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Abstract

Extra forces due to extra dimensional motions naturally arise in various kinds of ex-
tra dimensional models, where they could lead to deviations of particle trajectories
compared to those without extra dimensions. In this thesis, we study the effect of
extra forces on the classical particle trajectories in the five dimensional Friedmann
universe and the Randall-Sundrum model. The classical trajectories observed in the
ordinary dimensions are calculated explicitly in short time limits. In5BeFried-
mann universe with a non-static extra dimension, the deviations of the trajectories
grow quadratically in time, and the compactness of the extra dimension does not
show up because the extra dimension is conformally flat. In the Randall-Sundrum
model where the extra dimension is inhomogeneous due to the warped geometry,
beside the quadratic growth, the deviations also contain sinusoidal-like fluctuation,
whose oscillation periods are approximately equal to the time of revolution around
the compact extra dimension. As a classical test of the current models, we generate
classical free wave packets%D space-times by randomizing the initial conditions
of both ordinary and extra dimensional motions, and we compare their evolutions to
those in the ordinargD space-time. It is shown that the widths of the wave pack-
ets in the Robertson-Walker and Randall-Sundrum models evolve in the same way
as that in the ordinargD space-time in the limit of static universe, and correction
terms arise if the size of the extra dimension changes with time.

We also study the extra force in the combined Kaluza-Klein-Randall-Sundrum
model. It is shown that the extra force has a term that corresponds to the Lorentz

force of electromagnetism, from which the charge-conjugation operation can be



defined as the parity reversal in the fifth dimension. It is also shown that, in the
weak electromagnetic field limit, electric charges are equivalent to the fifth velocity,
and charged and neutral particles can be represented by the same particle with the
two different modes of fifth dimensional motions. The neutral particles would be
observed to have masses suppressed by the warp factor, which generates a mass

hierarchy between charged and neutral particles.
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Chapter 1

Prologue

1.1 Research Background

Extra dimensions were first employed in the attempt of unifying the gravitational
and electromagnetic forces with a five dimensional space-time [1, 2, 3, 4]. In the
so-called Kaluza-Klein theory of gravity, the vector potential of a classical electro-
magnetic field arises naturally if the curvature of the fifth dimension depends only
on the usualiD coordinates [1]. Famous examples where extra dimensions play a
crucial role include the String Theory [5] and brane-world cosmology [6]. More
recently it has been proposed that extra dimensions can be used to solve the Hi-
erarchy Problem. One of the well-known models that achieve this goal was given
by Arkani-Hamed, Dimopoulos and Dvali (ADD) [7], where the Planck scale is
reduced to TeV scale by volumetric suppression. The size of the extra dimensions
can be as large as the millimeter scale. A more sophisticated model is given by
Randall and Sundrum (RS-I) [8], where the hierarchy between the Planck scale and
the Standard Model-matter scale is generated by the warp factor of the extra dimen-
sion whose size remains at the Planck length. The RS-I model can be viewed as
the low energy limit of Horova-Witten heteorotic string theory after the Calabi-Yau
compactification [8]. In the original models of ADD and RS-I (brane-world), only
bulk gravitons were allowed, but very soon later bulk gauge fields and bulk fermion

fields were also includec(g. in models with flat universal extra dimensions), and
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Chapter 1 Prologue 2

a number of the massive Kaluza-Klein gravitons and new gauge and fermion field
guanta were predicted [9], which will serve as new kinds of signatures in future
experiments such as the Large Hadron Collider and Linear Collider [10] as well as
in neutrino mass measurements [11].

There exists another extra dimensional theory known as the Space-Time-Matter
(STM) or Induced-Matter theory [12]. In STM theory, every curvispace-time
can be embedded in an em@y space-time through Campbell’'s theorem [12, 13].

In other words, the rest mass observed in éDrspace-time is only a manifesta-
tion of the geometry of hyperspaces in the emfpillyspace-time. It is interesting

to notice that this could be an alternative to the Higgs mechanism [14]. STM the-
ory suggests that a test particle (whose rest mass and energy does not modify the
underlying geometry) freely moving iBD space-time experiences an extra force
related to its motion along the extra dimension if it is percieved dpabserver
living on the brane [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. The extra force in
STM theory was first defined in Ref. [15] and was later modifed in Ref. [22] so
that it is consistent witlD observations. Due to the extra force, #i@ observer
concludes that the rest mass of the test particle must be varying wiiibtpeoper

time. This implies that the fifth dimension is intimately related to the observed rest
mass. It was shown that one can always define for a partickDheduced mass as

the product of itfD mass and its momentum in the fifth dimension. In particular,

if the particle isSD massless, then thtD induced mass is proportional to the fifth
momentum [22]. Furthermore, the weak equivalence principle for a test particle can
only be valid in the limit of zer@lD induced mass [26].

The extra forces in the brane models have also been discussed by several authors
[18, 21, 23, 22]. Youm [18] found the general form of the equations of motion of a
bulk particle. He pointed out that a mechanism was needed to confine a particle to
the TeV brane. Seahra [21] established such a mechanism by using the generalized
centripetal force and asserted thatla observer can only tell whether the space-

time is5D by examining the anomalous torque of a gyroscope, an idea very similar



Chapter 1 Prologue 3

to the Foucault pendulum in a non-inertia frame. The continuity of the extra forces
across singular branes was shown by Ponce de Leon [22].

A very simple way to understand the existence of the extra forces is that the total
momentum and the total energy are conserved in the higher dimensional space-
time. In other words, individual components of the four-momentum, especially
those observed in our ordinary space-time, may not be conserved due to the energy-
momentum tranfers between the ordinary and extra dimensions. This may lead to
observational signatures distinct from thoselih theories. For example, the first
order perihelion shifts of a test particle around a spherical massive object would
contain, beside the usual Schwardchild term, a extra term related to the curvature of
the extra dimension [27, 12].

Another way of understanding the existence of the extra forces is tH&i in
space-time, the following identity holdsiaFA = 0. Hereafter in this paper, five
dimensional quantities will be denoted by captial Latin indiéeB,C, ... running
over0,1,2,3,4. For example, a five-vectof* will be used to denote the five-tuple
xA = (t,%,Y,z @), wherex* = @ is the extra coordinate. Extracting the extra terms,
one getau,F? = —uyF4, where four dimensional quantities are denoted by lower
case greek indiceag,f,y,... running over0,1,2,3. The right hand side of this
equation is zero idD space-time, and a non-zero value of which could lead to a vi-
olation of4D energy-momentum conservation. Based on this observation, Wesson
[28] derives a Heisenberg uncertainty relation of a mas&Pgsarticle in position
and momentum measurements by employing the canonical gauge [29] and identi-
fying the fifth coordinate as the reciprocal of the indud&dmass observed in the
laboratory, which is equivalent to the Compton wavelength. He conjectures that a
particle is virtual if its Compton wavelength is smaller than the length scale of the
fifth dimension and it is real otherwise. Wesson later [30] takes another route by
transforming Milne’s metric into a “metric wave”, which is a metric whose coeffi-
cients in the4D parts are complex waves, and he concludes that & eassless

particle, de Broglie’s relations can be recovered if the fifth coordinate is identified
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as the inducedD mass of the particle. These two work are actually not the very
first attempts to formulate théD Heisenberg uncertainty principle by usingp
deterministic theory. It happens that Klein was the first one who considered the
possibility of interpreting the Sodinger equation as a five-dimensional classical
wave equation, and thus relating Planck constant to the size of the extra dimension
[2]. (See also the comments in the last chapter of Reference [12].) However, the
fifth dimension employed in the STM calculations becomes an internal degree of
freedom, as an induced-mass dimension rather than a spatial dimension. The iden-
tification of the fifth dimension as the reciprocal of the induced mass and the use of

an imaginary metric wave can be viewed as the “quantizaton rules” in STM theory.

1.2 Statement of the Problem

In the previous work [15, 12, 31, 32, 21, 23, 22], the general terms of the extra forces
in different five dimensional models are obtained through dimensional reduction of
the geodesic equations. These extra forces in general depend on the particle kinet-
ics, but the geodesic equations are usually left unsolved, and only the qualitative
behaviors (e.g. their linear dependence on the four-velocities) of the extra forces
are discussed. Although the general form of the extra forces appears very similar in
different classes (e.g. flat and warpedpBf metrics, their evolution might be very
different because particle kinematics are different. Our aim in this thesis is to solve
for the 5D classical trajectories of a free massive bulk particle in flat and warped
space-times.

We will, as other author did [31, 32, 21, 22], take the view of a bulk observer
who is able to see the bulk particle regardless of its position in the extra dimension.
As pointed out by Youm [31], this assumption is in contrast to the brane models,
where the4D observers should be confined to the visible brane. However, it is this
assumption that leads to interesting observational results.

