ |),

whereν =
√

4+m2/k2, and, in the limit of largeλvis, hid,

A = vvise
−(2+ν)kbπ −vhide−2νkbπ , B = vhid−A. (2.62)

Putting this solution into the action and taking the limitε ≡m2/4k2¿ 1, one finds

the effective potential forϕ

Vϕ(ϕ) =
k3

144M6ϕ4

[
vvis−vhid

(
ϕ√

24M3/k

)ε]
, (2.63)
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which has a minimum at

k〈b〉=
1

επ
ln

vhid

vvis
=

4k2

πm2 ln
vhid

vvis
. (2.64)

As the logarithmic term is of order unity, one needs onlym/k∼ 10−1 to getk〈b〉 ∼
10, which would again solve the Hierarchy Problem.



Chapter 3

Review of Extra Forces

The existence of extra forces can be understood as a by-product of the conservation

of 5D total momentum whence the4D total momentum may not necessarily be

conserved. This has interesting implications since these extra forces appears non-

gravitational and the resulting4D trajectories are no longer geodesics. In order to

study their effects, we first give a review of the definition of forces in4D theory.

Then we proceed to find the extra forces in the Space-Time-Matter (STM) theory

by means of dimension reduction to project the5D geodesics onto the ordinary4D

dimensions. From this, we will see how the4D rest mass of a particle varies with

the fifth coordinate in the course of motion. Lastly, the extra forces in a general

brane model are also studied.

3.1 Definition of Force in4D

In a four-dimensional Minkowski space, the motion of a test particle at a position

xµ is described by the four-velocity

uµ =
dxµ

ds
, (3.1)

wheres is the proper time anduµ satisfiesuµuµ = c2 or 1 if the natural unitc≡ 1 is

used. The four-momentum is defined aspµ = m0uµ , wherem0 is the4D rest mass.

27



Chapter 3 Review of Extra Forces 28

The four-force is then given by

Fµ =
dpµ

ds
=

d
ds

(m0uµ) = m0
duµ

ds
+

dm0

ds
uµ . (3.2)

This has an immediate consequence that

Fµuµ = Fµuµ =
dm0

ds
. (3.3)

In the usual4D theory,m0 is a fundamental constant. Thus,Fµ = m0(duµ/ds) and

Fµuµ = Fµuµ = 0.

In a four dimensional curvillinear space, the appropriate definition of the four-

force is given by

Fµ =
dpµ

ds
=

d
ds

(m0uµ) = m0
D(4)uµ

ds
+

dm0

ds
uµ , (3.4)

whereD(4)/ds is the4D covariant derivative satisfying that

D(4)gµν

ds
= 0, (3.5)

and we get the same product of index contraction:

Fµ =
dpµ

ds
=

d
ds

(m0uµ) = m0
D(4)uµ

ds
+

dm0

ds
uµ . (3.6)

3.2 Extra Forces in STM Theory

The properties of extra forces for a5D massive particle in the Space-Time-Matter

theory were first examined by Mashhoon, Wesson and Liu [15]. In the following,

we will work with the canonical metric (2.35):

dŝ2 =
l2

L2gαβ (xγ , l)dxαdxβ −dl2. (2.35)

A Lagrangian can be defined from the metric (2.35) via

L =
dŝ
dλ

=

[
l2

L2gαβ (xγ , l)
dxα

dλ
dxβ

dλ
−

(
dl
dλ

)2
] 1

2

, (3.7)
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whereλ is an arbitrary affine parameter.

The equation of motion can be obtained by varying the Lagrangian over the

affine parameterλ . The4D momenta in the ordinary dimensions and the respective

equations of motion are given by

p̂α =
∂L

∂uα =
l2

L2

gαβ (xγ , l)uβ

L
,

dp̂α
dλ

=
∂L

∂xα =
1

2L

(
l2

L2

) ∂gσβ

∂xα uσ uβ .

(3.8)

Similarly, the extra momentum and the respective equation of motion are

p̂l =− ∂L

∂ (dl/dλ )
=− 1

L

dl
dλ

,

dp̂l

dλ
=

∂L

∂ l
=

1
L

(
l

L2

)(
gσβ +

l
2

∂gσβ

∂ l

)
dxσ

dλ
dxβ

dλ
.

(3.9)

Eqs. (3.8) and (3.9) together give

duα

dλ
+Γα

βγuβ uγ =−gαβ ∂gγβ

dl
dl
dλ

uγ +
[

1
L

dL

dλ
− 2

l
dl
dλ

]
uα , (3.10)

d2l
dλ 2 −

1
L

dL

dλ
dl
dλ

=− l
L2

(
gσβ +

l
2

∂gσβ

∂ l

)
dxσ

dλ
dxβ

dλ
. (3.11)

HereΓα
βγ is the Christoffel symbol of the second kind made out ofgαβ (xγ , l):

Γα
βγ =

1
2

gασ
(∂gβσ

∂xα +
∂gγσ

∂xβ − ∂gβγ

∂xσ

)
.

If λ is chosen to be the4D proper times, so thatgαβ uαuβ = 1, then the set of

equations of motion becomes

duα

ds
+Γα

βγuβ uγ =−gαβ ∂gγβ

dl
dl
ds

uγ +
[

1
L

dL

ds
− 2

l
dl
ds

]
uα , (3.12)

d2l
ds2 −

1
L

dL

ds
dl
ds

=− l
L2 −

l2

2L2

∂gσβ

∂ l
dxσ

ds
dxβ

ds
. (3.13)

Under the parametrization ofs,

L 2 =
l2

L2 −
(

dl
ds

)2

. (3.14)
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Then Eq. (3.13) can be rewritten as

d2l
ds2 −

1
l

(
dl
ds

)2

=−
[

l2

L2 −
(

dl
ds

)2
][

1
l
+

1
2

∂gβγ

∂ l
uβ uγ

]
. (3.15)

Using Eqs. (3.14) and (3.15), one finds from Eq. (3.12) that

duα

ds
+Γα

βγuβ uγ =
(
−gασ +

1
2

uαuσ
) ∂gσβ

∂ l
dl
ds

uβ . (3.16)

Thus the extra force per unit mass acting on a5D massive particle in the canonical

metric can be defined as

f α =
(
−gασ +

1
2

uαuσ
) ∂gσβ

∂ l
dl
ds

uβ . (3.17)

The extra force is non-zero provided that the4D metric depends on the extra coor-

dinate and there is motion in the extra dimension. The extra force defined in Eq.

(3.17) is shown to be completely general, and it can also be derived from the per-

turbation analysis on the4D metric in the extra coordinatel [15]. Ponce de Leon

later gives a more concrete definition of an extra force and applies it to5D massless

particle [44].

Eq. (3.17) can be decomposed into two components:f µ = f µ
‖ + f µ

⊥ , where

f µ
⊥ = (−gασ +uµuσ )

∂gσβ

∂ l
dl
ds

uβ , (3.18)

f µ
‖ =−1

2
uµuσ ∂gσβ

∂ l
dl
ds

uβ , (3.19)

such that

f µ
‖ uµ =−1

2
uσ ∂gσβ

∂ l
dl
ds

uβ 6= 0 (3.20)

and

f µ
⊥uµ = 0. (3.21)

In other words,f µ
⊥ is the component normal to the 4-velocityuµ , which could be

due to ordinary four-dimensional forces;f µ
‖ is the component parallel touµ and

there exists no4D analogue. Thusf µ
‖ is the “anomalous” fifth force that would lead
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to anomalous effects in4D observations. For instance, by comparing Eq. (3.20) to

Eq. (3.6), an4D observer would conclude that the4D rest mass is varying with a

rate given by
1

m0

dm0

ds
= f µ

‖ uµ =−1
2

uσ ∂gσβ

∂ l
dl
ds

uβ . (3.22)

3.3 Variation of 4D Mass

As discussed, the existence of the extra forces might imply that the4D rest mass,

which should be a fundamental constant in4D theories, should appear changing

with the proper time.

To see the effect of the anomalous fifth force, we will assume that a bulk particle

has a constant bulk massM5 > 0, and we define a five dimensional momentum as

PA = M5U
A = M5

(
dxµ

dŝ
,
dl
dŝ

)
, (A = 0,1,2,3,4) (3.23)

where the five-velocityUA = (dxµ/dŝ,dl/dŝ) is a direct extension of the four-

velocity. By definition,UAUA = c2≡ 1, and therefore

PAPA = M2
5, (3.24)

where raising and lowering indices in5D are done by the5D canonical metriĉgAB.

A 4D observe would have defined a4D rest mass by the relation

pµ pµ = m2
0uµuµ = m2

0. (3.25)

Here, raising and lowering indices are done by the4D metricgµν . Since the canon-

ical metric does not have a cross term involving both the4D and the extra coordi-

nates,pµ = Pµ andpµ = Pµ .

Eqs. (3.24) and (3.25) imply that

m2
0 +

l2

L2P4P4 =
l2

L2M2
5. (3.26)
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Rewriting this equation in terms of the4D line elementds, one gets the relation

between the4D and5D masses:

m0 =
l
L

M5

[
1− L2

l2

(
dl
ds

)2
]− 1

2

. (3.27)

We see that the variation of the4D rest mass is related to the motion in the extra

dimension.

If M5 = 0, then

dŝ2 = 0 or
l2

L2ds2 = dl2. (3.28)

Furthermore, we can define the4D rest mass as

m0 =
l
L

P4 =
l
L

dl
dλ

, (3.29)

whereλ is an affine parameter. Therefore, a5D massless test particle may appear

massive in four dimensions provided that it is non stationary in the extra dimension.

Eqs. (3.27) and (3.29) are the classical analogues of the Kaluza-Klein modes

of extra dimensional quantum fields (e.g. Eqs. (2.44) and (2.60)). Whereas the

Kaluza-Klein modes consist of discrete values of mass eigenvalues, the variations

of 4D rest masses (as a result of the extra forces) are continuous. One can also

find the Kaluza-Klein modes in STM theory, or, on the contrary, find the variations

of 4D rest masses in ADD and RS-I models. Indeed, the latter will be applied in

Chapter 7 to generate a mass hierarchy between particles with different trajectories

in the same5D world.

3.4 Position-Momentum Uncertainty Relation

Perhaps the existence of extra forces might lead to deviations of trajectories that

cannot be explained by any existing4D theories. These deviations could have been

treated in the laboratory as experimental errors, and their significance could have
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been totally neglected. Of course, since the theory developed so far must be deter-

ministic, we can differentiate the effects of extra forces from what is really experi-

ment errors. But that is not enough! As scientists are always being crazy, we even

want to ask: can the existence of the extra forces explain the Heisenberg uncertainty

relations, at least in the coordinate representation?

Since the invention of the matrix mechanics by Heisenberg, the non-commutative

mathematical structure has been the most important building block of quantum me-

chanics and field theory. The immediate consequence of non-commutative opera-

tions is that observables (measurable quantities represented by operators), say the

coordinatex and the respective momentump, no longer have definite values but

must be statistical distributed over some mean values〈x〉 and〈p〉 with some stan-

dard deviations〈∆x〉 and〈∆p〉, respectively. The Heisenberg uncertainty relation

says becausex andp are non-commutative (complementary variables), the products

of the standard deviations must be bounded below [45]:

〈∆x〉〈∆p〉 ≥ h̄
2
. (3.30)

It seems that the Heisenberg uncertainty relation can only be understood in the

quantum theory. The first attempt in understanding the quantum phenomenon of the

electron with a5D classical wave equation was made by Klein [2]. He showed that

if the fifth dimension is periodic (not necessarily compactified), and if the second

derivative with respect to the fifth coordinate is interpreted as the momentum of the

electron, then he was able to obtain the Scrödinger equation for an electron moving

in a5D Kaluza-Klein world. The Planck constant is then related to the period of the

extra dimension. Recently, Wesson [28] considers a5D massless particle (M5 = 0)

under the following metric:

dŝ2 =
L2

l2
gαβ (xγ , l)dxαdxβ − L4

l2
dl2, (3.31)

which can be obtained from the canonical metric by the change of variablel → L/l .

He considers the dot productdpαdxα (α = 0,1,2,3), wherepα = muα = mdxα/ds
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with m being the4D rest mass ands being the4D proper time. Instead of using the

definition (3.29), Wesson relates the4D rest mass to the fifth coordinate through

Compton’s relation:

l =
h
m

, (3.32)

whereh is the Planck constant, and we have setc≡ 1. Then the differentialdpα

becomes

dpα = mduα −uα
h
l2

dl, (3.33)

If the 4D acceleration vanishes, thenduαdxα = 0, and the absolute value of the dot

productdpαdxα becomes

|dpαdxα |= h
l2
|dlds|= h

dn2
l

nl
, (3.34)

where

nl =
L
l
. (3.35)

In the calculation, the identity1 = uαuα = (L2/l2)u2
l for 5D massless particle has

been used. Thus, ifdn2
l /nl > 1/4π, then we get the usual Heisenberg uncertainty

relation. Wesson later [30] takes another route by transforming Milne’s metric into

a “metric wave”, which is a metric whose coefficients in the4D parts are complex

waves, and he concludes that for a5D massless particle, de Broglie’s relations can

be recovered if the fifth coordinate is identified as the induced4D mass of the par-

ticle. Both Klein’s and Wesson’s work show that it may be possible to interpret

quantum phenomena as some dynamical effects of higher dimensional motions.

3.5 Extra Forces in Brane Theories

The calculations of extra forces with the canonical metric in Section 3.2 can be

easily extended to brane theories. The primitive form of a warped extra dimensional

world can be described by the following metric [18, 23]:

dŝ2 = w(φ)gµν(xγ)dxµdxν −dφ2, (3.36)
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where only the zero-th order ofgµν has been considered; that is, we are working

with foliated manifolds. Higher order terms ofgµν may depend onφ . The equations

of motion are

d2xµ

dλ 2 +Γµ
βγ

dxβ

dλ
dxγ

dλ
=−w′

w
dxµ

dλ
dφ
dλ

, (µ = 0,1,2,3) (3.37)

d2φ
dλ 2 =−w′

2
gµν

dxµ

dλ
dxν

dλ
, (3.38)

wherew′ = dw/dφ , λ is an affine parameter andΓµ
βγ the Christoffel symbols of

the second kind ofgµν(xγ). Since the ordinary dimensions are orthogonal to the

fifth dimension, they together form a subspace and thus the4D proper timeds2 ≡
gµνdxµdxν is an affine parameter. In other words, whetherλ = ŝor sdoes not alter

the equation of motion forx but it does forφ .

If λ = ŝ andgµν = ηµν is the Minkowski metric, the equations of motion can

be integrated once [18, 23]:

dxµ

dŝ
=

uµ
(5)

w(φ)
, (3.37’)

dφ
dŝ

=
ηµνuµ

(5)u
ν
(5)

w(φ)
−1, (3.38’)

whereuµ
(5) are integration constants.

If λ = s and sogµν(dxµ/ds)(dxν/ds) = 1 [15], then the Lagrangian is simply

L 2 = w− (dφ/ds)2. The second equation of Eq.(3.38) becomes

d2φ
ds2 =−w′

2
+

w′

w

(
dφ
ds

)2

. (3.38”)

Substituting Eq.(3.38”) into (3.37), one gets

d2xµ

ds2 +Γµ
βγ

dxβ

ds
dxγ

ds
= 0. (3.37”)

Thus, there is no extra force under the parametrizations. This agrees with the result

obtained when the canonical metric is employed if the4D metric is independent of

the extra coordinate [15, 12].
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It is desirable to express the proper-time derivatives into the coordinate-time

derivatives. Indeed, in the laboratory, all measurements are conducted in the coordinate-

time. Any observable effect of the extra dimension would thus evolve in coordinate-

time t instead of the proper-times. For massive particles,dt/ds> 0 (for massive

anti-particle,dt/ds< 0 [46]). In other words,t is monotonic increasing function

of sand thus possesses an inverse functions(t). Therefore, the dynamical variables

x,y,zandφ can be rewritten as functions oft. Making use of the identities

d
ds

=
dt
ds

d
dt

and
d2

ds2 =
(

dt
ds

)2( d
dt

)2

+
d2t
ds2

d
dt

,

one can transform Eq. (3.37”) into the form [33]

ẍa +Γa
βγ ẋβ ẋγ −Γt

βγ ẋβ ẋγ ẋa = 0, (a = 1,2,3) (3.39)

where the dot denotes the coordinate time derivative, withẋt = 1. This has the usual

form of the equation of motion in the derivative of coordinate time, which means

that no extra force could be detected when the dynamical variables are measured in

coordinate time. Modifications of the metric (3.36) are therefore needed if we want

to have extra forces measurable in the laboratory. There could be many ways of

carrying out such modifications, which depend on how we construct the models.



Chapter 4

Extra Forces in the5D Friedmann

Universe

If extra dimensions really exist, then the position and the velocity, for example, of

a particle that can be measured in an experiment are only the four dimensional pro-

jections of the corresponding quantities in the higher dimensional space. This opens

up the idea that some kind of uncertainties in the projected4D motion may exist due

to the uncontrollable and unobservable motions in the extra dimensions. We have

seen in Section 3.4 that there are indeed some attempts to explain quantum fluctu-

ations in terms of5D particle and wave dynamics. These theories are not complete

but very instructive. It is one of the purposes of this thesis to see if fluctuations

similar to those in the quantum theory (e.g. Eq. (3.30)) can be found in5D particle

trajectories.

Trajectories are determined by the metric of the underlying spacetime. Their

effects on the projected motion in the ordinary space will be studied. As a start,

a generalized verison of the ADD metric will be employed. The generalization,

which is the Robertson-Walker metric in five-dimensional space-time, can be used

to describe a higher-dimensional Friedmann universe. The Friedmann universe can

be closed or open, and the scales of the spatial dimensions may depend on time.

The deviations of the projected4D trajectoies with respect to those in the4D theory

will be studied in this chapter, and the results will be compared to the classic results

37



Chapter 4 Extra Forces in the5D Friedmann Universe 38

in the quantum theory.

As with the authors of previous literatures, we will assume that the5D particle

can be detected by an4D observer, regardless of its position in the extra dimension

[15, 12, 31, 32, 21, 44]. This is very different from the usual treatment in the brane

theory, where the observer can only detect matters on the visible brane. However, it

is this assumption that leads to interesting pheonomenology.

4.1 Generalized Robertson-Walker Metric

The Robertson-Walker metric generalized to a higher dimensional spacetime is

given by:

dŜ2 = dt2−a2(t)
( dr2

a

1−kar2
a

+ r2
adΩ2

a

)
−b2(t)

( dr2
b

1−kbr2
b

+ r2
bdΩ2

b

)
, (4.1)

whereka andkb are curvature parameters and can only take the values−1, 0 and

1. The variablesr ’s andΩ’s are dimensionless and the scale factorsa(t) andb(t)

carry the sizes of the ordinary and the extra dimension respectively. This is a cos-

mological viable metric. It leads to a set of generalized Friedmann equations which

describe the evolutions of the scale factorsa(t) andb(t). When one tries to write

this generalized set of equations into a form which resembles the Friedmann equa-

tions in vacuum 3+1 dimensions, the terms containingkb, b(t) and ḃ(t) together

appear as the cosmological constant. In this way, rather than putting in it by hand as

Einstein did, the cosmological constant automatically emerges and hence governs

the behavior ofa(t). On the other hand, the observed current value of the cosmo-

logical constant becomes a direct probe of the extra dimension. The study of the

effects of the metric (4.1) on the evolution ofa(t) in vacuum and its signature on

the cosmological constant has been reviewed by several authors [47, 48, 49]. There

have been some interesting results concerning the evolution of a flat4D universe

due to curved spatial extra dimenions.

Whenka andkb are set to zero, anda(t) andb(t) are constant in time, the metric
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(4.1) reduces to a5D ADD metric.

Equations of Motion with One Extra Dimension

The equations of motion will be derived from Eq. (4.1) in this section. For simplic-

ity, one ordinary and one extra dimension will be assumed in this section. Although,

in general, the scale factors are governed by the (generalized) Friedmann equations,

they will be assumed to take several forms that are appropriate for the present anal-

ysis. In this way, the scale factors could be canonically chosen to illustrate the

general idea.

The equations of motion are given by

d2t

dŜ2
+

a(t)ȧ(t)
1−kar2

a

(
dra

dŜ

)2

+
b(t)ḃ(t)
1−kbr2

b

(
drb

dŜ

)2

= 0,

d2ra

dŜ2
+2

ȧ(t)
a(t)

dra

dŜ

dt

dŜ
+

kara

1−kar2
a

(
dra

dŜ

)2

= 0, (4.2)

d2rb

dŜ2
+2

ḃ(t)
b(t)

drb

dŜ

dt

dŜ
+

kbrb

1−kbr2
b

(
drb

dŜ

)2

= 0,

where the dot means a time derivative:ḟ = d f/dt. It is desirable to express the

above set of equations as functions oft, which is a measurable quantity in the lab

frame. Making use of the identities

d

dŜ
=

dt

dŜ

d
dt

and
d2

dŜ2
=

(
dt

dŜ

)2 d2

dt2
+

d2t

dŜ2

d
dt

,

and dividing the resulting set of equations by(dt/dŜ)2 on both sides, the equations

of motion become

r̈a +2
ȧ
a

ṙa +
karaṙ2

a

1−kar2
a
− aȧṙ3

a

1−kar2
a

=
bḃṙaṙ2

b

1−kbr2
b

, (4.3)

r̈b +2
ḃ
b

ṙb +
kbrbṙ2

b

1−kbr2
b

− bḃṙ3
b

1−kbr2
b

=
aȧṙ2

aṙb

1−kar2
a
. (4.4)
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The fact that these two equations are completely symmetric by the transformations

ra ↔ rb, a(t)↔ b(t) andka ↔ kb should be obvious. The term on the right hand

side of Eq. (4.3) is the relativistic corrections ofra due to the motions in the extra

dimension. If extra dimensions do not exist, then this term should be set to zero, and

the ordinary Friedmann-Robertson-Walker universe is recovered. Therefore, this

term is an “extra force”, which arises when the motion in the higher dimensional

space-time is projected on the ordinary space-time. This illustrates the possibility

of deviations from a trajectory in ordinary mechanics predicted from the classical

theory without extra dimensions.

The extra force depends on several factors. If the extra dimension is not evolv-

ing, i.e. ḃ = 0, then the4D Poincaŕe invariance is preserved in the generalized

Robertson-Walker metric, and so no extra force can be found. Thus the evolution

of the extra dimension serves as the coupling mechanism between the extra and or-

dinary dimensions, such that the momentum exchange between these dimensions

becomes possible. Also, the particle must be non-stationary for a non-zero extra

force. This is a frame-dependent extra force but poses no contradiction to the the-

ory of relativity since the Poincaré invariance has been broken by the evolution of

the extra dimension.

There are two major differences between the definitions of the extra force in the

Space-Time-Matter (STM) theory and the present work. (See Chapter 3.) Firstly,

two different projection spaces have been used: STM theory describes the trajecto-

ries as functions of the4D line elementds2 = gµνdxµdxν (whereµ ,ν = 0,1,2,3

andgµν satisfies the4D Einstein equation) while the present work uses the coordi-

nate timet. This fact leads to the second difference: non-vanishing extra force ex-

ists in STM theory only if∂gµν/∂x4 6= 0, that is, physics in our4D space-time does

depend on the extra coordinate. In order to explain this strange behavior, STM the-

orists have to invoke Mach’s Principle, which asserts that a local particle’s motions

must be influenced by the whole universe. This is not the case in the present work.
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With the metric (4.1), for example, one of the requirements for a non-vanishing ex-

tra force is that the scale factorb(t) must be changing with time. However, both

theories require non-zero velocities in the extra dimension (that is,ṙb 6= 0 in the

present work) in order to get a non-zero extra force.

Eq. (4.3) can be solved using a standard transformation:

ra,b =





sinψa,b ,

ψa,b ,

sinhψa,b

for ka,b =





1

0

−1

. (4.5)

Then Eq. (4.3) is transformed into

ψ̈a +2
ȧ
a

ψ̇a−aȧψ̇3
a = bḃψ̇aψ̇2

b and ψ̈b +2
ḃ
b

ψ̇b−bḃψ̇3
b = aȧψ̇2

aψ̇b. (4.6)

These equations have exactly the same form forka = kb = 0. Therefore the space

is conformally flat for all cases ofka andkb. Manipulation of these two equations

impliesb2ψb ∝ a2ψa, which further gives the first order solutions of the equations:

1
a4ψ̇2

a
=

1
a2 +

c1

b2 +c2 and
1

b4ψ̇2
b

=
c3

a2 +
1
b2 +c4. (4.7)

The equation of motion forψa is therefore

ψ̈a +2
ȧ
a

ψ̇a−aȧψ̇3
a =

ḃψ̇a

b+(c3/a2 +c4)b3 . (4.8)

If b(t) is decreasing with time, then the right hand side serves as a damping term

which is increasing with time. As a result the particle decelerates to rest as time

goes on. The reverse is true forb(t) increasing with time.

The trajectory can be examined by obtaining a perturbation solution to (4.8).

As far as the effect of the extra dimension is concerned,ȧ can be taken as zero

for simplicity, and we seta(t) ≡ 1. Thenψa = ra. The physical velocity ofψb is

vb = bψ̇b. In the short time limitt−1À Hbv2
b whereHb≡ ḃ/b, the trajectory in the

ordinary dimension can be written as

ra(t)
.= ra0 + ṙa0t +

1
2

Hb0v2
b0ṙa0t

2, (4.9)

where the subscript zero denotes values at some reference timet0≡ 0.
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Discussion

The effect of the extra force oṅra(t) can be understood as follows. From Eq. 4.3,

the extra force is given by

Fex = bḃṙa
ṙ2
b

1−kbr2
b

. (4.10)

This extra force is parallel to its ordinary velocityṙa(t). The extra force seems to be

dependent on the choice of reference frames (whereṙa(t) may be different) [31]. In

the approximation up to first order ofḃ, Fex can be evaluated by using Eq. (4.6) and

by taking ṙa as a constant since the whole space is conformally flat. The fraction

is always non-negative. That means, whether the extra force causes acceleration or

deceleration on the particle depends only on the sign ofḃ. Supposėb > 0. Then,

once the particle has a velocityṙa 6= 0, it accelerates and moves away from the point

ṙa = 0 for all ra in the phase plane(ra, ṙa). Thus, the phase linėra = 0 is unstable.

If ḃ < 0, the extra force has a negative sign, and a non-stationary particle (whose

ṙa 6= 0) will decelerate and move towards the phase lineṙa = 0. Thus ṙa = 0 is a

stable phase line. In any case, a linear trend (either acceleration or deceleration)

will be seen inṙa(t), consistent with the above result.

As in cosmology, the ratiȯb/b will be assumed to be slowly varying and can

be taken as a constant valueHb. Then Eq. (4.9) implies that a particle in a5D

spacetime must have travelled farther than a particle in a4D space-time ifHb > 0,

and vice versa. This conclusion solely depends on the sign ofHb and not other

factors.

The most interesting case occurs whenHb > 0. In this case, the phase line

ṙa = 0 is unstable, and we have to consider the evolution of the density functions

in the phase space [50]. In particular, in the following section, we will assume

that all initial conditions have distributions around some mean values. The standard

deviations or uncertainties of these initial conditions form phase space volumes, and

the evolution of these volumes will resemble the evolution of the wave packets in

quantum mechanics.
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4.2 Unobserved Motions in Extra Dimensions

In the laboratory, the motions in the extra dimension cannot be detected experimen-

tally. Thus, the particle trajectories must start with some unknown initial conditions

in the extra coordinates. In an experiment, every time when a particle is let go, it

starts with some measurable inital values ofra0 andṙa0 but with unknownψb0 and

vb0. Therefore,ψb0 andvb0 are random variables. As we have seen from Eq. (4.9),

different values ofvb0 result in different trajectoriesra(t). After the repetition of a

number of experiments with identical initial settings ofra0 and ṙa0 being run for a

fixed period of time, the experimenter acquires a probability distribution ofra at the

end of each experiment trial. Thus, in this extra dimensional scenario, it seems pos-

sible that uncertainties of4D position-momentum measurements can be naturally

generated due to unobserved extra dimensional motions.

In this section, we want to calculate the uncertainties of4D position-momentum

measurements in the5D Friedmann universe. We first follow the line of thought in

the previous paragraph to start with the cases where the initial values ofra0 andṙa0

are fixed whilevb0 is randomized. Since the extra dimension is conformally flat, the

choice ofψb0 does not affect the observed trajectories in the ordinary dimension, as

suggested by Eq. (4.9). Therefore, the randomization ofψb0 can be ignored. Then

we also consider cases where the initialra0 andṙa0 are gaussianly distributed around

some mean values. These correspond to the situation in the real world because the

distributions ofra0 and ṙa0 must satisfy the Heisenberg uncertainty relation. In the

next section, we will compare our results with the quantum mechanical results.