Intuitively, a free particle running through a compactified extra dimension may
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show in the ordinary dimensions (through momentum tranfers discussed above)
a periodic motion with a period that equals the time for completing a cycle in the
compactified extra dimension. Since we expect that the extra dimension is too small
to be observable, the period of motion may be extremely short, and the periodic
motion percieved in the laboratory may appears as some sort of fast fluctuations
that can only be characterized by a probability distribution. In addition, the initial
conditions of the extra dynamical variables are uncontrollable in the laboratory and
should be randomized to give the spectra of the obsetixddajectories. In the line

of these thoughts, we employ some common metrics and look for the time evolution

of such trajectories.

1.3 Organization of the Thesis

In Chapter 2, we review Einstein’s General Relativity of curved space and time,
based on which we review how Kaluza and Klein develop their five dimensional
model to explain electromagnetism as a purely geometrical effect. Then we survey
several extra dimensional models, including the modern version of the Kaluza-Klein
theory called the Space-Time-Matter theory, the Arkani-Hamed-Dimopoulos-Dvali
scenario and the Randall-Sundrum scenario. In Chapter 3, we develop the necessary
tools for the discussions of extra forces. We first review the definition of force in
four dimensions. Then we are able to identify what we will call extra forces from
the equations of motion in various extra dimensional models.

In Chapter 6, we study the trajectories in a more general version of Arkani-
Hamed-Dimopoulos-Dvali world, namely the five-dimensional Friedmann-Robertson-
Walker universe. In Chapter 6, we study the trajectories in the Randall-Sundrum
five-dimensional space-time. In both models, we carry out the randomization as
discussed above. We compare Bizwave packets in these two models with those
in four dimensional theories. The extra forces in a combined metric of Kaluza-Klein

and Randall-Sundrum ones will be investigated in Chapter 7.



Chapter 2

Review of Various Extra Dimensional

Models

2.1 General Relativity

After the publication of Special Relativity, Albert Einstein soon realized that New-
ton’s law of gravitation is not Lorentz invariant and thus incompatible with Special
Relativity. This incompatibility is due to the notion of absolute accelerations in
Newtonian mechanics. In order to overcome it, Einstein developed the equivalence
principle, asserting that gravitational acceleration is also a frame-dependent con-
cept, and, therefore, it must also be treated in the framework of relativity. Most
importantly, all law of physics must remain valid in all accelerating frames of ref-
erence. But this is not the end of the story. In the space-time around the Earth, for
instance, the gravitational strengths are different at different radial distance from
the centre of the Earth, implying that there are infinitely many different accelerating
frames filling the whole space-time. By the equivalence principle, the motion of an
object dependsot on its own mass but solely on the gravitational strength at its
position. This implies that it is the structure of the space-time, or the space-time ge-
ometry, that determines the motion of a particle. The presence of a massive object
thus modifies the geometry of the space-time around it. In this way, gravitation be-

comes a field that fills up the whole space-time. Consequently, action-at-a-distance

6



Chapter 2 Review of Various Extra Dimensional Models 7

in Newtonian theory of gravitation does not exist in the new theory. Furthermore,
Lorentz invaiance in Special Relativity is replaced by general covariance in Gen-
eral Relativity, just as Galilean invariance in Newtonian mechanics is replaced by

Lorentz invariance in Special Relativity.

Curved Space-time

Riemannian geometry is used in General Relativity as a geometric theory of grav-
itation. In the space-time, the distance between two poifits- (t,x,y,z) and
xH4+dxH = (t+dt,x+dx y+dy,z+dz), whereu =0,1,2,3, is given by the metric
equation:

3
d§=:zgwa%dﬁ, (2.1)
u=0

wheregy,y is called the metric tensor. In this thesis, we will adopt the convention
that lower Greek indiceq, 3,y,... run over0,1,2, 3. The summation of the above
equation, and other equations in this thesis, can be written in a more compact way
by adopting Eintein’s summation convention: whenever the same summation index
exists as a lower index as well as an upper index, the summation over all possible

values {1 =0,1,2,3in this case) is implied. Thus Eqg. (2.1) can be rewritten as
ds’ = guudxtdx’. (2.1)

The inverse of the metric tensgt? is defined byg"Vg,, = 5A’“', where the Kro-

necker delta; is given by

0, if u#£A;

: (2.2)
1, otherwise.

T
6/\—

In Special Relativity, only Minkowski (flat) space-time is relevant. The correspond-

ing metric tensor is given by the Minkowski metric:

nuv :dlag{l,_l,_l,_l}. (2.3)
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In this thesis, we shall adopt the “mostly negative” convention, such that the time
dimensions have positive coefficients while spatial dimensions have negative coef-

ficients.

Einstein’s Equation and Particle Motions

According to General Relativity, the curvature of the space-time should be deter-
mined by the stress-energy source in the underlying space-time. Indeed, the metric

tensorgyy is governed by Einstein’s equation:

whereGy, is the Eintein’s tensor made out gf;,, T,y is the stress-energy tensor,
which is defined by
TH = (p+ puu’ + pg"’, (2.5)

wherep is the energy densitieg is the pressure in the spece-time, afdis the
four-velocity of the source [33]. The raising and lowering indices are given by the
metric itself:

Ay =guwhA’, A =g"A,. (2.6)

It is remarked that the solution to Einstein’s equation is not unique. A simple ex-
ample is that botld,, andn, satisfy Eintein’s equation in the empty space, where
Tuv = 0. To fix the solution, one needs to impas@riori boundary conditions. In

this simple example, we need to know beforehand that the underlying space-time is
Minkowskian rather than Euclidean.

A particle moving in a gravitational field is now pictured as a particle moving
freelyin a curved space-time. In other word, the momentum of the particle should
be constant in the curved space-time. In Minkowskian space-time, this can be stated
as

dp# =0. (2.7
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To transit from Special Relativity to General Relativity, we simply replace the

derivative by covariant derivative:
dp“+r’;,3p“dxﬁ =0, (2.8)

or in terms of the four vectox” and the derivatives in théD proper times, it is

more commonly expressed as
a2, A A
— tl g =0,
ds aB ds ds

This implies that the resultant trajectory is exactly the geodesics in the curved space-

(2.9)

time. Eg. (2.9) will be the central equation in the rest of the thesis.

2.2 Kaluza-Klein Theory

One of the most intriguing ideas in modern physics is the unification of the four
known interactionsi.e. the gravitational interaction, the weak interaction, the elec-
tromagnetic interaction and the strong interaction. The latter three have been unified
successfully over the past few decades, and the resulting theory is called the grand
unified field theory (GUT) accompanied by the standard model. GUT is, however,
by no means complete. Gravitational effects have been completely ignored (even
though the energy densities of the quanta would gravitate); otherwise the theory
would be highly nonlinear, which is difficult to quantize and is not renormalizable.

The quest for a unified field theory could be dated back to 1873, when James
Clerk Maxwell published his famous equations relating electricity and magnetism,
revealing a deep symmetry among the two apparently independent physical fields,
namely that a moving charge generates a magnetic field while a moving magnetic
dipole generates an electric field. However, since all reference frames moving with
constant velocities are equivalent, electromagnetism was finally unified when Albert
Einstein developed his special relativity. In this picture, electricity and magnetism
are just manifestations of one single rank-two terf¥0f. Einstein also unified the

concepts of time and the three spatial coordinates into a 4-vetter(t, x,y, z).
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As is well known, Einstein spent half of his life in searching for a field theory
which could unify gravitation and electromagnetism. The first seemingly successful
unification of these two fields was first suggested by Kaluza [1] and then refined

mathematically by Klein [2].

Kaluza’'s Anatz

The theory of Kaluza and Klein starts with a five dimensional space. Four of these
five dimensions are the three ordinary spatial plus one time dimensions. The re-
maining one is an extra dimension, whose nature is under exploration. The line

element of thi$D space is
d&? = GapdX*dX, (A,B=0,1,2,3,4) (2.10)

where the summation over all indices is implied when the same index label appears
as both superscript and subscrigt.refers to the time coordinate!, x? andx® the

usual extended spatial dimensions afidhe extra dimension. We will adopt the
convention that five dimensional quantities are denoted by hats and capital Latin
indicesA,B,C, ... runover0, 1, 2,3 4. Kaluza asserts that if one takes the “cylinder

condition”, i.e. the metric is independentxf

Gaga =0, (2.11)

andgss = 1, then the Christoffel symbols of the first kind has a member

1 . N
[4“7B] = E <g4a,[3 _94[3.,01) . (aaﬁ = Oa 17273) (212)
He conjectures that if the metric componén}, is proportional to the vector po-
tential Ag, then Eq. (2.12) actually relates the geometry to the electromagnetic field
tensor
Fuv = 2[4, v]. (2.13)

Klein [2] then extends Kaluza’'s idea with a more mathematical ground. One
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can rewrite the metric (2.10) into the equivalent form:

A A A 2
42 — (gaﬁ_ 94‘3’94’3) dxdx + Gas (d>(‘+%dx") : (2.14)

Jaa
This form has singled out the first term as #i@ line element on the right hand

side. Indeed, the quantity

945948 (2.15)
Jaa
is orthogonal to the fifth coordinate, so thak = gsa = 0[12]. If g,y are indepen-

0aB = 0aB —

dent ofx*, thends’ = gaﬁdx"dxﬁ is obviously the requiredD line element. Klein
also notices thats’ so defined satisfies is invariant under the following coordinate
transformations:

X = fHH), X =X+ A (), (2.16)

such thak” are actually the usudD space-time coordinates. According to Kaluza’s
ansatzfsq = KAg and@ss = —1, wheref3 is a constant. The metric is thus given

by
2
. Ouv — KALA, —KA
Gaa=[ " : "1, (2.17)
—KAy -1
wheregy,, satisfies the 3+1 Einstein equatid¥, is the vector potential of an elec-
tromagnetic field. The Einstein-Hilbert action can be evaluated in the five dimen-

sional vacuum space:

1

S=-——
167G

5 AR 4 1 1— uv
/d x+/GR— /d x\/§<16nGR+ i Fw),  (218)

whereG is the five dimensional gravitational consta@t,= G/ [dx* is its four
dimensional counterpart amRI(R) is the 3+1 (4+1) Ricci tensor @,y (§uv), and

K = /167G have been set in order to get the usual electromagnetic action. Eq.
(2.18) is just the sum of the actions of gravity and electromagnetism, indicating
that the two forces have seemingly been unified by u§iig Notice that thesD
space-time is vacuum but contains two kindglbfmatter. This is remarkable, and

it has been the basic assumption in the Space-Time-Matter theory, which will be

discussed in Section 2.3.
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Physical Attributes of the Fifth Extra Dimension

However, the postulation of the fifth dimension was quite artificial. It appeared
to be purely a mathematical manifestation which incorporated electromagnetism
with gravity. The first attempt to assign physical attributes to the extra dimension
was made by Einstein and Bergmann [34]. They reason that if the fifth dimension
is extremely tiny compared to the other three ordinary spatial dimensions and is
periodic (compactified), then the total number of dimensions are effectively reduced
to (3+1)D by intuition.

Indeed, Klein was inspired by the periodicity of the fifth coordinate well-before
Einstein and Bergmann’s work. He tried to reproduce the Schrodinger equation by
taking the geometrical optical limit of a classical five-dimensional wave equation for
massless particle and assuming that the fifth coordinate is periodic [2]. Furthmore,
the canonical 4-momentum under the metric (2.17) is

dx#
Pu = mE + KAy Ps. (2.19)

Thus this is the canonical momentum for an electron provided that
Pa=e€/K. (2.20)

If the fifth coordinate has a peridg then, from quantum theorp, = Nh/b, where
N is the quantum number, afds the Planck constant. It follows that, in Gaussain
units,

kh kh

b — = — ~ 10 ¥cm, (2.21)
e ce

which says that the fifth dimension must be extremely tiny. (It happens that this or-

der of magnitude also coincides with the Planck scale.) Charge now has dimension

(Mas$ 2 (Length ? (Time) L. (2.22)
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2.3 Space-Time-Matter Theory

In the Kaluza-Klein theory, the cylindrical condition is critical to reproduce the vec-
tor potentials as the non-diagonal metric components. It is also this condition that
leads to the compactification of the extra dimension. A natural generalization of
the Kaluza-Klein theory is to release the cylindrical conditioa, we allow the
metric components to be dependent on the extra coordinate. The resulting theory is
called the modern Kaluza-Klein theory, or better known as the Space-Time-Matter
(STM) theory or Induced-Matter theory [12]. Beside the release of cylinder con-
dition, STM theory is inspired by another fact from the Kaluza-Klein theory: The
higher dimensional space-time can be empty, yet appearing non-empty in the lower
dimensional subspace-time. This assertion is supported by Campbell’'s Theorem
[13]. A complete survey of the recent developments in STM theory can be found in
[12].

5D Vacuum and 4D Induced Matter

The basic ansatz of the Space-Time-Matter Theory is th&dHeinstein’s equation
satisfies:

Gag =0, (2.23)
or, equivalently,

Rag =0, (2.23)
where@ag is the five dimensional metriGag = Rag — IQQAB is the five dimensional
Einstein TensorRag andR = §agR*B the five dimensional Ricci tensor and scalar
respectively. (2.23) and (2.23’) can be derived from varying the five dimensional

Einstein action

1 )
S— A/H&R 3. 2.24
16mG Ve (2.24)

whereG is a five dimensional gravitational constant.
The ansatz (2.23) asserts that the higher dimensional space-time is empty. It

implies that matter observed in four dimensions are manifestations of pure geometry
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in higher dimensions. To illustrate this, the five dimensional Einstein’s equation can

be decomposed into usual four dimensional quantities plus the extra ones as follows.
In general, the metrigag has 25 components. A fully covariant five dimensional

theory has 5 coordinate degrees of freedom, which can be used to simplify the

algebraic calculations. A natural choice is specifiedghy = 0O, leaving one of

the coordinate degrees of freedom over for further simplifications. Compared to

the Kaluza-Klein theory, this choice of coordinate degree of freedom removes the

explicit electromagnetic potentials. Therefore such a choice in some sense describes

neutral matter. The metric components may depend on the fifth coord@ate:

Gap (X*), Gas = Gaa(X), and thus the restriction of the cylindrical conditions in the

original Kaluza-Klein theory is released. Notice tidgp is identified to be théD

metric componentg,g.

The five-dimensional line element can be written as

d$ = GagdXdxE, (2.25)
where
. 9ap(X) 0
Gap=| °F (2.26)
0 —*xY

We assume that the fifth dimension is space-like. In Space-Time-Matter theory, it
can be time-like or space-like, both of which may lead to well-behaved classical

solutions. ThéD Ricci tensor in terms of thBD Christoffel symbols is given by
Rag = dcl &g — 08l 5+ M&aM 8o — 2ol Be- (2.27)

Writing out thea 3-, a4- and44-parts explicitly and collecting the terms into the
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4D Ricci tensor, one gets

~ ngaQD_ 1 (0"'46190496,3_02

Raﬁ = RGB - q) 2q)2 CD 490[3
w 3 (2.28)
g g g
+g}‘“d4gm\d4g,3u— 4 ;W 4 OIB);
R 0"'49’\13049)\[3 g"ﬁdfgm AP ;g .
Rag = 00 — —= =28 - =250 — 2 g P augi (2:29)
R Bo g _53 HVY 9
Raa = \/0aallp (g 49002w /g:{4g ). #=0

Here[ denotes covariant derivatives ands the5D d’Alembertian. By the asser-
tion Rag = 0, we find from Eq. (2.28) that

Og(da®) 1 | (04®)(04Qap)
Rap = +2¢2{ o 0kt
wv(a (0 ) (2.31)
g 49 49
+ 0" (0490 ) (0a0py) — “; ap }

That is, the emptypD space-time is apparently materialisedid space-time. The
5D equatiorﬁ44 = 0 gives a scalar wave equation for the scalar fie)dndRyy =0
gives a conservation law BD. The4D Ricci curvature scaldR = g?P Rap is given
by

R= 040"") (OaQuv) + (g"Y Oaguv)?] - (2.32)

1
g2
With Egs. (2.32) and (2.28), we can define 4D energy-momentum tensor by
81Ty = Ryg — RUyp/2 = Gyp. This gives

Op(0a®) 1 | (04®)(049ap)
8MTap =~ +2¢2{ o~ 0i%up
9" (049uv)(949ap)
+ 0" (0aar ) (0a8py) — “; ap (2.33)

+ 2B (24" (Ouv) + (6 i )] }

The simplifications of these expressions involve the use of(&ff)4 = 0, or equiva-
lently, 9P g9 04g"P dagyis + (0ag"”)(Oaguy) = 0; and (ii) (§44§**).a = O or (9a§**)(OuGaa) —
0aG**)(0aGas) = 0.



Chapter 2 Review of Various Extra Dimensional Models 16

Thus thedD ordinary space-time may seem non-empty. This illustrates the idea that
matter observed in four dimensions may be induced from the geometry in a higher

dimensional space-time.