Case 1:∆ṙa = 0, ∆ra = 0 and ∆vb 6= 0

The assertion that the extra dimensional motion cannot be monitored implies that

the quantityvb0 should be randomized. The randomization ofψb0 is ignored since

the extra dimension is conformally flat. We now propose a probability distribution

of vb0. To get this, we notice that the4D rest massm0 is related to the5D rest mass
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M5 by

m0 =
M5√
1−v2

b

, (4.11)

wherevb = bψ̇b is the velocity along the extra dimension. Thusm0 is a variable

of vb. In other words, the observed rest mass of the particle could vary fromM5 to

infinity if vb is allowed to take any values in the range[−1,1]. This contradicts with

our observations. Clearly, we needm0 to be confined within some constant values.

This amounts to confinevb around some mean values. Since the extra dimension

hasZ2 symmetry, it is natural to assume thatvb is symmetrically distributed around

zero, and the width of the distribution should be much lower than the speed of light.

For simplicity, we assume thatvb is gaussianly distributed around zero with a width

∆vb0¿ 1:

Pvb0(vb0) =
1√

2π∆v2
b0

exp

{
− v2

b0

2∆v2
b0

}
. (4.12)

Thus, we are only interested in non-relativistic motion in the extra dimension. Then

the mean value of the4D rest mass is

m0 = M5

∫
1√

1−v2
b0

Pvb0dvb0

≈M5

∫ (
1+

1
2

v2
b0

)
Pvb0dvb0

≈M5(1+
1
2

∆v2
b0), (4.13)

and the uncertainty is

∫ (
M5

1−v2
b0

−M5

)2

Pvb0dvb0≈M5

∫ (
v2

b0

2
+

3v4
b0

8
+ · · ·

)2

Pvb0dvb0

≈
√

3
4

M5∆v2
b0. (4.14)
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Figure 4.1: The distribution of displacementf (ra) due to the motion in the extra
dimension in a spacetime with metric (4.1). The initial conditions are arbitrarily
chosen:ra0 = 0, ṙa0 = 1, b0 =−ḃ0 = 1, andt = 0.1, ∆vb0 = 0.1.

The probability distribution function forra is given by

f (ra) =
∫

Pvb0dvb0δ (ra− ra(t))

=





1√
π∆vb0t

exp{− ra−ra0−ṙa0t

Hb0ṙa0∆v2
b0t2

}
√
|Hb0ṙa0(ra−ra0−ṙa0t)| , if |ra|> |ra0 + ṙa0t|;

0, otherwise.

(4.15)

An example off (ra) is shown in Fig. 4.1.

We can calculate the mean value and the uncertainty (standard deviation) of
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ra(t), which are respectively

ra(t)
.= ra0 + ṙa0t +

1
2

ṙa0Hb0t
2
∫

v2
b0Pvb0dvb0

.= ra0 + ṙa0t

(
1+

∆v2
b0

2
Hb0t

)
, (4.16)

∆ra(t)
.=

{∫ (
ra(t)− ra(t)

)2
Pvb0dvb0

} 1
2

=
∆v2

b0√
2

Hb0ṙa0t
2, (4.17)

wheret−1 À Hb0 in the short time limit. Thus the mean position of the ensemble

evolves quadratically in time, showing the influence of the extra force. The uncer-

tainty of the position also grows quadratically with time, meaning that the ensemble

expands over the4D space-time. Att = 0, ∆ra(t) = 0 because the ensemble is as-

sumed to start with identicalra0.

Define the ordinary momentum aspa = m0ṙa. Thenm0 also contributes to the

distribution of pa. The average value and the uncertainty of the momentum are

respectively

pa =
∫

(m0ṙa)Pvb0dvb0
.= M5ṙa0

(
1+∆v2

b0Hb0t
)
,

∆p2
a =

∫
(pa− pa)

2Pvb0dvb0
.= M2

5∆v4
b0ṙ2

a0

(
1+2H2

b0t
2) ,

(4.18)

wherepa0 = M5ṙa0 and∆p2
a0 = M5∆v2

b0ṙa0. These equalities are evaluated in the

short time limit ∆v2
b0Hb0t ¿ 1. Unlike ∆ṙa, at t = 0, ∆pa is non-zero. This is

because the4D mass itself has a distribution whenvb0 is randomized. We can now

calculate the product of uncertainties:

∆r2
a(t)∆p2

a(t)
.=

1
2
(M5Hb0∆v2

b0ṙ2
a0t

2)2, (4.19)

where higher order terms inHb0 have been neglected. Again, att = 0, this product

vanishes because we assume that the particle starts at definite values ofra0 andṙa0.

But in the laboratory, the distributions ofra0 and ṙa0 must satisfy the Heisenberg

uncertainty relation. In the following cases, we will realize this assumption step by

step.
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Case 2:∆ṙa 6= 0, ∆ra = 0 and ∆vb 6= 0

In the above discussion, the velocity in the4D spacetime has been kept constant

while the velocity in the extra dimension has been randomized so that the total

velocity does not exceed the limiting speed. As we have discussed, the phase line

ṙa = 0 is unstable, and we have to consider the evolution of some phase space

volumes around this line. Thus, in the following, we will first consider the initial

positionra0 being also randomized. Since we should have at least a bit of control

on the experimental setup, it would be natural to assume thatra0 is Gaussianly

distributed, by virtue of the central limit theorem.

Pra0(ra0) =
1√

2π∆r2
a

exp

{
−(ra0− r̄a0)2

2∆r2
a

}
. (4.20)

Thus Eq. (4.9) gives the following dispersion relations:

r̄a(t)
.= r̄a0 + ṙa0t

(
1+

∆v2
b0

2
Hb0t

)
,

∆r2
a(t)

.= ∆ṙ2
a0t

2
(

1+∆v2
b0Hb0t

)
(Hbv2

b0 t ¿ 1),
(4.21)

andpa and∆pa are still given by Eq. (4.18).

Case 3:∆ṙa 6= 0, ∆ra 6= 0 and ∆vb 6= 0

Finally, we also assume thatṙa is gaussianly distributed with some mean and stan-

dard deviation. The probability distributions of the three dynamical variables are

written as

Pra0(ra0) =
1√

2π∆r2
a

exp

{
−(ra0− r̄a0)2

2∆r2
a

}
, (4.20)

Ṗra0(ṙa0) =
1√

2π∆ṙ2
a

exp

{
−(ṙa0− ¯̇ra0)2

2∆ṙ2
a

}
, (4.22)

Pvb0(vb0) =
1√

2π∆v2
b0

exp

{
− v2

b0

2∆v2
b0

}
. (∆vb0¿ π) (4.12)
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Figure 4.2: Spreads of particle motions described by Eq. (4.21) with three different
values ofḃ0: ḃ0 = 0 (dotted),ḃ0 = −1 < 0 (narrow) anḋb0 = 1 > 0 (thick). In all
cases,̄̇ra0 = 0, ∆ṙa0 = 0.2, t = 0.1 andb0 = 1. The sample size is 2000.
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Again, ψb needs not to be considered since the extra dimension is homogeneous.

The uncertainties of the distributions ofra and ṙa respectively can be easily calcu-

lated from these probability distributions:

ra
.= ra0 + ṙa0t +

1
2

Hb0∆v2
b0t

2

∆ra
2 .= ∆r2

a0 +∆ṙ2
a0t

2
(

1+∆v2
b0Hb0t

)
;

pa
.= M5ṙa

(
1+

∆v2
b0

2
+∆v2

b0Hb0t
)

.= m0ṙa
(
1+∆v2

b0Hb0t
)

∆pa
2 .= ∆p2

a0

(
1+2Hb0∆v2

b0t
)
,

(4.23)

where∆p2
a0≡m2

0∆ṙ2
a0 = M2

5(1+∆v2
b0)∆ṙ2

a0 andHb∆v2
b0t ¿ 1. In the expression for

∆ra
2, the last term in the bracket is due to the randomization ofvb0, while the other

two terms come from the randomizations ofra0 andṙa0. Similarly, in the bracket of

the expression for∆pa
2, the first term is due to the gaussian distribution ofṙa0, the

second term comes from the randomization of the extra term inra(t) (Eq. (4.9)).

The factor(1+ ∆v4
b0) in ∆p2

a0 comes from the randomization of the4D rest mass

m0.

The product∆r2
a∆p2

a is thus given by

∆r2
a∆p2

a
.= h2

0 +
∆p4

a0

m2
0

t2 +∆v2
b0Hb0t

(
2h2

0 +
3∆p4

a0

m2
0

t2
)

, (4.24)

whereh0≡ ∆ra0∆pa0, and we have replacedM5 by m0 = M5(1+∆v2
b0/2) and retain

terms of order up to∆v4
b0.

We have assumed thatvb is peaked at zero. Ifvb is peaked at other non-zero

values, then the averaged4D rest mass is modified as

m0 =
M5√

1−vb02

(1+
1
2

∆v2
b0). (4.25)

Thus Eq. (4.24) still holds withm0 replaced by this modified expression.

Comparison with Quantum Mechanical Results

Eq. (4.24) resembles the Heisenberg uncertainty relation in quantum mechanics.

Thus the probability distributions Eq. (4.20) and Eq. (4.22) can be interpreted as
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the consequence of quantum fluctuations. Furthermore, the producth0≡ ∆ra0∆pa0

of the distribution of the initial conditions must not vanish.

We want to compare Eq. (4.24) with that in quantum theory. Suppose that at

time t = 0 a quantum particle is described by a one dimensional Gaussian wave

packetφ(px) in the momentum space,

φ(px) =
1

π1/4
√

∆px0
exp

[
−(px− p0)2

2(∆px0)2

]
. (4.26)

Then the wave function in the configuration space can be derived from the Fourier

transform ofφ(px), which is also a Gaussian wave packet with∆x0 = h̄/∆px0. Ac-

cording to Schr̈odinger’s equation, the uncertainty relation evolves as

∆x2∆p2
x = h̄2 +

∆p4
x0

m2 t2. (4.27)

It is a standard exercise to derive Eq. (4.27) in many elementary textbooks of quan-

tum mechanics ([45], for example).

We can also obtain Eq. (4.27) from classical mechanics. From Newtonain me-

chanics, the trajectory of a free particle is described by

x(t) = x0 + ẋ0t = x0 +
px0

m
t, (4.28)

wherex0 andẋ0 are the initial position and velocity respectively, andpx0 = mẋ0 is

the initial momentum. Suppose thatx0 and ẋ0 are normally distributed with vari-

ances∆x2
0 and∆ẋ2

0 respectively, then they simply add to give the variance ofx(t)

∆x(t)2 = ∆x2
0 +∆ẋ2

0t
2 = ∆x2

0 +
∆p2

x0

m2 t2. (4.29)

Since∆px(t)2 = ∆p2
x0, its product with∆x(t)2 reproduces Eq. (4.27) if∆ẋ2

0∆p2
x0 =

h̄2. Therefore, a wave packet from the classical trajectories of a free particle can also

be produced if the initial conditions are randomized. The constanth̄ is required to

be non-zero by the virtue of Heisenberg uncertainty principle. This equation serves

as a classical test of the current theory if we compare evolution of a wave packet in

5D with Eq. (4.27).
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Eq. (4.24) is an example of such a wave packet in a5D space-time. It is anal-

ogous to Eq. (4.27). The constanth0 is required to be non-zero since we are con-

sidering the phase space volumes around the unstable phase lineṙa. Thus, from

Eq. (4.24), we get two correction terms: one grows linearly with time, and the

other grows cubically. These corrections terms are due to the evolution of the extra

dimension and the random motions in it. For both terms, the coefficients are pro-

portional toHb, which is of cosmological time scale. Thus, Eq. (4.24) describes the

same evolution of the width of a wave packet as that in the ordinary4D space-time

in the short time limit.

The parameters∆vb0 and Hb0 can be measured as follows. We measure the

spread of the wave packet of a free particle. From the time evolution of the wave

packet, we get the coefficients oft- andt3-dependent terms in the width of the wave

packet, both of which are absent in quantum mechanics. Denote them asC1 andC3

respectively. Then∆vb0 andHb0 can be solved from the coupled set of equations:

C1 = 2h2
0∆v2

b0Hb0, C3 = ∆v2
b0Hb0

3∆p4
a0

m2
0

,

provided the initial values∆pa0 are obtained at the beginning of the experiment.

Obviously, we identifym0 as the4D rest mass (m in Eq. (4.27)) of the particle.

4.3 Equations of Motion with Three Extra Spatial Di-

mensions

The above model is relatively simple because only one extra dimension is assumed,

which results in a conformally flat space. However, it has been shown that the

evolution ofa(t) is coupled to that ofb(t) only if the number of extra dimensions

is not less than three [47, 48, 49]. The resultant equations of motion would be

considerably more complicated when more extra dimensions are employed. Some

simplifications will be made.
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It has been concluded that cosmological observations can be modelled with

ka = 0 andkb = 1 [49]. This has a profound implication that the universe should

appear flat while the current state of expansion is due to the curvature of the extra

dimensions. In what follows,ka = 0 will also be assumed.

The FRW metric is given by

dŜ2 = dt2−a2(t)dr2
a−b2(t)

( dr2
b

1−kbr2
b

+ r2
bdθ 2

b + r2
b sin2θbdφ2

b

)
. (4.1’)

The corresponding equations of motion are

r̈a +2
ȧ
a

ṙa = Fex(t)ṙa ,

r̈b +2
ḃ
b

ṙb +
kbrbṙ2

b

1−kbr2
b

− rb
(
1−kbr2

b

)(
θ̇ 2

b +sin2θbφ̇2
b

)
= Fex(t)ṙb ,

θ̈b +2
ḃ
b

θ̇b +
2
rb

ṙbθ̇b− φ̇2
b sinθbcosθb = Fex(t)θ̇b ,

φ̈b +2
ḃ
b

φ̇ +
2
rb

ṙbφ̇b +2θ̇bφ̇bcotθb = Fex(t)φ̇b ,

(4.30)

where

Fex(t) = aȧṙ2
a +bḃ

(
ṙ2
b

1−kbr2
b

+ r2
bθ̇ 2

b + r2
b sin2θbφ̇2

b

)
. (4.31)

Again, ȧ = 0 will be taken. Due to symmetry, the particle moves on a plane in

the extra dimension. Therefore, without loss of generality,θb = π/2 will be taken

and the equations of motion become

r̈a = F̃(t)ṙa ,

r̈b +2
ḃ
b

ṙb +
kbrbṙ2

b

1−kbr2
b

− rb
(
1−kbr2

b

)
φ̇2

b = F̃(t)ṙb ,

φ̈b +2
ḃ
b

φ̇ +
2
rb

ṙbφ̇b = F̃(t)φ̇b ,

(4.32)

with

F̃(t) = bḃ

(
ṙ2
b

1−kbr2
b

+ r2
bφ̇2

b

)
. (4.33)

If the extra dimension is only slowly evoloving, then this set of equations can be

solved in powers oḟb again in some short time limit. Thus, in order to evaluateF̃(t)
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to the first order oḟb, only the leading order of the terms inside bracket is needed.

Indeed, in the limiṫb = 0, the term

b2
(

ṙ2
b

1−kbr2
b

+ r2
bφ̇2

b

)
(4.34)

is a constant of motion. Denoting this byε, the equation governing the motion in

the ordinary dimension is given by

r̈a = Hbε ṙa +O(H2
b) , (4.35)

whereHb ≡ ḃ/b. This is completely analogous to the case where only one extra

dimension is needed. This implies that although the particle may have complicated

trajectories in the extra dimensional space (notice that there is a point of singularity

rb = 1 in the metric), this does not introduce any observable effect in the ordinary

dimension other than the exponential growth or decay (depending on the sign ofHb)

of the velocity. It can also be concluded from Eq. (4.35) that the short time limit is

valid provided thatt−1À Hbε .

4.4 Summary

The effect of the extra force on4D particle trajectories under the generalized Robertson-

Walker metric has been studied. We have assumed that a4D observer can see the5D

particle regardless of the particle’s position in the fifth dimension. The Robertson-

Walker metric, and its generalized version (Eq. (4.1)) has a very important property

that it can always be made conformally flat by appropriate coordinate tranforma-

tions, and the extra force depends only on the transformed coordinates. Conse-

quently we found that the extra force is constant in time (to the first order ofḃ,

the rate of the change of the size of the extra dimension), and the deviations of the

4D trajectories are in general linear with time. The periodicity of the compactified

extra dimensions does not show up in the deviation. The resultant spectrum of the

4D projected trajectories obtained by randomizing the initial conditions of the extra

coordinates should be the one which is really observed in the laboratory.
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In order to make connection with the physical situations, we made use of clas-

sical wave packets and compared their evolution to those in the ordinary4D space-

time. It is shown that beside thet2-dependent term of the usual classical wave

packet in4D, the evolution of a wave packet in5D also containst and t3 terms,

which provide a basis of the experimental determinations of the model parameters.

In the next chapter, we want to employ some metric such that the extra dimen-

sion is inhomogeneous. We will try to seek some trajectory fluctuations due to the

extra dimensional motion in such kind of higher dimensional world.



Chapter 5

Extra Forces in the

Randall-Sundrum Model

The generalized Robertson-Walker metric (2.41) has been used in Chapter 6. Be-

cause of the homogeneity and isotropy of the extra coordinates (guaranteed by con-

formal transformations), the extra force is constant in time (to the first order ofḃ,

the rate of the change of the size of the extra dimension), and the deviations of the

4D trajectories are in general linear with time. The periodicity of the compactified

extra dimensions does not show up in the deviation. If we are to simulate some fluc-

tuations in our models, it may be preferable to introduce some periodic deviations.

Therefore, we want to work with some metrics describing inhomogeneous extra di-

mensions. The Randall-Sundrum metric is one of them because the fifth dimension

is warped.

In this chapter, we will examine the effects of the extra force in the Randall-

Sundrum model on the4D trajectories. As in Chapter 6, we need first to solve for

the trajectories in the Randall-Sundrum space-time so as to examine the behavior

of the extra force in this model. In Section 2.5, the setup of the RSI scenario has

been reviewed and the corresponding metric has been obtained. As we have seen

in Section 3.5, no extra force can be detected when the dynamical variables are

expressed in terms of the4D proper time or the coordinate time. Therefore, we will

slightly modify the metric such that a coupling between the extra dimension and

55
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the ordinary dimensions become possible. Notice that we will also assume that an

4D observer can see the5D particle regardless of its position in the fifth dimension.

In Section 5.2, the particle trajectories are solved in some short time limits. Then

we will focus on the trajectory fluctuations embedded in the4D trajectories due to

the unobserved extra dimensional motions in Section 5.3, and we will show how

the evolution of a free wave packet is modified. Finally, in Section 5.4, we have a

short discussion on how the periodic fluctuation depends on the inhomogeneity of

the warped extra dimension.

5.1 Model Development - Evolving Extra Dimension

In order to introduce extra forces in the model, a coupling between the extra di-

mension and the ordinary spacetime can be made by a simple generalization of the

metric (2.48). The experience in dealing with the generalized Robertson-Walker

metric suggests that a time dependence of the size of the extra dimension can be

introduced in (2.48):

dŜ2 = e−2kb(t)|φ |ηµνdxµdxν −b2(t)dφ2. (5.1)

The payoff of this modification is that the classical action holds only if it satisfies

some adiabatic conditions. Indeed, the Einstein equations derived from the metric

(5.1) are given by

σ ′2− σe2σ

2

(
σ ḃ2− b̈

k

)
=− Λ

24M3k2 ,

ḃ2e2kbσ (kb−σ)+σ ′′ =
Vvis

12M3k
δ (φ −π)+

Vhid

12M3k
δ (π).

(5.2)

To go further, two assumptions will be made: (i)−σe2σ ∣∣σ ḃ2− b̈/k
∣∣¿−Λ/(24M3k2)

and (ii) the contribution of the singularity comes from the second derivative ofσ(φ).

Therefore the stationary solution Eq. (2.48) holds, and the adiabatic criteria are

e2kb|φ |
∣∣∣∣
b̈
k
|φ |−φ2ḃ2

∣∣∣∣¿ 1 and ḃ2e2kb|φ |
∣∣∣kb−|φ |

∣∣∣¿ 1. (5.3)
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These two conditions must be satisfied simultaneously throughout the evolution.

Particle trajectories in the Randall-Sundrum braneworld will be examined. As-

suming one ordinary dimensionx, the equations of motion are given by

d2t

dŜ2
−kḃ|φ |

[(
dt

dŜ

)2

+
(

dx

dŜ

)2
]

+e2kb|φ |bḃ

(
dφ
dŜ

)2

−2kbsφ
dt

dŜ

dφ
dŜ

= 0,

d2x

dŜ2
−2kḃ|φ | dt

dŜ

dx

dŜ
−2kbsφ

dx

dŜ

dφ
dŜ

= 0,

d2φ
dŜ2

+2
ḃ
b

dt

dŜ

dφ
dŜ

+
k
b

sφ e2kb|φ |
[(

dx

dŜ

)2

−
(

dt

dŜ

)2
]

= 0,

wheresφ is the sign function

sφ =





1, if φ > 0;

−1, if φ < 0.

In terms of the coordinate timet,

ẍ = kḃ|φ |(1− ẋ2)ẋ+bḃe2kb|φ |φ̇2ẋ, (5.4)

φ̈ +2kbsφ φ̇2− k
b

sφ e−2kb|φ |(1− ẋ2) =−2
ḃ
b

φ̇ −kḃ|φ |(1+ ẋ2)φ̇ +bḃe2kb|φ |φ̇3.

(5.5)

The energyE of the particle is an adiabatic constant of motion

E =
e−kb|φ |M5c2

√
1− (ẋ2 +e2kb|φ |b2φ̇2)/c2

, (5.6)

whereM5 is the5D mass. The physically measurable velocity in the extra dimension

is given byvφ ≡ ekb|φ |bφ̇ .

The coupled set of Eq. (5.4) and Eq. (5.5) is highly non-linear, and it is difficult

to find its exact solution in general. Thus it will be solved by successive approxi-

mation in the first power of the derivativėb(t) under some appropriate short time

limits. For sufficiently slow varyingb(t), the energyE is a quasi-constant of motion

which proves to be very useful in determining the motions of the particle.

Our goal is to find the approximate solution forx(t) up to the first power oḟb(t).

It suffices to solve forφ(t) by simply settinġb = 0 in Eq. (5.5) and takingb(t) and
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Figure 5.1: The phase plot forφ(t), with k = 20, b0 = 0.01 and ẋ0 = 0.01c. The
vector field is defined asN−1(φ̇ , v̇φ ), N being the normalization constant. One phase
path (narrow) passes through the point(−π,0.9c) and the other phase path (thick)
passes through the point(−π,0.6c).

ẋ(t) as the initial valuesb0 andẋ0 respectively. Eq. (5.5) can then be written as

bekb|φ |dvφ

dt
= sφ kb(1− ẋ2−v2

φ ). (5.5’)

A phase plot described by Eq. (5.5’) is shown in Fig. 5.1. The vector field is

defined asN−1(φ̇ , v̇φ ), N being the normalization constant. An attractor is located

at (±π,0). Only two kinds of motions are possible: in the low energy regime (to

be defined in the following paragraph), the particle oscillates around(±π,0); in the

high energy regime, on the other hand, the particle could run through the whole fifth

dimension unidirectionally. A particular example for each regime is shown in Fig.

5.1.

The critical condition that separates the oscillatory and monotonic regimes of

the motions could be found from energy consideration. Right at the critical energy,

the particle becomes motionless at the hidden brane,i.e. φ̇ = 0 at φ = 0. Thus, in
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the limit of ḃ = 0, the critical energy is given by

Ecr =
e−kb0|φ0|M5c2

√
1− ẋ2

0

. (5.7)

An energy slightly smaller thanEcr would result in an oscillatory motion and oth-

erwise a monotonic motion.

These conclusions are consistent with what we found in the quantum mechan-

ical calculations (Section 2.5). It has been found that the Kaluza-Klein modes are

peaked near the visible brane, and thus the Kaluza-Klein excitations are most likely

to be found there. By the correspondence principle [45], it is expected that the

classical particle should spend most of its time in the region near the visible brane.

5.2 Classical Particle Trajectories

Eq. (5.5’) can be solved forφ(t) in the intervals[−π,0] and[0,π], which are dis-

connected in the phase space:

φ(t) =
sφ0

2kb0
lng

(
k(t− t0)

)
, (5.8)

where

g(ζ )≡ (1− ẋ2
0)ζ

2 +ekb0|φ0|
(

ekb0|φ0|+2sφ0vφ0ζ
)

(5.9)

for some reference timet0, and the suffix0 denotes initial values at the momentt0.

The initial values must be modified each time when the particle enters the intervals

from the other in the extra dimension. The correspondingẋ(t) in the first power of

ḃ0 is given by

ẋ(t) =
ẋ0

{
1+ ḃ0

4kb0
ġ
(
k(t− t0)

)
lng

(
k(t− t0)

)}

1+b0ḃ0φ0φ̇0e2kb0|φ0| . (5.10)

The initial conditions must also be modified accordingly whenφ enters into the two

intervals. This expression is accurate provided the whole factor multiplyingẋ0 is

close to unity. Thus this defines the short-time limit. The trajectoriesx(t) in the

ordinary dimension can be obtained directly from the integration of Eq. (5.10).
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We would like to extend the solution Eqs. (5.8) and (5.10) to the whole time

domain (within the short time limit). Let the time of reference bet0≡ 0. Two cases

will be considered: (i) ForE > E0, The latest momenttvis when the particle is at the

visible brane can be solved from the root of the following equation:

tvis =

√
(1− ẋ2

0)
[
e2kb0(|π|−|φ0|)−1

]
+v2

φ0
−|vφ0|

sφ0sφ̇0
e−kb0|φ0|k(1− ẋ2

0)
. (5.11)

Similarly, the latest momentthid when the particle is at the hidden brane can be

solved from

thid =

√
(1− ẋ2

0)
[
e−2kb0|φ0|−1

]
+v2

φ0
−|vφ0|

sφ0sφ̇0
e−kb0|φ0|k(1− ẋ2

0)
. (5.12)

Either of these quantities is negative and the other positive. The period of motion

for φ(t) is clearlyτφ ≡ 2|tvis− thid|. (ii) For E < E0, the turning point is reached at

the time

thid =−sφ0sφ̇0

ekb0|φ0||vφ0|
k(1− ẋ2

0)
, (5.13)

where the time is still suffixed by “hidden” for convenience. The period in this case

is double of that in the previous case,i.e.

τφ = 4|tvis− thid|=

√
(1− ẋ2

0)
[
e2kb0(|π|−|φ0|)−1

]
+v2

φ0

e−kb0|φ0|k(1− ẋ2
0)/4

. (5.14)

φ(t) in the limit of ḃ = 0 can now be written in terms of the coordinate-time as

φ(t) = sφ0

∆̇(t)
2kb0

lng
(
k∆(t)

)
, (5.15)

where∆(t) is a triangular wave function defined by

∆(t) =
∣∣∣∣
(
(t− ta) Mod τφ

)
− τφ

2

∣∣∣∣+ tb,

whereta ∈Max{thid, tvis}> 0 is the shortest time after a reference timet = 0 when

the particle arrives at a brane (either visible or hidden) or the turning point, andtb =

Min{thid, tvis} < 0 is the latest time beforet = 0 when the particle passes through

the other brane or the turning point. The value of the time derivative∆̇(t) is either

+1 or−1, with the initial value chosen always to be+1.
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ẋ(t) for all time t correct to the first order iṅb is given by

ẋ(t) =
ẋ0

{
1+ ḃ0

[
α n(t)+2kh′

(
k∆(t)

)]}

1+b0ḃ0φ0φ̇0e2kb0|φ0| , (5.16)

where

h(ζ ) =
1

4k2b0

{
g(ζ )

(
lng(ζ )−1

)−e2kb0|φ0|(2kb0|φ0|−1
)}

and

α = 2k
∣∣h′(kt−a )−h′(kt+b )

∣∣ .

n(t) is the floor function (i.e. the greatest integer of the given independent variable)

defined by

n(t) =
⌊

t− tvis

τx

⌋
+θ(tvis),

whereθ(x) is the Heaviside step function

θ(x) =





0, x < 0 ;

1, otherwise.

Due to theS1/Z2 symmetry, the periodτx observed iṅx(t) is

τx = 2|tvis− thid| (5.17)

irrespective of the energyE. Sinceh′(kthid) = 0 for both energy regimes, one gets

α = 2πekb0|φ0|
√

(1− ẋ2
0)[e

2kb0(π−|φ0|)−1]+v2
φ0

. (5.18)

The short time limit can be written explicitly as

t ¿ τx

ḃ0α
. (5.19)

Another integration oḟx(t) gives

x(t) = x0+
ẋ0

{
t + ḃ

[
ατxn(t)

(
t−tvis

τ − n(t)−1
2

)
+h

(
k∆(t)

)]}

1+bḃφ0φ̇0e2kb|φ0| . (5.20)

Two examples of the trajectories are shown in Fig. 5.2. These trajectories are

constructed based on the phase paths inφ highlighted in Fig. 5.1.
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Figure 5.2: Two examples of particle trajectories in an Randall-Sundrum world
corresponding to the phase paths in Fig. 5.1. Narrow:vφ0 = 0.9c. Thick: vφ0 = 0.6c.
Both start atφ0 =−π andẋ0 = 0.01c.
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Discussion

The effect of the extra force oṅx(t) can be understood as follows. From Eq. 5.4,

the extra force is given by

Fex =
ḃ
b

[
kb|φ |(1− ẋ2)+v2

φ

]
ẋ. (5.21)

This extra force is parallel to its ordinary velocitẏx. As in Chapter 6, the extra

force seems to be dependent on the choice of reference frames (whereẋ may be

different) [31]. In the approximation up to first order ofḃ, Fex can be evaluated by

using Eq. (5.8) and by takinġx as a constant since the ordinary dimensions are flat.