The Canonical Gauge

In the above, the gauge conditiogg, = 0 exhaust only four of the five coordinate

degrees of freedom. The remaining coordinate degree of freedom can be used to fix
(M) = 1. (2.34)

By redefining the4D metric componentg, s — 1g45/L%, wherel =x* andL is a

length scale of the extra dimension, we get the “canonical” metric
o |12
d&? = pgaﬁ(xy,l)dx"dxﬁ —dlIZ. (2.35)

The algebra under this gauge is greatly simplified.

The canonical metric can be applied to the field equations. For example, if the
canonical metric is substituted into (2.33), agyh is assumed to be independent
onx* =1, then we find that Einstein’s equation becorfiyg = SQGB/LZ, implying

a cosmological constant = 3/L2.

2.4 Arkani-Hamed-Dimopoulos-Dvali Scenario

While extra dimensions were originally proposed to unify the forces of nature, they
enter the modern theory of elementary particles for a completely different reason.
When we try to unify the four fundamental forces of nature, we often face the very
guestion, which is actually the main difficulty in the unification: why gravity is
so much weaker than the other interactions? One of the theories employing extra
dimensions to tackle this problem is proposed by Arkani-Hamed, Dimopoulos and
Dvali [35, 36].
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The Hierarchy Problem

Each theory of interaction has a typical energy scale, above which the quantum
effect of that kind of interaction becomes important. The typical energy scale in

guantum chromodynamics is 100 MeV, and the electroweak energy scale is of order
100 GeV. The current energy scale that is accessible in the laboratory is 10 TeV,
and these two theories describing three different interactions are shown to be con-
sistent with experimental results. In gravitational interaction, the energy scale can

be estimated from the gravitational constant, the Planck constant and the speed of

light
Ec=1/ % ~ 10GeV. (2.36)

Eg is often called the Planck energy, which is an order of magnitu@é higher
than the electroweak scale and is far away from the current technological accessible
energy range. This is called the Hierarchy Problem because the gravitational scale

differs too much from other interactions.

Enter Extra Dimensions

Arkani-Hamed, Dimopoulos and Dvali (ADD) proposed a solution to the Hierar-
chy Problem by employing the extra dimensions. Their central idea is to treat the
electroweak energy scale as the fundamental scale for the gravitational interaction
in the extra dimensional world. Then the effective coupling strengé¢bimay be
suppressed to the Planck scale by the volume of the compact extra dimensions.
Suppose that the spacetime consists of 1+3+n dimensions, whefettBe
dimensional subspace is the ordinary spacetime, and each of thenotlaerdi-
mensions are compact with a common geSince the properties of the standard
matter (SM) fields have been tested rigorously in the four dimensional subspace, the
authors assert that the SM fields should be confined odAlhs&ubspace (or brane);
only gravitons are able to propagate through the extra dimensiong. &, the

potential energy between two test massgsandn is given by the Gauss law and
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reads

mm 1

V(r) NWE’

(2.37)

where Mg is the energy scale of gravitation in time+ 4 spacetime, which is of

electroweak scale by assumption. Fos R, the potential now reads

mm 1

V(r)

so that the usual invergelaw is recovered. We see that the Planck scale is related
to Mg via
M3, = M2F2R". (2.39)

If Mg is the same as the electroweak scalelgV)

1
MF2>| " 30_17
R= (Mg”) ~ 10n cm. (2.40)

If n=1, thenR ~ 10'3 cm which is of solar system order. tf= 2, thenR ~ 1
mm. Thusn > 2 implies the possibility of flat extra dimensions with submillimeter

scales that solve the Hierarchy Problem.

Kaluza-Klein Decompositions

Since the extra dimension is also compactified in the ADD brane model, quantum
mechanics suggests that a particle would have extra momenta which are multiples
of the inverse sizes of the extra dimensions. (Klein also exploits this quantization of
wave length to estimate the size of the extra dimension. See Section 2.2.) In quan-
tum field theory, this is translated as that the particle would have mass eigenmodes
that do not appear idD theories. We will show below how to get these new mass
eigenmodes of a classical field in an ADD braneworld. These eigenmodes are often
called the Kaluza-Klein modes. For simplicity, we would empldgDatoy model,
where the extra dimension is flat.

A metric appropriate for describings® ADD braneworld is

d&* = gapdX & = gy dx*dx’ — b?d¢?, (2.41)
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whereA,B=0,1,2,3,4, muv =0,1,2 3, bis the size of the extra dimension, and
gaB is the4D metric with “mostly negative” trace. The range @fis [, 1. The

Klein-Gordon equation for a classical fie®lwith massmin ADD model is
1
(g“"duav—ﬁo}%—mz) ® =0, (2.42)

whereg”® is the inverse ofjag, and® is a classical field. The Poindamvariance
of the4D ordinary space-time implies thécan be expanded as a direct sum of the
products of eigenfunctions it andg. Furthermore, the compactness of the extra

dimensions allows us to expand the eigenfunctiong into Fourier series:
D, p) = 5 NP (). (2.43)
n

Then the effective Klein-Gordon equation for theh Kaluza-Klein mode is
n2

<g“"dudv tiz mz) ®=0. (2.44)

Therefore, in the effective theory, the higher dimensional field appears as an infinite

tower of fields with massesg = n? 4 n?/b?. We will see in Chapter 3 that when

the5D classical trajectories are examined, #ierest mass is also varying with the

fifth momentum, which is analogous to the generation of mass eigenstates here.
Notice that the mass splitting in the current metric is uniform. This is a conse-

guence of the flat extra dimension. If the extra dimension is curved, then the mass

splitting would be much complicated. This is the case in the Randall-Sundrum

model.

2.5 Randall-Sundrum Scenario

In ADD model, the extra dimensions are flat, and the gravitational coupling is sup-
pressed by the volume of the extra dimensional subspace. In sizes of the extra di-
mension there can be as large as millimeter scale, which is significantly larger than

the Planck scale. Randall and Sundrum [37, 38] later employ a non-factorizable,
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warped metric to solve the Hierarchy Problem. The length scale of the Randall-

Sundrum scenario can be made to remain as the Planck scale.

The Setup

The original Randall-Sundrum model deals with an orbifolded fifth dimengion
assigned with values lying in the intervat 11, 1. The basic assumption is that alll
(3+ 1) gauge fields are contained in tBebranes located ap = 0 and r1, which

are conventionally called “hidden” and “visible” branes respectively (Fig. 2.1).
Such brane setting was first employed in the superstring theory to remove anomalies
[39, 40]. The bulk has 8D Planck scalé and a cosmological constafttand it is

described by the classical action

n ~
Syravity = / d%x /_ ndcp\/é{—/\JrZMSR}, (2.45)

whereg is the determinant of the bulk metriyn(M,N =0,1,2,3,4) andRis the
5D Ricci Scalar derived frongun. The branes have, apart from tf#&+ 1) fields’
Lagrangians, “vaccum energy” as sources in the absence of particle excitations. The

classical actions for thg-branes are
Siis = /d4X\/ gvis{jvis _VViS}a
(2.46)
Shid = /d4X\/9hid{$hid —Vhid}s

whereghig = deun (@ = 0) andg,is = defun (@ = ) are the determinants of the

induced metric on the respective branes. The Einstein equation is given by
= A 1, o
AM3\/G(Run — EgMN) — AV/G6wn
= Wyis\/BuisGj1y Oty O 6(0 — 1) + Vhigy/Gniallo S N ().

(2.47)

Randall and Sundrum find the static, 4-dimensionally flat metric for the above

action. They assume that the line element has the form

d& = e 2@, dxtdx’ — b%d¢?, (2.48)
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Figure 2.1: Pictorial description of the 2-brane world scenario in Randall-Sundrum
model. The physical world visible to we human is locategat +mand a hidden
brane is atp=0.
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whereb is a “radius” of the fifth dimension and the const&nhas a dimension

(length—. The Einstein equations then read

C“)/2 _ _ A
24M3k (2.49)
Wi Vhi '
// Vis . hid
O = 1m0 T oS-

The periodicity ing requires that

Vhid = —Veis = 24M3k, A = —24M3k? (2.50)
and

(@) =@ (2.51)

Physical Mass Scales

The four-dimensional effective theory can be examined by considering a tensor fluc-
tuation
d&* = e 2Pllg , (xV)dxt'dx’ — b?dg?, (2.52)

whereg,, is the metric describing the tensor fluctuation. In literature, it is usually
written as a sum of th&éD Minkowski metricy,,, and a tensor fluctuatiohy,,:

v (XY) =1 (XY) +hyy (XY). By integratinge in that action, we find
T
Syravity 2 2/d4X/ d(nge*2kb|¢’| \/aﬁ
-7t
3
—2 / d*x {MT (1- e—2kb|<o|>] VIR

whereR is the Ricci scalar made out gf Thus we can define 4D Planck mass
scale as
MS
M=~ (1— e*2'<b|<0|) , (2.53)

which depends weakly ob in the largekb limit. Since bothM andk are of the
Planck scale, so doédp,.
The physical masses on the visible brane can be determined by considering a

Higgs fieldH in the Lagrangian in the visible sector. The action of a Higgs field
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can be written as
S/iSD/d)(l\/gViS gv|sDH TD H-A (|H|2 V2) }
— [ axy/ge e {ge*D D H - A (HE - 13)?}

= /d)(‘\/ﬁ{g“VDuHTDVH —A <|H|2—e—2"b"v§>2}, (2.54)
where A is the coupling constant, and the last line is found by the wave func-
tion renormalizatiortH — e€®™H. In this action,vy is a mass parameter. The last
equation shows that the physical mass scale is set by the symmetry-breaking scale
v = voe K In other words, ifvg ~ 10'9GeV is the Planck mass, then the cor-
responding physical mass is given by= voe KT ~TeV, provided thakb ~ 10.