The quantity inside the square bracket is always non-negative. That means, whether

the extra force causes acceleration or deceleration on the particle depends only on

the sign ofḃ. Supposėb > 0. When|φ | decreases fromπ, the phase plot (Fig. 5.1)

suggests thatv2
φ always decreases, and so does the quantity inside the whole square

bracket. Conversely, ifφ grows towardsπ, the quantity inside the square bracket

increases. Thus, the rate of increase inẋ(t) is greatest atφ = π while it is smallest at

φ = 0 or at the turning points in the extra dimension. In other words, the extra force

behaves like a sinusoidal periodic force, andẋ(t) evolves in a way like the step

function if ẋ(0) 6= 0. Similar conclusion can be obtained directly ifḃ < 0, but in

this casėx decreases with time like the step function. Obviously, the step-function

behavior ofẋ implies that we can decomposeẋ into a linear trend and a see-saw like,

periodic function. We have already seen the linear trend in Chapter 6. This linear

trend is due to the evolution of the size of the extra dimension. The see-saw like,

periodic function is something new. This is clearly because of the inhomogeneity

of the extra dimension, in which the velocityvφ varies with the extra coordinateφ

so as to keep the term (e−kb|φ |/
√

(1− ẋ2− v2
φ )) constant (since the total energy is

constant up to first order ofḃ). Similar arguments suggest that there is also a second

order trend plus a see-saw like, periodic function inx(t).

Thus, in the first order oḟb, ẋ(t) can be decomposd into an initial valueẋ0, a
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linear trend and a very small oscillatory component:

ẋ(t) = x0 + ẋ`(t)+ ẋosc(t) (5.22)

where the linear dependence is given by

ẋ`(t) = ḃ0α ẋ0t/τx , (5.23)

and the see-saw like oscillatory component is given by

ẋosc(t) = ḃ0ẋ0
{

αξ (t)+2kh′
(
k∆(t)

)}
, (5.24)

with ξ (t)≡ n(t)−t/τx being a see-saw function with periodτx, which is also the pe-

riod of ∆(t). Eq. (5.23) and Eq. (5.24) both depend on the initial conditionsφ0 and

φ̇0, and the parametersk andb0. As time evolves, it is obvious that the linear part

becomes dominant. The average value of the accelerationẍ(t) can be characterized

by the slope ofx`(t), i.e. the dimensionless quantityb0α/τx, which is a function

of kb0 and its values are shown in Fig. 5.3. It is remarked that whenE < E0,

(i.e. when the particle is unable to pass through the hidden brane),b0α/τx has the

constant valuekb0π(1− ẋ2
0). It is clear from Fig. 5.3 that for large value ofkb0,

b0α/τx in most of the parameter space(φ0,vφ0) takes up this constant value. Thus

we will see in the next section that a particle moving freely in a five dimensional

Randall-Sundrum world (as observed by a4D observer) always experiences a con-

stant extra forceπkḃ0ẋ0(1− ẋ2
0)/c. This extra force depends on the initial velocity

of the particle and is thus very similar to the magnetic force on a charged particle

with a cyclotron frequencyqB/m = πkḃ0(1− ẋ2
0)/c. The oscillatory component

would then present some sort of fluctuation on the observed trajectory. Such fluctu-

ations appear completely random for repeated experiments with identical settings in

the ordinary dimension since the initial conditionsφ0 andφ̇0 cannot be determined

in the laboratory. In the same token,x(t) can be decomposed into four parts:

x(t) = x0 + ẋ0t +xq(t)+xosc(t), (5.25)
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Figure 5.3: The values ofb0α/τx in the parameter spaceφ0, vφ0. 1000 sample points
were chosen by randomizingφ0 andvφ0 in the intervals[−π,π] and[−c,c] respec-
tively. The contours are created after triangulation of the sample points. Filled area
represents the parameter space whereE < E0. Lower: kb0 = 4; upper:kb0 = 0.2.
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where

xq(t) = ẋ0ḃ0
α
τx

t(t−2thid)
2

− ẋ0b0ḃ0φ0φ̇0e2kb0|φ0|t, (5.26)

and the see-saw like oscillatory component

xosc(t) = ḃ0ẋ0

{
ατxξ (t)

[
t− tvis

τx
− n(t)+ t−1

2

]
+h

(
∆(t)

)}
. (5.27)

Again, for E < E0, the coefficient of the quadratic term inxq(t) is constant at

ḃ0α/τx = kḃ0(1− ẋ0).

The most interesting case occurs whenḃ> 0. In this case, the phase lineẋ= 0 is

unstable, and we have to consider the evolution of the density functions in the phase

space [50]. As in the previous chapter, we will assume that all initial conditions have

distributions around some mean values. The standard deviations or uncertainties

of these initial conditions form phase space volumes, and the evolution of these

volumes will resemble the evolution of the wave packets in quantum mechanics.

5.3 Unobserved Motions in Extra Dimensions

Assume that a4D observer can see the5D particle, regardless of its position in the

extra dimension. This is different from the basic assumption in brane theories that

a 5D particle can only be seen when it is confined in the visible brane. As in the

last chapter, we will randomize the initial conditionsx0, ẋ0, φ0 andφ̇0, and we will

obtain a formula governing the spread of the wave packets of a free particle. Eq.

(5.16) and Eq. (5.20) show that if the initial conditionsφ0 andφ̇0 are randomized,

x(t) andẋ(t) would show deviations from the usual4D trajectories, and they must be

described in some probability distributions. Before proceeding to the calculations,

we need to determine the distribution functions for the extra coordinates.

Again, consider the4D rest mass, which is related to the5D rest mass in the

Randall-Sundrum model by

m0 =
e−krb|φ |M5√

1− r2
be2krb|φ |(dφ

ds)
2

, (5.28)
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whereM5 is the5D rest mass. In the non-relativistic limitx(t)¿ 1, whenceds≈ dt,

m0 is equivalent to the total energyE in Eq. (5.6). Thus,m0 is a constant and is

determined from the initial conditions of the extra coordinates. Again, in order not

to contradict to our observations about the4D rest mass, we require thatφ0 and

φ̇0 must be peaked around some definite values and with very narrow width of the

distributions. From the trajectories solved in the last section, we know thatφ = π

is a stable point in the phase space, and thus the particle can stay in the proximity

aroundφ = π. On the contrary, there is no stable point aroundφ = 0, and the particle

cannot stay aroundφ = 0. Thus we may assume thatφ0 is gaussianly peaked atπ

with an uncertainty (standard deviation)∆φ0¿ π:

Pφ0(φ0) =
1√

2π∆φ2
0

exp

{
− φ2

0

2∆φ2
0

}
. (∆φ0¿ π) (5.29)

Furthermore, in the largekb0 limit, the particle will mostly oscillate aroundφ = π

unless it has enough energy to pass through the hidden brane. Therefore, it is natural

to assume thaṫφ0 is gaussianly peaked at zero with an uncertainty∆φ̇0 ¿ 1, which

has the same form as given by Eq. (4.12):

Pvφ0(vφ0) =
1√

2π∆v2
φ0

exp

{
−

v2
φ0

2∆v2
φ0

}
. (∆vφ0¿ 1) (5.30)

Essentially, we are considering only cases where the particle performs oscillatory

motion around the visible brane:E < E0.

Under these probability distributions, the mean value of the4D rest mass is

m0 =
∫

Pφ0dφ0Pvφ0dvφ0

e−krb|φ0|M5√
1−v2

φ0

.= e
(kb0∆φ0)2

2

(
1−

∆v2
φ0

2

)
Erfc

(kb0∆φ0√
2

)

.= M5

(
1− kb0∆φ0√

π/2

)
, (5.31)

where

Erfc(z) = 1− 2
π

∫ z

0
e

y2

2 dy, (5.32)
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and the approximations are made by the assumptions that∆φ0, ∆vφ0¿ 1. All terms

of orders higher than∆φ0 and∆vφ0 are ignored. Similarly, the uncertainty of the4D

rest mass around the meanm0 is given by

∆m2
0 =

∫
Pφ0dφ0Pvφ0dvφ0


e−krb|φ0|M5√

1−v2
φ0

−m2
0




2

.= M2
5k2b2

0∆φ2
0

(
1− 2

π

)

≈m2
0k2b2

0∆φ2
0

(
1− 2

π

)
, (5.33)

where the last approximation is made up to∆φ2
0 . Thus the4D rest mass is most

sensitive to the distribution ofφ0.

In the following, we develop a parallel treatment as in Chapter 6. We first con-

sider the case where onlyφ0 andφ̇0 are randomized, and see how the final position

and the final velocity in the ordinary dimensions distribute.

Case 1:∆x0 = 0, ∆ẋ0 = 0, φ0 6= 0 and φ̇0 6= 0.

Since the probability ofφ0 and φ̇0 ensures the total energy being lower than the

critical energy Eq. (5.7), the linear trend ofẋ(t) and the quadratic trend ofx(t) are

fixed, and only the oscillatory components vary withφ0 andφ̇0. These oscillatory

components are responsible for the uncertainties in the measurements if the system

is allowed to run for a time much longer than the period of oscillationτx. In the large

kb0 limit such thatekb0π À 1, the period ofxosc, 〈τx〉φ ,vφ , is of the orderekb0π/kc

if ẋ0 ¿ 1. For example, ifkb0 ∼ 10 and k is of the order of the Planck scale,

〈τx〉φ ,vφ ∼ 10−31 s. Thus the period is too short that these oscillatory components

appear completely random in nature and the occurrence of their possible values can

only be described by probability distribution function. We define the expectation

value of a physical quantityF by

〈F(t)〉φ ,vφ =
∫

Pφ0dφ0Pvφ0dvφ0
[
F(t)−Fosc(t)

]
(t À τx) (5.34)
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after the randomization ofφ0 and φ̇0, wherePφ0 andPvφ0 are given by Eq. (5.29)

and Eq. (5.30) respectively. The oscillatory component ofF is eliminated from the

expectation value. Since the oscillatory components are to be taken into account as

the source of experimental fluctuation, the uncertainty∆F is defined as

∆F2 = lim
ζ→∞

∫ ζ+τx

ζ
dt

∫
Pφ0dφ0Pvφ0dvφ0

(
F(t)−〈F(t)〉φ ,vφ

)2
, (5.35)

so that the uncertainty is of the order of the amplitude ofFosc(t).

In the non-relativistic limitẋ0¿ 1, the mean value ofx(t) is given by

〈x(t)〉φ ,vφ
.= x0 + ẋ0t(1+

πkḃ0

2
t), (5.36)

where we have made used of the fact that〈b0α/τx〉φ ,vφ = kb0π and〈thid〉φ ,vφ = 0.

The equality is made with the short time limit,t−1 À πkḃ0. The uncertainty∆x

comes from the oscillatory componentxosc and it is approximately equal to the

amplitude ofxosc(t):

∆x
.= ḃ0ẋ0ατx = kḃ0π ẋ0τ2

x ≈ πḃ0ẋ0e2kbπ/kc2.

It is important to notice that in the short time limit, the uncertainty is constant in

time. An example of the probability distributions ofx(t) is shown in the lower figure

of Fig. 5.4.

The momentumpx is defined asm0ẋ, wherem0 is the4D rest mass. Its expecta-

tion value is just the product of〈m0〉φ ,vφ = m0 and〈x(t)〉φ ,vφ :

〈px(t)〉 .= m0ẋ0

(
1+kḃ0πt

)
. (5.37)

The uncertainty∆px is contributed from both∆m0 and∆ẋ, where∆ẋ≈ ḃ0ẋ0α ≈
πḃ0ẋ0ekb0π/c:

∆p2
x = ẋ(t)2∆m2

0 +m2
0∆ẋ2 = ẋ2

0∆m2
0 +m2

0∆ẋ2 +2πkḃ0∆m2
0ẋ2

0t.

which has a linear time dependence in the short time limit.
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Figure 5.4: The probability of getting a particular value of (a)ẋosc and (b)xosc in
Case 1. The result is simulated by superimposing 2000 trajectories after an evolu-
tion for a time much greater than the period of〈τx〉φ ,vφ with randomly chosenφ0

φ̇0. 100 bins are used in the range shown in the figure. The area under the curve
is normalized to 1.b0 = 10−35 m, ḃ0/cb0 = 10−10 m−1, kb0 = 10 andẋ0 = 0.01c.
The most probable values of the fluctuations are found near the maximum values,
where the rates of change ofxosc become zero. The widths of the distributions are
given by∆ẋ and∆x respectively.
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Case 2:∆x0, ∆ẋ0, φ0 and φ̇0 6= 0

Sinceẋ = 0 is an unstable phase line in the phase space whenḃ > 0, it is more ap-

propriate to consider the evolution of the phase space volumes around this unstable

phase line. We assume that∆x0 and∆ẋ0 6= 0, and we randomize the extra coordi-

nates at the same time. It is straightforward to extend the previous calculations if

∆x0 6= 0 and∆ẋ0 6= 0. We are interested only in the uncertainties. Forx(t),

∆x(t)2≈ ∆x2
0 +∆ẋ2

0

(
t2 +

π2ḃ2
0e4kbπ

k2c4

)
. (5.38)

The second term in the bracket comes from the oscillatory componentxosc(t). For

px(t),

∆px(t)2 .= ∆p2
x0

(
1+2πkḃ0t

)
. (5.39)

where

∆p2
x0 = m2

0∆ẋ2
0

[
1+

π2ḃ2
0e2kb0π

c2 +k2b2
0∆φ2

0

(
1− 2

π

)]
. (5.40)

The second term in the square bracket of∆px0 are due to the oscillatory component

of ∆ẋ(t) and the third term is due to the variation of the4D mass.

Hence the product∆x(t)2∆px(t)2 evolves with time as

∆x(t)2∆px(t)2 =h2
0 +

∆p4
x0

m2
0

t2 +2πkḃ0t

(
h2

0 +
∆p4

x0

m2
0

t2
)

+
2∆p4

x0

m2
0

[
k2b2

0∆φ2
0

(
1− 2

π

)]
t2 +

∆p4
x0

m2
0

(
πḃ0e2kbπ

kc2

)
, (5.41)

where

h2
0≡ ∆x2

0∆p2
x0. (5.42)

h0 is required to be non-zero since we are considering the evolution of the phase

space volumes arounḋx = 0. Eq. (5.42) is analogous to Eq. (4.27). This equation

is evaluated up to the first order iṅb0. The third term on the right hand side is a

correction term which is proportional tokḃ0. Again, kḃ0 is of cosmological time

scale, and thus Eq. (5.42) essentially reproduces a4D free wave packet in the short
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time limit. The fourth term comes from the mass distribution ofm0 in the definition

of px, and the fifth term is due to the oscillatory componentxosc(t).

Eq. (5.42) provides a classical test of5D particle kinematics. Compared to

Eq. (4.27), the last three terms on the right hand side are the correction terms of

the usual evolution of a free wave packet ifm0 is taken to be the rest mass of the

particle. Sinceh0 and∆px0 are measured in the beginning of the experiment, by the

spread of the wave packet as variables of the coordinate timet, the two coefficients

of three correction terms can be used to solve for∆φ0, b0 andḃ0, with kb0 ∼ 10 in

order to solve the Hierarchy Problem.

5.4 Modification of RSI model

From the RSI model, the following observation has been made: the fluctuations in

trajectories in the ordinary space-time due to the extra dimensional motions can be

realized provided that the extra dimension is inhomogeneously compactified and

that it is evolving. This is completely different from what is obtained from the gen-

eralized Robertson-Walker metric, in which no such fluctuations are found because

the extra dimension is conformally flat. Therefore the periodicity of the fluctuations

is due to the inhomogeneity of the extra dimension. It is desirable to examine the

effect of inhomogeneity in more detail.

In this section, a modified version of the Randall-Sundrum metric with ad-

justable inhomogeneity of the fifth dimension will be employed:

dŜ2 = e−2kb(t)cosnφ (dt2−dx2)−b2(t)dφ2, (5.43)

wheren serves as a measure of the inhomogeneity of the extra dimension. The
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equations of motion in the time coordinate are given by

ẍ =e2kb(t)cosnφ bḃφ̇2ẋ+kḃ
(
1− ẋ2)ẋcosnφ , (5.44)

φ̈ +2
ḃ
b

φ̇ =− nk
b

e−2kbcosnφ(
1− ẋ2)sinnφ +2nkbφ̇2sinnφ (5.45)

+e2kbcosnφ bḃφ̇3−kḃ
(
1+ ẋ2)φ̇ cosnφ ,

and the energy in such a scenario is defined by

E =
e−kbcosnφ

√
1− ẋ2−e2kbcosnφ b2φ̇2

. (5.46)

To calculatex(t) up to the first order iṅb, only the leading term ofφ(t) is needed.

That is,φ(t) will be solved by settinġb = 0. The general features ofφ(t) can be

examined from its phase plot. From the equation of motion,

bekbcosnφ dvφ

dt
=−nkb(1− ẋ2−v2

φ )sinnφ and |vφ ≡ bekbcosnφ φ̇ |< c,

which has the same form as that of the pendulum under gravity. Fig. 5.5 shows an

example of the phase plots ofvφ versusφ . The vector field is defined asN−1
(
φ̇ , v̇φ

)
,

whereN is the normalization constant. Generally speaking, attractors are located

at φ = ± j2π/n, where j = 0,1,2, . . .. Near the attractor, whereφ ≈ ± j2π/n and

vφ ¿ 1, oscillatory motions ofφ result. For a sufficiently low value of the product

η = kband high speedvφ ∼ c≡ 1, φ grows linearly with time. Thus the equation of

motion forφ(t) can be solved approximately for two regimés that are disconnected

in the phase space.

As in the Randall-Sundrum model, there are two kinds of motion in this mod-

ified scenario. Namely, a particle either performs a unidirectional motion across

the whole extra dimension or oscillatory motion in the vicinity near the points

φ ≈ ± j2π/n. The critical condition separating these two regimés can be deter-

mined under the condition in whicḣφ0 = 0 at φ = ± j2π/n ( j = 0,1,2, . . .), where

the corresponding energy is

E0 =
e−2kb

√
1− ẋ2

0

. (5.47)
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Figure 5.5: The phase plot forvφ = bekbcosnφ φ̇ versusφ with n = 3, k = 10 and
b = 0.01.
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Thus, if the energy of a particle exceedsE0, then the particle could get across these

potential barriers and thus can travel to everywhere in the extra dimension; other-

wise, the particle would perform oscillatory motions.

SupposeE < E0. Without loss of generality, only those periodic motions around

φ = 0 will be of interest in the following discussion. An approximate solution

for which nφ ¿ 1 can be obtained with the assumption thatφ(t) ∼ sin
(
ωt + α

)
.

Substituting the sinusoidal solution into the equation of motion and keeping only

the lowest order of harmonics of the periodic motion, one finds

φ(t) = φ0cosωnt +
φ̇0

ω
sinωnt = ϕnsin

(
ωnt +αn

)
, (5.48)

where

ϕn =

√
φ2

0 +
φ̇2

0

ω2
n

, αn = tan−1 φ0

φ̇0/ωn
, (5.49)

and

ωn = n
(
1+

n2kbφ2
0

2

)− 1
2

√
ke−2kb(1− ẋ2

0)
b

− kbφ̇2
0

2
.

Thus the period of motion in the extra dimension is roughly inversely proportional

to the degree of inhomogeneityn. An approximation forx(t) up to the lowest order

of harmonics can be found as follows. Eq. (5.48) is put back into Eq. (5.44). From

the Jacobi-Anger expansions

cos(zsinθ) = J0(z)+2
∞

∑
m=1

J2m(z)cos2mθ ,

sin(zsinθ) = 2
∞

∑
m=0

J2m+1(z)sin
[
(2m+1)θ

]
,

(5.50)

and

e−zcosθ = I0(z)+2
∞

∑
m=1

(−1)mIm(z)cosmθ , (5.51)

where (Im(z)) Jm(z) is them-th (modified) Bessel functions of the first kind. Eq.

(5.44) can then be expanded into harmonic components. By assuming the trial

function x ∼ A+ Bt +Ct2 + Dcos(Et + F) and letting it satisfy the equation of
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motion, one finds, in the short time limitt−1À e2kbcosnφ0bḃφ̇2
0 +kḃ(1− ẋ2

0)cosnφ0,

x(t) =x0−δxncos2αn +
(
ẋ0 +2ωnδx sin2αn

)
t +λnt

2 +δxn cos
(
2ωnt +2αn

)

(5.52)

where

λn =
1
4

bḃẋ0

{
ϕ2

nω2
ne2kbJ0(nϕn)

[
I0

(
ζn

)− I1
(
ζn

)]
+

2kJ0(nϕn)(1− ẋ2
0)

b

}

with ζn =−4kbJ2(nϕn), and

δxn =−1
8

bḃẋ0

{
ϕ2

ne2kbJ0(nϕn)
[
I0

(
ζn

)−2I1
(
ζn

)]
+

4kJ2(nϕn)(1− ẋ2
0)

bω2
n

}
,

which characterizes the fluctuation ofx(t). We note that in this regiḿe, the period

of fluctuation is given byπ/ωn, which is half of that ofφ . This is consistent with

the result in the Randall-Sundrum scenario. Moreover, the amplitudeδxn of the

fluctuations does not depend on the degree of inhomogeneityn.

On the other hand, if the energy of the particleE > E0, thenφ grows linearly

with time. Similar techniques described above and the identity

e−zcosθ sinθ =
2
z

∞

∑
m=1

m(−1)m+1Im(z)sinmθ

can be used to obtain an approximation ofφ(t). From numerical experiment,φ(t)∼
A+Bt+Csin(Dt +E). If C≥ 1 (i.e. γn≥ 1), the equation of motion is highly non-

linear and no simple analytic expressions for the constantsA, B, C, D andE can be

made. In the circumstances whereC¿ 1, φ(t) up to the lowest order harmonics

can be written as:

φ(t) = φ + φ̇ t +
γn

n

(
sin

(
nφ̇ t +nφ

)−sinnφ
)
, (5.53)

where

γn =
(1− ẋ2

0)I1(2kb)+2kb3φ̇2
0

(4kbcosnφ0−1)b2φ̇2
0

,

and

φ = φ0

(
1− γn

n
sinnφ0

)
and φ̇ = φ̇0

(
1− γncosnφ0

)
.
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The respectivex(t) in the lowest order of harmonics is

x(t) =x0−δx′ cosnφ +
[
ẋ0 +nφ̇δx′ sinnφ

]
t +

bḃφ̇
2
ẋ0(2+ γ2

n)I0(−2kb)
4

t2

+δx′ cos
(
nφ̇ t +nφ

)
, (5.54)

where

δx′ =− ẋ0bḃ
n2

[
2γnI0(−2kb)− (2+ γ2

n)I1(−2kb)+
k

bφ̇
2

(
1− ẋ2

0

)]
(5.55)

characterizes the fluctuations. We note that in this regimé, the period of fluctuations

is equal to that ofφ (which is also consistent with the previous results), but the

amplitude of fluctuations is roughly proportional to1/n2.

5.5 Summary

To conclude, particle trajectories in the Randall-Sundrum scenario are calculated

analytically. As in Chapter 6, we have also assumed that a4D observer can see

the 5D particle regardless of its position in the fifth dimension. Since the fifth

dimension is warped, the particle either performs a unidirectional motion across the

whole extra dimension, or oscillates in the vicinity around the visible brane. In both

types of motion, the trajectories projected into the4D ordinary space-time contain

oscillatory components, whose period is equal to the time needed to travel around

the extra dimension.

In order to make connection with the physical situations, we made use of classi-

cal wave packets in the extra dimensional space-time and compared their evolution

with those4D space-time. It is shown that the usual wave packet in4D can be re-

produced, with additionalt- andt2-dependent terms, which provide a basis of the

experimental determinations of the model parameters.

Finally, the effect of the inhomogeneity of the fifth dimension is also exam-

ined. We conclude that the stronger the inhomogeneity is, the shorter the period of

fluctuation of the4D trajectories is.



Chapter 6

Comments on Extra Forces as the

Source of Quantum Fluctuations

Recall the motivation to examine extra forces in Chapters and for different kinds of

extra dimensional metrics was to seek to possibility of interpreting quantum fluc-

tuations as a consequence of extra dimensional motions. We did so by simulating

the spread of the classical wave packet in extra dimensional world and comparing it

with that of a quantum wave packet.

It is definitely not a new idea in seeking an interpretation for the quantum fluc-

tuations in classical theories. Bohm [51] suggests that the position of a particle

must be deterministic, but its velocity is described by a wave function satisfying

the Schrodinger Equation. This “pilot wave” configuration is able to predict, for

example, the result of a double-slit experiment and the collapse of wave function

[52]. Bohm’s theory is actually a hidden variable theory [53], which asserts that

non-locality in quantum mechanics is due to hidden freedoms which can never be

observed in laboratory. Since Bell’s inequality [54] proves that local hidden variable

theory cannot exist, Bohm’s theory can only be a non-local hidden variable theory

if it is true.

The extra coordinaterb or φ used in the previous chapters are examples of hid-

den variables. Their effects in the ordinary space-time can only be observed in terms

78
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of integrals over the whole range of the extra coordinate. The extra coordinate ob-

viously can only be a local hidden variable. It implies that it would be impossible

to simulate all the quantum phenomena with extra dimensions. But what we have

done in this thesis is trying to provide a fully deterministic origin of microscopic

fluctuations. It is by no means an attempt to replace the quantum description. The

interpretation of Bell’s inequality or vacuum polarization in terms extra dimensional

physics would deserve investigation.



Chapter 7

Particle-Antiparticle Pairs as an

Observable Effect of Extra Force

It has been a classic result in the Kaluza-Klein theory of electromagnetism that the

Lorentz force law can be interpreted as the extra force when a5D particle is moving

in the 5D Kaluza-Klein space-time [3, 12]. As we have seen in Section 2.2, the

electric charge of a particle can be defined from the canonical fifth momentum.

This has an interesting implication because the sign of the electric charge may be

related to the direction of motion in the extra dimension. That is, a pair of particle

and antiparticle (two oppositely charged particles of the same mass) detected by a

4D observer could be the very same particle with different modes of unobserved

extra dimensional motion.

In this chapter, we want to explore the possibility of introducing antiparticles

based on the kinematics of a particle moving in a higher dimensional space-time.

To make the discussion self-contained, we first review the arguments, due to Paul

M. Dirac and Richard Feynman, that naturally leads to the existence of antipar-

ticles, and subsequently we review the definitions of the charge, parity and time

reversal operations in quantum field theory. We then review the definition of these

operations in the classical theory of general relativity. Then we will derive the ap-

propriate operations in5D Kaluza-Klein theory and try to apply these operations in

the combined model of Kaluza-Klein’s and Randall-Sundrum’s. We find that the

80
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combined model contains neutral particles that are very similar to neutrinos, which

are chargeless and have tiny masses (< 1 eV).

7.1 Reasons for Antiparticles

The existence of antiparticles is one of the most successful predictions in theoretical

physics [45]. In order to solve the negative energy problem in the Klein-Gordon

equation, Dirac proposed the Hole Theory, in which a sea of electrons fills up all

negative energy levels according to the Pauli exclusion principle. When an electron

is excited from a state of negative energy to another of positive energy, the vacated

negative energy level (hole), called the positron, appears as an electron with positive

energy as well as positive electric charge.

Dirac proposed another relativistic equation that bears his name, and his equa-

tion is free from negative probability density by construction. It turns out that

Dirac’s equation is appropriate for describing particles with spin-1
2. Antiparticles

are already built-in in this equation, and their existence is a natural consequence of

the merging of quantum mechanics with special relativity [55].

Antiparticles play an important role in elementary processes such as particle

creation and annihilation in the microscopic world, where quantum description is

needed. The operation that changes a particle into its antiparticle is given by the

charge conjugation which flips the sign of the charge. It can be shown that an an-

tiparticle can be thought of as travelling in the direction of time that is reversed with

respect to that of its particle [55]. This is completely legitimate in the microscopic

world. There have also been some literature trying to obtain antiparticles from clas-

sical physics by making use of the negative solution of the proper time in the theory

of general relativity [46].

Feynman [55] gives a heuristic argument why antiparticles are the direct conse-

quence of a relativistic quantum theory. In his path integral formulation of quantum

mechanics, a particle can freely propagate between two points with any values of
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magnitudes of the momentum. In particular, since quantum mechanics requires

mathematically a complete set of states as basis, it is inevitable that a particle can

propagate with a speed greater than the speed of light, or in other words, its world

line may lie outside the light cone. Consider a particle moving in a space with a

potentialU . The second order perturbation can be represented by a scattering pro-

cess where the particle interacts withU twice at the vertices shown in Fig. 7.1. The

intermediate particle travels from(t1,x1) to (t2,x2) and the event occurs outside the

light-cone (a space-like event). In the experiment, we say that the particle travels to

(t1,x1), where it is scattered byU . Then it travels to(t2,x2) and is scattered again

by U . In Fig. 7.2, we can transform the space-like interval in Fig. 7.1 into another

space-like interval by a Lorentz transformation, after which the time direction is re-

versed. So far only the time is reversed. To be consistent with our intuition, we need

also to reverse the parity with the particle travelling from(t2,x2) to (t1,x1), as in Fig.