Thus, because of the exponential factor, a large suppression of the mass scales can
be generated although the hierarchies among the pararketeits andM are not

very large.

Kaluza-Klein modes

The Kaluza-Klein modes of a bulk field in the Randall-Sundrum scenario were

found by [41]. We consider a free scalar field whose action is given by
/ dx / dgV/G (GPP0sPdp® —nP0?) . (AB=0,1234) (2.55)
Integrating the action by parts and inserting the RS metric into the action, one gets

() _ _
s=1 [ax /" bdgo{ 03,0070 -+ 0 0y (€ 4910,0) — nte 4kblwlq>}.
(2.56)
Since the RS metric is Poin@invariant everywhere in the ordinary dimensions,
one can expand the modes into the form:

e2kblg|
O 0) =5 —

n
where f, andm, are the eigenfunctlons and the corresponding eigenvalues respec-

Yn(xH) frn <m”ekb""') (2.57)

tively of the following equation

dzfn dfn rnz —
Zﬁa_Z%—i-Zna-i- |:Z%— <4+ F)] fn= 07 (258)
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wherez, = mnekb|<"|/k. N, is the normalization constant fd(z,). The solution of
fn(zn) is given by the Bessel function of order= /4 + m?/k2:

fn(zn) = Ja(zn) + PnaYa (zn). (2.59)

Here bothm, andbyy will be determined by boundary conditions, where the deriva-
tives of f,(z,) at the orbifold fix points are continuous, as required byZhesym-

metry. In particular, wheg® > 1, m, is determined by the equation
1 (Mh _Komr Mh kb Mh ko) _
2Ja<kek >+kek JO,(kek)_O. (2.60)

It follows that the lightest modes hawe € /k of order unity, and that the masses

of the Kaluza-Klein modes are suppressed exponentially with respect tbrm

is of order of the Planck scalt0*® GeV andkb around10, then m;e®/k ~ 1

TeV, consistent with Randall and Sundrum’s idea. This mass suppression is due to
the warp factoe?®?l in the eigenexpansion (2.57), which has the greatest value at
@ = 1, and thus the mass eigenmodes behave as if they are localized on the TeV-
brane. Furthermore, h = 0, there exists a massless mode whege = 0, which

is usually identified as the massless graviton. Other non-zero solutiong @fin

be treated as the spectrum of massive gravitons.

Radius Stabilization

In the discussion of graviton solutions in the metric (2.52), we have actually omitted
a modulus field, whose vacuum expectatiob,ithe radius of the extra dimension.
Since the solution of the Hierarchy Problem depend®,ahe modulus field may
have significant effects. The complete metric describing gravitons and modulus

field in the Randall-Sundrum scenario is

d&? = GagdxX'dhE = e 2P0 19lg(xV)dxH dx’ — b?(x¥)dg?. (2.61)
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Then the effectiveD action containing the curvature terms becomes [42]
T
Syravity D 2M3 / d’x / dpe 2091 [ /GROK| 0|0,0"b — 61| {200, b0¥b + bR
—TT
M2 [, ke — 1[4 p
_ZT/d x[(l—zws)] \/§R+§/d X\/G0uPIH P,

where¢ = €™, /24M3/k. Thus the original Randall-Sundrum scenario contains

a massless scalar which couples to matter in TeV energy scales, contradicting to

experimental observations. Therefore, it requires a modulus stabilization in order
that the RS metric really solves the Hierarchy Problem.

Goldberger and Wise [42, 43] proposed a solution by employing a scalar field
with the bulk action (2.55)

T
Sp = % / d*x / doV/G (G**on0dp® — nPe?) .
—TIT
The scalar field is required to interact with the hidden and visible branes via
Shid = —/d4X\/ hiaAhid( P> — Vi),

Ss = — [ d'%y/Bushs(P2 ~ o2
whereAyis, hig andWs hig are constants with mass dimensi@/® and—2 respec-
tively. These interaction terms lead to an expectation vélie) of ® along the
extra dimension, an@(@) has boundary conditior8(0) = Vhjg and® (£ 1) = Ws.

The solution ofP( @) is given by
(@) = XVl (Ae’KDI?l | BgVKbIgly
wherev = \/4+n2/k2, and, in the limit of largé\yis_hig,
A= Wige ZTVIKDT _y, e 2VKbm gy — A (2.62)

Putting this solution into the action and taking the limit m?/4k? < 1, one finds

the effective potential fog

k3
V() = Taars?” (2.63)

k)]
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which has a minimum at
. 2 .
k(b) = —In-nd _ 2, Thid (2.64)

As the logarithmic term is of order unity, one needs amifk ~ 10~ to getk(b) ~

10, which would again solve the Hierarchy Problem.



Chapter 3

Review of Extra Forces

The existence of extra forces can be understood as a by-product of the conservation
of 5D total momentum whence thdD total momentum may not necessarily be
conserved. This has interesting implications since these extra forces appears non-
gravitational and the resultirdpD trajectories are no longer geodesics. In order to
study their effects, we first give a review of the definition of forceghtheory.

Then we proceed to find the extra forces in the Space-Time-Matter (STM) theory
by means of dimension reduction to project 82 geodesics onto the ordina#p
dimensions. From this, we will see how thP rest mass of a particle varies with

the fifth coordinate in the course of motion. Lastly, the extra forces in a general

brane model are also studied.

3.1 Definition of Force in4D

In a four-dimensional Minkowski space, the motion of a test particle at a position
xH is described by the four-velocity

_dx

uH = 2
ds’

(3.1)

wheresis the proper time and” satisfiesuHuy, = c? or 1if the natural unic = 1is

used. The four-momentum is defined@s= mou*, wheremy is the4D rest mass.

27
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The four-force is then given by

dp¥ d dut  dmy
T i Hy — u
F s dS(mou ) =g ds + s u-. (3.2)
This has an immediate consequence that
dmy
FHuy = FyuHt = ——. :
uy = Fyu s (3.3)

In the usualD theory,my is a fundamental constant. Thi#s! = my(duw! /ds) and
In a four dimensional curvillinear space, the appropriate definition of the four-

force is given by

dp*  d D@uH  dmy
p_"F _ = oy — uH,
F ds ds(mou ) =mo ds s ds (3.4)
whereD*) /dsis the4D covariant derivative satisfying that
D(4)guv
s~ 0, (3.5)
and we get the same product of index contraction:
dp  d D@WuH  dmy
Fu_-F _ = oy — UM _
ds ds(mou ) =mo ds s ds (3.6)

3.2 Extra Forces in STM Theory

The properties of extra forces fors® massive particle in the Space-Time-Matter
theory were first examined by Mashhoon, Wesson and Liu [15]. In the following,

we will work with the canonical metric (2.35):
o |2
d& = Fgaﬁ(xy,l)dx"dxﬁ —dIZ (2.35)

A Lagrangian can be defined from the metric (2.35) via

(3.7)

1
ds |12 da@d [ dl\?|’
s yo 22 == _ [ ==
Z=a = %G a (d)\)] !
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whereA is an arbitrary affine parameter.
The equation of motion can be obtained by varying the Lagrangian over the
affine parametek. The4D momenta in the ordinary dimensions and the respective
eqguations of motion are given by
. 0L 120X, )UP
Tow T 7

dpg 0 1 (|2>agal3u0uﬁ

dA ~ x@ 2% Ixa

(3.8)

|_2

Similarly, the extra momentum and the respective equation of motion are

. 0z 14
P="5d/arn) = =z
. (3.9)
dp _oz 1 /1 L 1 990p) dX A
ar a2\ 2)\9BT 35 ) axr
Egs. (3.8) and (3.9) together give
dua a B Y _ aBé.gyB dl y 1 dg 2d| a
H—FFBVU u’'=—g —C” au + ga—l—a u-, (3.10)
@ 1dZd | | 096\ dx® dxE
W_Ed_)\d_)\__?<g"3+§ Ji )d)\ - (3.11)