7.3. This is completely admissible as long as the particle is chargeless since we have

no way to distinguish the direction of the time arrow microscopically. However, if

the particle has a chargeq, then Fig. 7.2 and Fig. 7.3 can be made equivalent if

the electric charge is conjugated. As a result, we would see in the experiment that a

pair of particle and its antiparticle with the same mass but opposite electric charges

are created at(t2,x2) (pair creation) and then the antiparticle traveling to(t1,x1)

is annihilated by the particle (pair annihilation). Thus antiparticles are the natural

consequence of the Lorentz invariance of the wave equations in the quantum theory.

In the above argument, we have made use of three inherent operations: the

charge conjugationC , the parityP and the time reveralT , and they are related by

the equalityPT = C . We can also study the effects of the operationsC , P, T on

the photon [56]. Our goal is to see their effects on the scalar and vector potentials.

First of all, from the Gauss Law

∇ ·E(t,x) = ρ(t,x).

Under the parity operationP, ρ(t,x)→ ρ(t,−x) and∇ →−∇. Thus, in order to
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Figure 7.1: Second order scattering of a particle by an external potentialU . The
intermediate particle goes from(t1,x1) to (t2,x2) with t2 > t1.

Figure 7.2: Second order scattering of a particle by an external potentialU . The
event is Lorentz- transformed from Fig. 7.1. The intermediate particle goes from
(t1,x1) to (t2,x2) with t1 > t2.
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Figure 7.3: An equivalent description of the event in 7.2 by a charge conjugation
when the particle has a chargeq. The intermediate particle now goes from(t2,x2)
to (t1,x1) with t1 > t2.

preserve the Gauss Law, we require

P : E(t,x)→−E(t,−x).

In terms of the scalar and vector potentials,E can be expressed as

E =−∇Φ− ∂A
∂ t

,

which implies that

P : Φ(t,x)→Φ(t,−x), A(t,x)→−A(t,−x). (7.1)

Similar arguments show that

C : Φ(t,x)→−Φ(t,x), A(t,x)→−A(t,x); (7.2)

T : Φ(t,x)→Φ(−t,x), A(t,x)→−A(−t,x). (7.3)

Lastly, we note that

PT Aµ(t,x) = Aµ(−t,−x) and C Aµ(t,x) =−Aµ(t,x). (7.4)

whereAµ = (φ ,A). SincePT = C , we must haveAµ(−t,−x) =−Aµ(t,x). Fur-

thermore,

Fµ
ν(−t,−x) = Fµ

ν(t,x). (7.5)
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7.2 Attempts in Classical Physics

Costellaet al. [46] show that antiparticles may also come out naturally in classical

mechanics. First of all, they notice that in the four dimensional theory of special

relativity, the proper time is defined through the line elementds2 = ηµνdxµdxν ,

whereηµν is the Minkowski metric diag{1,−1,−1,−1}. Obviously, the proper

time can only be defined up to a sign:

ds=±√
ηµνdxµdxν . (7.6)

Conventionally, we take the positive root such that the proper time runs in the same

direction as the coordinate timet and that the particle always gets older. For exam-

ple, for a stationary particle,ds= dx0≡ dt as required by our daily experience. On

the other hand, Costellaet al. conjecture that a particle whose proper timeds runs

in the opposite sense ofdt is seen as an antiparticle with respect to “us”. They note

that there is no mechanism to change a particle into an antiparticle since they are

separated in disjoint regions in the forward and backward lightcones. To see how

their conjecture can be implemented in the classical theory, they introduced a set of

operations. Intuitively, the time reversal and parity operations can be defined as

T : t →−t,

P : xi →−xi . (i = 1,2,3.)
(7.7)

With their conjecture, they further define the charge conjugation as

C : s→−s. (7.8)

If the charge conjugationC is applied to the geodesic equation, then one gets

d2xµ

d(−s)2 +Γµ
αβ

dxα

d(−s)
dxβ

d(−s)
= 0, (7.9)

which is just the original geodesic equation. Thus the antiparticle follows the same

trajectory as the particle. On the other hand, the Lorentz force law in a flat space

reads
d2xµ

ds2 = qFµ
ν

dxν

ds
. (7.10)
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If C is applied to both sides of the Lorentz force law, one gets

d2xµ

d(−s)2 = qFµ
ν

dxν

d(−s)
(7.11)

or, equivalently,
d2xµ

ds2 =−qFµ
ν

dxν

ds
. (7.12)

Therefore, this equation of motion corresponds to an equivalent particle with negated

charge, which is just the antiparticle.

We also want to apply the combined operationPT to the Lorentz force law.

Clearly,PT is the reversal of the four vectorxµ :

PT : xµ →−xµ . (7.7’)

In order that the Maxwell equations be invariant under the operation (7.7’), we must

have [57]

PT : Fµ
ν(xγ)→−Fµ

ν(−xγ). (7.13)

Applying this operation on the both sides of Eq. (7.10), we get

−d2xµ

ds2 = qFµ
ν(−xγ)

dxν

ds
. (7.14)

We note thatPT = C only if Aµ is an even function, as in Eq. (7.5).

7.3 5D Kaluza-Klein Scenario

As pointed out, the Lorentz force can be regarded as an extra force in the5D Kaluza-

Klein space-time. Then we should be able to define similar operations (charge,

parity and time reversal) in a higher dimensional model. Our motivation comes from

the fact that in a flat compactified extra dimension, once the direction of positiveφ

is defined, the particle may go either along or opposite to the direction ofφ . We

are interested in the following question: if the compactified extra dimension is not

homogeneous such that the direction ofφ becomes important, may we distinguish
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particles and antiparticles from the directions of their extra dimensional motion?

This question at least makes some sense in5D Kaluza-Klein electromagnetism,

where the charge of a free particle can be defined from the particle’s kinematics.

The5D Kaluza-Klein theory has been reviewed in Chapter 2. It starts with the

well-known metric which can be rewritten in the following form:

dŝ2 = gµνdxµdxν − (
Aµdxµ + rbdφ

)2
, (7.15)

whereκ is absorbed into the vector potentialAµ and the size of the extra dimension

rb is written out explicitly. TheU(1) gauge symmetry of the metric (7.15) can be

shown as follows. If the fifth coordinate is shifted by a functionΛ(xγ):

φ → φ + r−1
b Λ(xγ), (7.16)

then the metric becomes:

dŝ2→ gµνdxµdxν −{[
Aµ +∂µΛ(xγ)

]
dxµ + rbdφ

}2
. (7.17)

Thus the metric is invariant ifAµ transforms as

Aµ → Aµ −∂µΛ(xγ). (7.18)

ThisU(1) gauge symmetry is due to the isometry of the extra dimension [4].

The equations of motion under the metric (7.15) are [12]

d2xµ

ds2 +Γµ
νλ

dxν

ds
dxλ

ds
= aφ Fµ

ν
dxν

ds
, (7.19)

Aν
dxν

ds
+ rb

dφ
ds

=−aφ , (7.20)

whereaφ is the canonical velocity along the extra dimension and is a constant of

motion, andFµν is defined as

Fµν = Aν ;µ −Aµ ;ν . (7.21)

Eq. (7.19) is analogous to the Lorentz force law. Thus, in the5D Kaluza-Klein

metric, the extra force appears as the4D Lorentz force law. For simplicity,gµν =

ηµν will be taken.
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In STM theory, an extra forcef µ (µ = t,x,y,z) is named as an “anomalous fifth

force” if its scalar product with the four velocityuµ does not vanish:f µuµ 6= 0,

implying that f µ must be a non-gravitational force. The Lorentz force in Eq. (7.19)

satisfiesf µuµ = 0. Thus it is not an anomalous fifth force.

The equations of motion also imply that whenµ = 0,

d
ds

(
dt
ds

+aφ Aµ

)
= aφ Aν ;0

dxν

ds
and

dt
ds

=
1√

1−v2
,

wherev =
√

δi j
dxi

dt
dxj

dt is the magnitude of the 3-velocity,δi j being the Kronecker

delta. As a consequence, we may define the energy of a Kaluza-Klein particle as

EKK =
M5√
1−v2

+M5aφ A0, (7.22)

whereM5 is the5D rest mass.

By comparing either Eq. (7.19) to the Lorentz force law or Eq. (7.22) to the

Hamiltonian of a particle in an electromagnetic field, one may want to define the

charge-to-mass ratio as
q

m0
= aφ , (7.23)

wherem0 is the4D rest mass. In Chapter 3, we found the relation between the

4D rest massm0 and the5D rest massM5 under the canonical metric. Similar

calculations give the relation between the4D and5D rest masses under the Kaluza-

Klein metric (7.15) as follows:

m0 =
M5√

1− r2
b

(
dφ
ds

)2
. (7.24)

We now consider the weak field limit:

Aν
dxν

ds
¿ rb

dφ
ds

. (7.25)

In this limit, aφ ≈−rb(dφ/ds). In other words, the velocity in the extra dimension

(vφ = rbdφ/ds) andm0 are approximately constants. The Lorentz force law (7.19)

and the charge-to-mass ratio in Eq. (7.23) can now be rewritten respectively as

d2xµ

ds2 =−rbFµ
ν

dφ
ds

dxν

ds
, (7.19’)
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and
q

m0
=−rb

dφ
ds

. (7.23’)

That is, in the weak field limit (7.25), the charge-to-mass ratio is completely deter-

mined by the kinematics in the extra dimension.

We are ready to define appropriateC , P, andT operations in the5D Kaluza-

Klein theory. TheP andT operations are the same as in Eq. (7.7):

T : t →−t,

P : xi →−xi . (i = 1,2,3.)
(7.7)

The charge conjugation can be defined as

C : φ →−φ . (7.26)

Applying this operation to Eq. (7.23’), one gets

C
( q

m

)
= C

(
−rb

dφ
ds

)
= rb

dφ
ds

=− q
m

. (7.27)

The application of the composite operationPT to Eq. (7.19’) results in the same

equation (7.14). Thus we get an invariant Lorentz force law if Eq. (7.5) holds.

7.4 Generalizations to Brane Theories

Kaluza-Klein theory is not a brane theory; indeed, theU(1) gauge field itself prop-

agates through the fifth dimension. In brane theories, in contrast, the photon is

introduced from an external Lagrangian, which has nothing to do with the underly-

ing geometry. It seems that these two theories are mutually exclusive, and we ask

if we could unify them into one single metric. There is a fundamental difficulty,

namely that theU(1) gauge symmetry inherent in the Kaluza-Klein theory is lost in

the Randall-Sundrum metric because of the warp factor. We thus make assumptions

below so that the features of both Randall-Sundrum and Kaluza-Klein models can

be retained: 1. Two branes are located atφ = 0 andφ = π, between which is an
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anti-de Sitter space-time; 2. When the electromagnetic field is weak enough, the

five-dimensional space-time is well described by Randall-Sundrum metric; and, 3.

The electromagnetic field is coupled with the gravitational field via Kaluza-Klein

mechanism.

Therefore, the metric we propose to merge the Kaluza-Klein and Randall-Sundrum

ones is as follows:

dŝ2 = e−2krb|φ |ηµνdxµdxν −
(

e−2krb|φ |Aµdxµ + rbdφ
)2

. (7.28)

The size of the extra dimensionrb is assumed to be constant. TheU(1) gauge sym-

metry described by the transformations (7.16) and (7.18) will no longer be appli-

cable. This broken gauge symmetry also exists in STM theory when the canonical

gauge is used [12]. The equations of motion under this metric are

d
dŝ

{
e−2krb|φ |ηµν

dxν

dŝ
+e−2krb|φ |Aµ p̂5

}
= e−2krb|φ | p̂5Aγ,µ

dxγ

dŝ
(7.29)

and
dp̂5

dŝ
= ksφ e−2krb|φ |ηµν

dxµ

dŝ
dxν

dŝ
−ksφ e−2krb|φ | p̂5 Aν

dxν

dŝ
, (7.30)

where

p̂5 = e−2krb|φ |Aν
dxν

dŝ
+ rb

dφ
dŝ

. (7.31)

We will assume again that the fieldAµ is weak enough that the second or higher

powers ofAµ can be neglected.

By finding the equation of motion for(d2xµ/ds2), wheres is the4D proper time,

we obtain a kinetic term from Eq. (7.29) that is responsible for the electromagnetic

interaction:

rbFµ
γ
dxγ

ds
dφ
ds

, (7.32)

which has the same form as Eq. (7.19). In the weak field limit, this term can be

calculated by using the trajectory ofφ(t) in the absence ofAµ . Such trajectory has

been found in Chapter 6, and it has essentially two types of motions: (1) the unidi-

rectional motions across the whole extra dimension and (2) the oscillatory motions
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in the vicinity of the visible brane, depending on the energy of the particle. Eq.

(7.32) implies that one may define a charge-to-mass ratio for the particle:

q
m0

= rb
dφ0

ds
, (7.33)

whereφ0(t) is given by Eq. (5.15), which is the functionφ(t) in the absence ofAµ ,

andm0 is the4D rest mass related to the5D rest massM5 by Eq. 5.28

m0 =
e−krb|φ |M5√

1− r2
be2krb|φ |(dφ

ds)
2

. (5.28)

Notice that the expression ofm0 is very similar to the definition of energyE given

by Eq. (5.6) in the RS braneworld scenario. Indeed, in the limitẋ¿ 1, whence

ds≈ dt and,m0 is equivalent toE. Most importantly,m0 is a constant throughout

the motion and is determined once the initial conditions are specified. The charge

of the particle can now be defined as

q = M5rbe−krb|φ0|dφ0

ds

[
1− r2

be2krb|φ0|
(

dφ0

ds

)2
]− 1

2

. (7.34)

We remark that our calculation is slightly different from Klein’s (but similar to

the calculation in STM theory [12]). Apart from the factorκ ≡ √
16πG, Klein

relates the size of the extra dimension and the Planck constant to the electric charge

via de Broglie’s relation (cf. Eq. (2.21)), whereas we relate the5D mass and the

warp factor to the electric charge via the Lorentz force law (cf. Eq. (7.32)). In the

former case, quantum effect of the compact extra dimension is involved. In contrast,

the present work aims to investigate the possible explanation of charge in terms of

particle kinematics only.

There are three possibilities for the charge of a particle as defined by Eq. (7.34):

1. Unidirectional motion withdφ0
ds > 0;

2. Unidirectional motion withdφ0
ds < 0;

3. Oscillatory motion such that the charge-to-mass ratio is rapidly changing its

sign.
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Similar to the discussion in the last section, the first two possibilities may be the

definitions of particles and antiparticles. At the beginning of each experiment, either

Possibility 1 or 2 is taken to be the definition of “positive charge” and the other

be “negative charge”, and vice versa. Since these particles perform unidirectional

motion in the extra dimension, their total energies must be greater than the critical

energy (5.7). In other words, their4D rest massesm0 must be at least of order of the

5D rest mass:m0 & M5. Possibility 3 may be responsible for a neutral particle since

the sign of the charge is rapidly flipping (periodτx ∼ e−krbπ/ck) with the average

zero. Their4D rest mass must be less than the5D rest mass:m0 < M5. We assume

that the same kind of particles with the sameM5 are engaged in all of the three

possibilities.

Consider two critical cases: (1) the particle has just enough energy to perform

unidirectional motions. In other words,E = Ecr such thatdφ0/ds= 0 atφ0 = 0; (2)

the particle oscillates around the visible brane (φ0(t) ≈ π).1 In the former case,

m0 = M5 whereas in the latter case,m0≈ e−krbπM5. We thus arrive at the following

conclusion:there is a mass hierarchy between charged and neutral particles in the

combined Kaluza-Klein-Randall-Sundrum model.

Such mass hierarchy does exist in the Standard model of the leptons, in which

the neutrinos are chargeless and are believed to have extremely tiny masses. To

date, only their upper bounds can be obtained, which are highly sensitive to the ex-

perimental methods2 . In the laboratory, tritiumβ -decay experiments put a limit

on the mass of electron-neutrino:mνe < 3 eV; measurements of muon momentum

in pion-decay experiments put a limit on the mass of muon-neutrinomνµ < 0.19

MeV; and tau-decay experiments put a limit on the mass of tau-neutrinomντ < 18

MeV [58]. More stringent limits are found from cosmological observations (Refs.

[59, 60] and references therein). These observations are sensitive to the sum of all

light neutrino masses, thus providing the upper bounds for each of them. Recently,

1In both cases, we keeṗx¿ 1.
2The weak eigenstates and the mass eigenstates are not distinguished in this context.
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Goobaret al. [59] derived from the most recent data of the cosmic microwave back-

ground (CMB), the large scale structure of galaxies, and Type Ia supernovae that the

sum of all light neutrino masses isΣmν ≤ 0.62eV (95% C.L.), and they also derived

from the Lyman-α forest that the sum isΣmν ≤ 0.2−0.4 eV (95% C.L.). Fukugita

et al. [60] also constrained from the WMAP-3 data the neutrino massΣmν < 2 eV

by assuming the flatΛCDM model with power-law adiabatic perturbations. In any

case, cosmological observations suggest that the neutrino masses are of the order

less than 1 eV. But this poses a mass scale hierarchy between the neutrinos and the

charged leptons, whose masses are of order1−1000MeV.

In 4D theories, the see-saw mechanism has been used to solve the neutrino mass

problem, in which the neutrinos are chiral, and the neutrino mass is suppressed by

the ratio of the Dirac mass to the Majorana mass terms. The right-handed neutrinos

are naturally decoupled from other matters, thus explaining the parity asymmetry

[61]. On the other hand, in the Randall-Sundrum scenario, the neutrino mass is

suppressed by the coupling between the non-chiral, left-handed neutrinos localized

on the brane and a right-handed bulk fermion field. The suppression is provided by

the large overlap (due to the warp factor) of the amplitudes of the bulk fermion and

the brane leptons at the visible brane [11]. In the Kaluza-Klein-Randall-Sundrum

model of this work, on the other hand, a possible explanation of the neutrino mass

problem is given by the different types of the extra dimensional motion of a single

particle, and the suppression of the4D rest mass is given by the warp factor. This

result is remarkable because this model has raised the possibility that the charged

leptons and their neutrino partners (plus their antiparticles) are actually represented

by the same particle in a5D world.

To connect the above idea to nature, we setM5 in Eq. (7.34) to be the electron

mass, which is0.511 MeV [58], and we setq to be the electron chargee. Notice

that φ0(t) anddφ0/ds are periodic functions, and so are the charge-to-mass ratios

defined in Eq. (7.34). However, the periods of motion in the extra dimension are
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too short that only the time average of the charge is measurable. We take the non-

relativistic limit ẋ¿ 1, whence we haveds≈ dt. Then the time-average can be

evaluated by using the solution (5.15). We choose the initial conditions to beφ0 = 0

andvφ0 = 0+. Then the period of extra dimensional motion isτφ = 2ekrbπ/k. Since

m0 = M5 in this situation, the time-average of the electric charge is (in Gaussian

units)

〈q〉t =
ln(1+4e2krbπ)

4ekrbπ κM5. (7.35)

where we have put backκ =
√

16πG, G being the4D gravitational constant, for

dimension consistency. The4D charge-to-mass ratio is then given by

〈q〉t
m0

=
ln(1+4e2krbπ)

4ekrbπ . (7.36)

which is independent ofM5 and is a function ofkrb only. Suppose we setm0 to be

the electron massme = 0.511MeV and〈q〉t the electron chargee= 4.8×10−10 esu,

then from Eq. (7.36), we can obtain the value ofkrb by putting back the numerical

values ofqe andκ. This gives

krb = 2.66. (7.37)

Thus, to get back the empirical charge-to-mass ratio of an electron requires a sig-

nificantly smaller warp factor than the one needed to explain the Hierarchy Prob-

lem. The “Kaluza-Klein-Randall-Sundrum” (KK-RS) electron-neutrino mass in

this model is given by

mνe = e−krbπM5 (7.38)

Sinceme = M5, the ratio of electron-neutrino mass to electron mass is given by the

warp factor:
mνe

me
= e−krbπ ≈ 2×10−4, (7.39)

which suggests a mass hierarchy between the charged leptons and the neutrinos.

The empirical value is2× 10−6, which is a factor 100 smaller than that in Eq.

(7.39).



Chapter 7 Particle-Antiparticle Pairs as an Observable Effect of Extra Force95

In Eq. (7.36), the Randall-Sundrum parameterkrb has been used to tune the

time-average of the electric charge of a bulk particle. The same parameter is also

responsible for the neutrino mass in Eq. (7.39). Thus we have been trying to in-

terpret two phenomena with only one parameter. It is desirable to introduce an-

other parameter in the KK-RS metric so thatkrb is only responsible for the neutrino

mass hierarchy, and this new parameter would fine-tune the time-average of electric

charge.

Consider the following metric:

dŝ2 = e−2krb|φ |ηµνdxµdxν −
(

e−εkrb|φ |Aµdxµ + rbdφ
)2

. (7.28”)

This metric is identical to that in Eq. (7.28) ifε = 2. The new parameterε serves as

a coupling of the electromagnetic field with the Randall-Sundrum field. The greater

the value it is, the stronger the coupling is. In the weak field limit where second

or higher order terms ofAµ can be neglected, the4D rest massm0 is given by Eq.

(5.28) and is independent ofε. By exactly the same argument in the above, we find

that the charge-to-mass ratio can be defined as

q
m0

= rbe(2−ε)krb|φ0|dφ0

ds
, (7.23”)

whereφ0(t) is the trajectory in the extra dimension whenAµ vanishes. Then the

time-average of the electric charge for a bulk particle, with the critical energyEcr

and ẋ¿ 1 such that it is just able to perform unidirectional motion in the extra

dimension, is given by (in Gaussian units)

〈q〉t =





1− (
1+4e2krbπ)1− ε

2

2(ε−2)ekrbπ



κM5. (7.34”)

Eq. (7.34”) reduces to Eq. (7.34) whenε = 2. Similar to the discussion above, we

consider two critical cases where a particle is either oscillating around the visible

brane, or it has just enough energy to get across the invisible brane. In the latter

case, we get an electron with4D massme = M5 while in the former case, we get a

neutrino with4D massmνe = e−krbπM5.
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Now we require that the mass ratiomνe/me = e−krbπ to be the empirical ratio.

Clearly,me = 0.511MeV. We will take the cosmological upper bounds for the neu-

trino masses, which are of order 1 eV. Some extra dimensional models suggest that

the fundamental constants might be varying with the volume of the extra dimen-

sions as the Universe is evolving. Such variations have been constrained to+0.1%

in order to explain the discrepancies in the current observations between big bang

nucleosynthesis and WMAP [6]. Thus we assume that such variations have only

a tiny effect on the neutrino masses, and hence we take the cosmologically mea-

sured values as the current values. Since empiricallymνe/me = 2×10−6, one needs

krb = 4.18. Thus, as in the previous metric, in order to explain the mass hierarchy

between the electron and electron-neutrino, we require a smaller warp factor than

that for the Hierarchy Problem. Moreover, by requiring

〈q〉t
me

=
1− (

1+4e2krbπ)1− ε
2

2(ε−2)ekrbπ/κ
(7.40)

to be the electron’s charge-to-mass ratio, we findε = 1.55. The required value of

ε is smaller than 2, implying a weaker coupling between the electromagnetic and

Randall-Sundrum fields than the previous model.

To conclude this section, we found that charged and neutral particles may cor-

respond to two modes of extra dimensional motion moving in a5D Kaluza-Klein-

Randall-Sundrum world. A mass hierarchy naturally arises between the neutral and

charged particles, where the ratio of the mass of the charged particle to that of the

neutral particle is given by the warp factore−krbπ . The charge-to-mass of the elec-

tron is given by its time-averaged extra dimensional motion, which depends on the

curvature parameterkrb and the coupling strengthε between the electromagnetic

field and the Randall-Sundrum gravitational field. We have considered structureless

particles only. If the particle has a spinS, then the particle would show a magnetic

moment [45]

µ = g
q

2m0
S, (7.41)

whereg is the gyromagnetic ratio. Thus, the charge conjugation flips the sign of the
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magnetic moment. This conclusion applies to quarks and leptons, which have no

internal structures. However, the present work does not account for the magnetic

moments for neutral hadrons, such as the neutron, and mesons, which are bound

states of quarks.

7.5 Summary

In this chapter, we have explored the possibility of introducing antiparticles based

on the kinematics of a particle moving in a higher dimensional space-time. We

have made use of the extra force, which is the electromagnetic Lorentz force, in

the Kaluza-Klein model to define the electric charge of a particle moving in the5D

space-time. A set of charge-conjugation, time reversal and parity operations in the

extra dimensional world have been defined. We conjecture that charged particles are

the correspondence of5D particles that are moving unidirectionally in a Kaluza-

Klein-Randall-Sundrum5D space-time, while neutral particles are those that are

oscillating around the visible brane. A mass hierarchy naturally arises between the

neutral and charged particles, where the ratio of the mass of the charged particle to

that of the neutral particle is given by the warp factor. Thus, we have tried to explain

the neutrino mass problem by tuning the curvature parameterkrb and the coupling

parameterε between the electromagnetic field and the gravitational field. This have

advantages over the previous attempts in explaining the neutrino mass in that we

don’t need to define a bulk fermion field which interact with the neutrinos, and we

also don’t need a see-saw mechanism. Rather, we have made use of the “coupling”

(described byε) between the electromagnetic field and the gravitational field, so

that we can explain the electric charge and the mass hierarchy at the same time.

In the present framework, due to theS1/Z2 symmetry in both Kaluza-Klein and

Randall-Sundrum models, the particle should, in principle, be equally probable to

be positively charged or negatively charged. However, it has long been observed in
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the laboratory that nature is mainly made out of particles in the low energy config-

urations, which is termed as the particle-antiparticle asymmetry (see, for example,

[62, 63, 64] and references therein). Thus our model does not solve this problem

either.

Furthermore, the present framework is not able to give an account for the exis-

tence of the three flavors of leptons. We have only applied the model to the electron

flavor. Since the charges of all charged leptons are fixed at the electron charge while

their masses vary, Eq. (7.34”) asserts that we need different values ofε for differ-

ent lepton flavor. But this is unnatural because the background gravitational field

should be the same for all matters.



Chapter 8

A Summary of this Thesis

In this thesis, we have studied the classical particle trajectories in higher dimen-

sional models. To be able to examine these higher dimensional trajectories, we

have assumed that we can observe a5D particle regardless of its position in the

extra dimension.

In Chapter 6, the effect of the extra force on4D particle trajectories under the

generalized Robertson-Walker metric has been studied. We found that the extra

force is constant in time (to the first order ofḃ, the rate of the change of the size of

the extra dimension), and the deviations of the4D trajectories are in general linear

with time. The periodicity of the compactified extra dimensions does not show up

in the deviation. The resultant spectrum of the4D projected trajectories obtained by

randomizing the initial conditions of the extra coordinates should be the one which

is really observed in the laboratory. We proposed a classical test by constructing a

classical wave packet in5D Friedmann universe, and we found the additional time-

dependent terms over the classical wave packet in the usual4D space-time, which

provide a basis of the experimental determinations of the model parameters.

In Chapter 6, particle trajectories in the Randall-Sundrum scenario are calcu-

lated analytically. The fifth dimension is warped, and we found two different modes

of fifth dimensional motions: the particle either performs a unidirectional motion

across the whole extra dimension, or oscillate in the vicinity around the visible

99
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brane. In both types of motion, periodic fluctuations of the4D projected trajecto-

ries are found, whose period is equal to the time needed to travel around the extra

dimension. We also compared a classical wave packet in5D with that in4D, and

found the time-dependent correction terms. The effect of the inhomogeneity of the

fifth dimension is also examined. We conclude that the stronger the inhomogeneity

is, the shorter the period of fluctuation of the4D trajectories is.

Finally, in Chapter 7, we have extensively examined the extra force in the

Kaluza-Klein model, that is the Lorentz force law. We have made use of the fifth

dimensional momentum to define the electric charge of a particle moving in the

5D space-time. We have defined a set of charge-conjugation, time reversal and

parity operations in the higher dimensional world. We conjecture that charged par-

ticles are the correspondence of5D particles that are moving unidirectionally in

a Kaluza-Klein-Randall-Sundrum5D space-time, while neutral particles are those

that are oscillating around the visible brane. A mass hierarchy naturally arises be-

tween the neutral and charged particles, where the ratio of the mass of the charged

particle to that of the neutral particle is given by the warp factor. Thus, we have tried

to explain the neutrino mass problem by tuning the curvature parameterkrb and the

coupling parameterε between the electromagnetic field and the gravitational field.

This have advantages over the previous attempts in explaining the neutrino mass in

that we don’t need to define a bulk fermion field which interact with the neutrinos,

and we also don’t need a see-saw mechanism. Rather, we have made use of the

“coupling” (described byε) between the electromagnetic field and the gravitational

field, so that we can explain the electric charge and the mass hierarchy at the same

time.
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