Herel"’y is the Christoffel symbol of the second kind made ouggf (x",1):

B
lgaa (ngG 99y0 - ‘79&/)

ra —=
By 2 oxa — gxB  9xo

If A is chosen to be thdD proper times, so thatgaBu“uB =1, then the set of

equations of motion becomes

dua a B v _ aBagyﬁ dl y 1 dg 2d| a

E"’FBVU u =-—g —C” d—su + yE—l—d—s u-, (312)
2 2 9
dd  1dZdl | 12 9gop dx® dxXf (3.13)

d® Z dsds L2 22 4l ds ds’
Under the parametrization ef

g2 (Y (3.14)
2 \ds) '
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Then Eq. (3.13) can be rewritten as

d2 1 /dl\? 12 /d\?| [1 1agﬁypy
@‘T(Es) :_[F_(d_s> ] [|+2 ar - } (3.15)

Using Egs. (3.14) and (3.15), one finds from Eq. (3.12) that

du? a By — ao 1
d—-l-l'Byu u -9 -I-Eu

o) 99pdl 5

gl ds (3.16)

Thus the extra force per unit mass acting dDamassive particle in the canonical
metric can be defined as

1 0905 dl
a__ [ _ oo | B
f _< g%+ 5uu ) 5 gl (3.17)

The extra force is non-zero provided that #i2 metric depends on the extra coor-
dinate and there is motion in the extra dimension. The extra force defined in Eq.
(3.17) is shown to be completely general, and it can also be derived from the per-
turbation analysis on théD metric in the extra coordinate[15]. Ponce de Leon
later gives a more concrete definition of an extra force and applieSI2 tnassless
particle [44].

Eq. (3.17) can be decomposed into two componefits:= f|| + fH, where

0
ff = (=g +uHu9) g‘l’ﬁ :'S P (3.18)
d9gp dl
H_ uHu® YdoB B
fH 2 3 ds (3.19)
such that
a9 dI
T oYYop ﬁ
f|| Uy = — 2u T u” #0 (3.20)
and
fHuy =0. (3.21)

In other Words,ff is the component normal to the 4-velocity, which could be
due to ordinary four-dimensional forceﬁf is the component parallel to# and

there exists ndD analogue. Thusﬁﬁ‘ is the “anomalous” fifth force that would lead
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to anomalous effects idD observations. For instance, by comparing Eq. (3.20) to
Eq. (3.6), amD observer would conclude that td® rest mass is varying with a

rate given by
Ldmy gy 1 09%sdl

meds =3 g (3.22)

3.3 Variation of 4D Mass

As discussed, the existence of the extra forces might imply thadBheest mass,
which should be a fundamental constan#id theories, should appear changing
with the proper time.

To see the effect of the anomalous fifth force, we will assume that a bulk particle

has a constant bulk mabk; > 0, and we define a five dimensional momentum as

|
PA=M5UA:M5(ddX§,g—;), (A=0,1,2.3,4) (3.23)

where the five-velocityJ” = (dx*/dS dl/d$) is a direct extension of the four-

velocity. By definitionUAUa = ¢? = 1, and therefore
PAPA = M2, (3.24)

where raising and lowering indices % are done by th&D canonical metrigag.

A 4D observe would have defined® rest mass by the relation

p* pu = mguHuy = . (3.25)

Here, raising and lowering indices are done by4Bemetricg,y. Since the canon-
ical metric does not have a cross term involving both4beand the extra coordi-
nates,p* = P¥ andpy = Py.
Egs. (3.24) and (3.25) imply that
|2

|2
ﬁ%+pP4P4: pmg. (3.26)
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Rewriting this equation in terms of thD line elementds one gets the relation

2 2*%
le(ggl | (3.27)

We see that the variation of ti rest mass is related to the motion in the extra

between th&D and5D masses:

=-M
Mo I_5

dimension.
If M5 =0, then
2
d&€=0 or %dszzdlz. (3.28)

Furthermore, we can define tdB rest mass as

I [ dl
™ Lax

(3.29)

whereA is an affine parameter. Therefore5R massless test particle may appear
massive in four dimensions provided that it is non stationary in the extra dimension.
Egs. (3.27) and (3.29) are the classical analogues of the Kaluza-Klein modes
of extra dimensional quantum fields (e.g. Egs. (2.44) and (2.60)). Whereas the
Kaluza-Klein modes consist of discrete values of mass eigenvalues, the variations
of 4D rest masses (as a result of the extra forces) are continuous. One can also
find the Kaluza-Klein modes in STM theory, or, on the contrary, find the variations
of 4D rest masses in ADD and RS-I models. Indeed, the latter will be applied in
Chapter 7 to generate a mass hierarchy between particles with different trajectories

in the saméD world.

3.4 Position-Momentum Uncertainty Relation

Perhaps the existence of extra forces might lead to deviations of trajectories that
cannot be explained by any existidD theories. These deviations could have been

treated in the laboratory as experimental errors, and their significance could have
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been totally neglected. Of course, since the theory developed so far must be deter-
ministic, we can differentiate the effects of extra forces from what is really experi-
ment errors. But that is not enough! As scientists are always being crazy, we even
want to ask: can the existence of the extra forces explain the Heisenberg uncertainty
relations, at least in the coordinate representation?

Since the invention of the matrix mechanics by Heisenberg, the non-commutative
mathematical structure has been the most important building block of quantum me-
chanics and field theory. The immediate consequence of non-commutative opera-
tions is that observables (measurable quantities represented by operators), say the
coordinatex and the respective momentup no longer have definite values but
must be statistical distributed over some mean valuesind (p) with some stan-
dard deviationgAx) and (Ap), respectively. The Heisenberg uncertainty relation
says becauseandp are non-commutative (complementary variables), the products

of the standard deviations must be bounded below [45]:
h
(X (Ap) 2 5. (3.30)

It seems that the Heisenberg uncertainty relation can only be understood in the
guantum theory. The first attempt in understanding the quantum phenomenon of the
electron with &D classical wave equation was made by Klein [2]. He showed that
if the fifth dimension is periodic (not necessarily compactified), and if the second
derivative with respect to the fifth coordinate is interpreted as the momentum of the
electron, then he was able to obtain thedslonger equation for an electron moving
in a5D Kaluza-Klein world. The Planck constant is then related to the period of the
extra dimension. Recently, Wesson [28] consideBs®anassless particléMs = 0)

under the following metric:
L? L4
d& = I—Zgaﬁ(xy,l)dx"dxﬁ—l—zdlz, (3.31)

which can be obtained from the canonical metric by the change of vatiablie/|.
He considers the dot produtp,dx® (o =0,1,2,3), wherepy = mu = md»¥' /ds
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with m being the4D rest mass andbeing thed4D proper time. Instead of using the
definition (3.29), Wesson relates tBB rest mass to the fifth coordinate through
Compton’s relation:

, (3.32)

m
whereh is the Planck constant, and we have set 1. Then the differentiat py

becomes

dpa :mdu;—ualﬂzdl, (3.33)

If the 4D acceleration vanishes, thdn,dx? = 0, and the absolute value of the dot
productd p,dx* becomes
d
1d padx’| :lﬂzyqu :hn—r‘z, (3.34)
|
where
L

In the calculation, the identity = ugu® = (L2/12)u? for 5D massless particle has
been used. Thus, dr¢/n > 1/4m, then we get the usual Heisenberg uncertainty
relation. Wesson later [30] takes another route by transforming Milne’s metric into
a “metric wave”, which is a metric whose coefficients in #¢i2 parts are complex
waves, and he concludes that fobl& massless particle, de Broglie’s relations can
be recovered if the fifth coordinate is identified as the induti2anass of the par-
ticle. Both Klein’'s and Wesson’s work show that it may be possible to interpret

guantum phenomena as some dynamical effects of higher dimensional motions.

3.5 Extra Forces in Brane Theories

The calculations of extra forces with the canonical metric in Section 3.2 can be
easily extended to brane theories. The primitive form of a warped extra dimensional

world can be described by the following metric [18, 23]:

d& = w(@)guy (xV)dxHdx’ — dg?, (3.36)
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where only the zero-th order @f,, has been considered; that is, we are working
with foliated manifolds. Higher order termsgf, may depend op. The equations

of motion are

d2H _, ddy wdx de

a2 g e waran  W=0L29 @3
d?¢p W dxtdx
a2 29 (3:38)

wherew = dw/de, A is an affine parameter arfdéy the Christoffel symbols of
the second kind of,, (x¥). Since the ordinary dimensions are orthogonal to the
fifth dimension, they together form a subspace and thugEhproper timeds® =
guvdx*dx’ is an affine parameter. In other words, whethet Sor sdoes not alter
the equation of motion fox but it does forg.

If A =Sandguy = nuy is the Minkowski metric, the equations of motion can

be integrated once [18, 23]:

u
dx U :
u
Nuvub u
do _Twre7e) o (3.38)

s w(e)

Whereué‘S) are integration constants.

If A =sand sogyy (dx*/ds)(dx’/ds) = 1[15], then the Lagrangian is simply
Z£? =w— (dg/ds)?. The second equation of Eq.(3.38) becomes

2 W W /de\? .
@——Tw(d—s) - (3.38)
Substituting Eq.(3.38”) into (3.37), one gets
d2xH ) dxBdx i
ag€ “'Brdsds (3379

Thus, there is no extra force under the parametrizatidinis agrees with the result
obtained when the canonical metric is employed if4Bemetric is independent of

the extra coordinate [15, 12].
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It is desirable to express the proper-time derivatives into the coordinate-time
derivatives. Indeed, in the laboratory, all measurements are conducted in the coordinate-
time. Any observable effect of the extra dimension would thus evolve in coordinate-
timet instead of the proper-timge For massive particleslt/ds > 0 (for massive
anti-particle,dt/ds < 0 [46]). In other wordst is monotonic increasing function
of sand thus possesses an inverse funcsion Therefore, the dynamical variables

X,Yy,zandg can be rewritten as functions bfMaking use of the identities

d dtd d2  /dt\?/d\? d?%d
—=—— and ——s=(—) || t3353:
ds dsdt ds? ds dt d<? dt
one can transform Eq. (3.37”) into the form [33]
R+ TE XX — T PR =0, (a=1,23) (3.39)

where the dot denotes the coordinate time derivative, dith1. This has the usual

form of the equation of motion in the derivative of coordinate time, which means
that no extra force could be detected when the dynamical variables are measured in
coordinate time. Modifications of the metric (3.36) are therefore needed if we want
to have extra forces measurable in the laboratory. There could be many ways of

carrying out such modifications, which depend on how we construct the models.



Chapter 4

Extra Forces in the 5D Friedmann

Universe

If extra dimensions really exist, then the position and the velocity, for example, of
a particle that can be measured in an experiment are only the four dimensional pro-
jections of the corresponding quantities in the higher dimensional space. This opens
up the idea that some kind of uncertainties in the projed2chotion may exist due

to the uncontrollable and unobservable motions in the extra dimensions. We have
seen in Section 3.4 that there are indeed some attempts to explain quantum fluctu-
ations in terms 06D particle and wave dynamics. These theories are not complete
but very instructive. It is one of the purposes of this thesis to see if fluctuations
similar to those in the quantum theory (e.g. Eq. (3.30)) can be fouBD iparticle
trajectories.

Trajectories are determined by the metric of the underlying spacetime. Their
effects on the projected motion in the ordinary space will be studied. As a start,
a generalized verison of the ADD metric will be employed. The generalization,
which is the Robertson-Walker metric in five-dimensional space-time, can be used
to describe a higher-dimensional Friedmann universe. The Friedmann universe can
be closed or open, and the scales of the spatial dimensions may depend on time.
The deviations of the projectelD trajectoies with respect to those in #ie theory

will be studied in this chapter, and the results will be compared to the classic results

37
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in the quantum theory.

As with the authors of previous literatures, we will assume thabihgarticle
can be detected by & observer, regardless of its position in the extra dimension
[15, 12, 31, 32, 21, 44]. This is very different from the usual treatment in the brane
theory, where the observer can only detect matters on the visible brane. However, it

is this assumption that leads to interesting pheonomenology.

4.1 Generalized Robertson-Walker Metric

The Robertson-Walker metric generalized to a higher dimensional spacetime is

given by:

d& = d2— a(t) ( + r2d92) bz(t)< + rbd§22> (4.1)

dr2 dr2
1- ka 2 1- kb 2
wherek, andk, are curvature parameters and can only take the valie$ and
1. The variables’s andQ’s are dimensionless and the scale factuts andb(t)
carry the sizes of the ordinary and the extra dimension respectively. This is a cos-
mological viable metric. It leads to a set of generalized Friedmann equations which
describe the evolutions of the scale factafs andb(t). When one tries to write
this generalized set of equations into a form which resembles the Friedmann equa-
tions in vacuum 3+1 dimensions, the terms contairkiggb(t) andb(t) together
appear as the cosmological constant. In this way, rather than putting in it by hand as
Einstein did, the cosmological constant automatically emerges and hence governs
the behavior of(t). On the other hand, the observed current value of the cosmo-
logical constant becomes a direct probe of the extra dimension. The study of the
effects of the metric (4.1) on the evolution aft) in vacuum and its signature on
the cosmological constant has been reviewed by several authors [47, 48, 49]. There
have been some interesting results concerning the evolution of 4laniverse
due to curved spatial extra dimenions.

Whenk, andk, are set to zero, aralt) andb(t) are constant in time, the metric
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(4.1) reduces to &D ADD metric.

Equations of Motion with One Extra Dimension

The equations of motion will be derived from Eq. (4.1) in this section. For simplic-
ity, one ordinary and one extra dimension will be assumed in this section. Although,
in general, the scale factors are governed by the (generalized) Friedmann equations,
they will be assumed to take several forms that are appropriate for the present anal-
ysis. In this way, the scale factors could be canonically chosen to illustrate the
general idea.

The equations of motion are given by

Pt ama) (olra)z+ b(®)b() (dm)z o

=

d® " 1-karZ\dS) " 1-kyr2\ dS ’
d?r, _a(t)dradt  kara (dra)z
= +2——A—A = :O, 42
d  a(t) dSdS 1—kar\ dS (4-2)
@ Zb(_t)%ﬁ Kol (drb)z_o
d®  “b(t) dSdS 1-kerZ\dS/)

where the dot means a time derivative:= d f/dt. It is desirable to express the
above set of equations as functiong pivhich is a measurable quantity in the lab

frame. Making use of the identities

d dtd
dS dSdt

and

0@ \a3) a2 a@ar

and dividing the resulting set of equations(lugl/dé)2 on both sides, the equations

a2 (dt)de d2t d

of motion become

y a. karafg aéf’g bbfaf%

g+ 2—f — = 4.3

at aa+1—kar§ 1—kar3 1—kor?’ 43
b. rpf2 bbid  aar?r

Fop+ 221+ 2ol b _ *=ab (4.4)

b° " 1-korZ 1-kot2 1—kar2’
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The fact that these two equations are completely symmetric by the transformations
ra < rp, a(t) < b(t) andka < ky should be obvious. The term on the right hand
side of Eq. (4.3) is the relativistic correctionsrgfdue to the motions in the extra
dimension. If extra dimensions do not exist, then this term should be set to zero, and
the ordinary Friedmann-Robertson-Walker universe is recovered. Therefore, this
term is an “extra force”, which arises when the motion in the higher dimensional
space-time is projected on the ordinary space-time. This illustrates the possibility
of deviations from a trajectory in ordinary mechanics predicted from the classical
theory without extra dimensions.

The extra force depends on several factors. If the extra dimension is not evolv-
ing, i.e. b= 0, then the4D Poincaé invariance is preserved in the generalized
Robertson-Walker metric, and so no extra force can be found. Thus the evolution
of the extra dimension serves as the coupling mechanism between the extra and or-
dinary dimensions, such that the momentum exchange between these dimensions
becomes possible. Also, the particle must be non-stationary for a non-zero extra
force. This is a frame-dependent extra force but poses no contradiction to the the-
ory of relativity since the Poincarinvariance has been broken by the evolution of
the extra dimension.

There are two major differences between the definitions of the extra force in the
Space-Time-Matter (STM) theory and the present work. (See Chapter 3.) Firstly,
two different projection spaces have been used: STM theory describes the trajecto-
ries as functions of thdD line elementds? = guvdxtdx” (whereu,v =0,1,2,3
andgyy satisfies theD Einstein equation) while the present work uses the coordi-
nate timet. This fact leads to the second difference: non-vanishing extra force ex-
ists in STM theory only ifdgw/dx4 £ 0, that is, physics in oD space-time does
depend on the extra coordinate. In order to explain this strange behavior, STM the-
orists have to invoke Mach’s Principle, which asserts that a local particle’s motions

must be influenced by the whole universe. This is not the case in the present work.
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With the metric (4.1), for example, one of the requirements for a non-vanishing ex-
tra force is that the scale factbft) must be changing with time. However, both
theories require non-zero velocities in the extra dimension (tha ig, 0 in the
present work) in order to get a non-zero extra force.

Eg. (4.3) can be solved using a standard transformation:

SiNYap, 1
fab =19 Yab, for kap=40 . (4.5)
sinhy -1

Then Eq. (4.3) is transformed into
oA . obo
Ya+2_a— a3 = bolhally and -+ 2ty —bby = aagip.  (4.6)
These equations have exactly the same fornkfce k, = 0. Therefore the space

is conformally flat for all cases d¢; andk,. Manipulation of these two equations

impliesb?y, O a2ys, which further gives the first order solutions of the equations:

1 1 ¢ 1 cz, 1
d"—l,l]g:?—i—?—'_cz and b4—lllb2:?+@+04 (47)
The equation of motion foys; is therefore
- T bia
27y — aaS = . 4.
¢a+ aQUa aaLPa b+ (03/a2+ C4) b3 ( 8)

If b(t) is decreasing with time, then the right hand side serves as a damping term
which is increasing with time. As a result the particle decelerates to rest as time
goes on. The reverse is true foft) increasing with time.

The trajectory can be examined by obtaining a perturbation solution to (4.8).
As far as the effect of the extra dimension is concerrgedan be taken as zero
for simplicity, and we se&(t) = 1. Thenys, = ra. The physical velocity ofj, is
Vb = bys,. In the short time limit % > Hyv2 whereH,, = b/b, the trajectory in the

ordinary dimension can be written as

. . 1 .
ra(t) =Tra+ It + éHbovgoraotz, 4.9

where the subscript zero denotes values at some referenct tirte
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Discussion

The effect of the extra force any(t) can be understood as follows. From Eq. 4.3,

the extra force is given by
I
1—kpr2’

This extra force is parallel to its ordinary velocity(t). The extra force seems to be

Fex = bbi (4.10)

dependent on the choice of reference frames (whgtemay be different) [31]. In
the approximation up to first order bf Fex can be evaluated by using Eq. (4.6) and
by takingr, as a constant since the whole space is conformally flat. The fraction
is always non-negative. That means, whether the extra force causes acceleration or
deceleration on the particle depends only on the siglin cﬁupposeb > 0. Then,
once the particle has a velocity# O, it accelerates and moves away from the point
fa=0for all ry in the phase planf,,fa). Thus, the phase ling = 0 is unstable.
If b < 0, the extra force has a negative sign, and a non-stationary particle (whose
fa # 0) will decelerate and move towards the phase fine- 0. Thusrz=0is a
stable phase line. In any case, a linear trend (either acceleration or deceleration)
will be seen inf4(t), consistent with the above result.

As in cosmology, the raticb/b will be assumed to be slowly varying and can
be taken as a constant valtig. Then Eq. (4.9) implies that a particle in5D
spacetime must have travelled farther than a particledD apace-time iH, > 0,
and vice versa. This conclusion solely depends on the sigf,aind not other
factors.

The most interesting case occurs whdn > 0. In this case, the phase line
fa = 0 is unstable, and we have to consider the evolution of the density functions
in the phase space [50]. In particular, in the following section, we will assume
that all initial conditions have distributions around some mean values. The standard
deviations or uncertainties of these initial conditions form phase space volumes, and
the evolution of these volumes will resemble the evolution of the wave packets in

guantum mechanics.



Chapter 4 Extra Forces in thBD Friedmann Universe 43

4.2 Unobserved Motions in Extra Dimensions

In the laboratory, the motions in the extra dimension cannot be detected experimen-
tally. Thus, the particle trajectories must start with some unknown initial conditions
in the extra coordinates. In an experiment, every time when a patrticle is let go, it
starts with some measurable inital values gfandr 5o but with unknownyi,g and

Vpo. Therefore o andvyg are random variables. As we have seen from Eq. (4.9),
different values of/y result in different trajectoriesy(t). After the repetition of a
number of experiments with identical initial settingsrg§ andr zo being run for a

fixed period of time, the experimenter acquires a probability distributiog af the

end of each experiment trial. Thus, in this extra dimensional scenario, it seems pos-
sible that uncertainties @fD position-momentum measurements can be naturally
generated due to unobserved extra dimensional motions.

In this section, we want to calculate the uncertaintieéldposition-momentum
measurements in tHgD Friedmann universe. We first follow the line of thought in
the previous paragraph to start with the cases where the initial valugsaidr 5o
are fixed whilevyg is randomized. Since the extra dimension is conformally flat, the
choice ofyig does not affect the observed trajectories in the ordinary dimension, as
suggested by Eq. (4.9). Therefore, the randomizatioggfcan be ignored. Then
we also consider cases where the initiglandr 5o are gaussianly distributed around
some mean values. These correspond to the situation in the real world because the
distributions ofr 59 andr ;o must satisfy the Heisenberg uncertainty relation. In the

next section, we will compare our results with the quantum mechanical results.

Case 1:Afa =0,Ara=0and Av, # 0

The assertion that the extra dimensional motion cannot be monitored implies that
the quantityvyy should be randomized. The randomization/gf is ignored since
the extra dimension is conformally flat. We now propose a probability distribution

of vpo. To get this, we notice that th rest massn is related to thé&D rest mass
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Ms by
Ms

[ 27

wherevy, = by, is the velocity along the extra dimension. Thug is a variable

mo = (4.11)

of vp. In other words, the observed rest mass of the particle could varyNteto
infinity if vy, is allowed to take any values in the rargel, 1]. This contradicts with

our observations. Clearly, we nesg to be confined within some constant values.
This amounts to confing, around some mean values. Since the extra dimension
hasZ, symmetry, it is natural to assume thgtis symmetrically distributed around
zero, and the width of the distribution should be much lower than the speed of light.
For simplicity, we assume tha is gaussianly distributed around zero with a width

Avy < 1

2
Vbo } . (4.12)

1
vao (VbO) =T exp{ - 2
\/ 2MAVZ, 2V
Thus, we are only interested in non-relativistic motion in the extra dimension. Then

the mean value of thdD rest mass is

1
My = MS/—ﬁPvdeO
Lz
%Ms/ 1+§ bo PVbodVbO

1

and the uncertainty is

M 2 V2, 3
/(1_\5/2 _M5> PVbodVbO%M5/<?bo+Tbo+) PVbOdVbO

b0
3
~ \/;M5Av§0. (4.14)
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Figure 4.1: The distribution of displacemehfr,) due to the motion in the extra
dimension in a spacetime with metric (4.1). The initial conditions are arbitrarily
chosenrg=0,r50=1,bg=—by=1, andt = 0.1, Avyn = 0.1.

The probability distribution function far, is given by

f(1a) = [ Rage03(ra ~raft)

expl — I'a*VaO*;aOtz
1 Hbof’aoAVbOt . . .
, , if [ral > |[rao+faot|;
= \/ﬁAVbOt \/‘Hbol’ao(ra—l'ao—l’aot” ’ | a| | a0 a0 (415)
0, otherwise.

An example off (r5) is shown in Fig. 4.1.

We can calculate the mean value and the uncertainty (standard deviation) of
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ra(t), which are respectively

. : 1.

. AV2
= a0+ laot (1+ —2b0 Hbot) ) (4.16)
1
. 2 2
Ara(t) = { / (ra(t) ~Ta(t)) P\,bodvbo}
AV2 ,
= ﬁHboraotz, (4.17)

wheret~1 > Hyyg in the short time limit. Thus the mean position of the ensemble
evolves quadratically in time, showing the influence of the extra force. The uncer-
tainty of the position also grows quadratically with time, meaning that the ensemble
expands over thdD space-time. At = 0, Ar,(t) = 0 because the ensemble is as-
sumed to start with identicako.

Define the ordinary momentum g@g = mofa. Thenmg also contributes to the
distribution of p5. The average value and the uncertainty of the momentum are
respectively

Pa= [ (Mofa)Rotibo = Msfo (1-+ Aot
(4.18)
802 = [ (Pa—Pa)Regllvbn = MEAVEfZ6 (1+ 2H3t2).
where pao = Msi a0 andAp2, = MsAvZ,fa0. These equalities are evaluated in the
short time IimitAv%OHbot < 1. Unlike Arg, att = 0, Apy is non-zero. This is
because thdD mass itself has a distribution whep, is randomized. We can now

calculate the product of uncertainties:

21 :
Ar3(DAP3(t) = 5(MsHeoAVEof 30t%)%, (4.19)

where higher order terms i,y have been neglected. Again,tat O, this product
vanishes because we assume that the particle starts at definite valygearalr 5o.

But in the laboratory, the distributions ofy andfyy must satisfy the Heisenberg
uncertainty relation. In the following cases, we will realize this assumption step by

step.
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Case 2:Arqa #0,Arg=0and Avy, # 0

In the above discussion, the velocity in thB spacetime has been kept constant
while the velocity in the extra dimension has been randomized so that the total
velocity does not exceed the limiting speed. As we have discussed, the phase line
fa = 0 is unstable, and we have to consider the evolution of some phase space
volumes around this line. Thus, in the following, we will first consider the initial
positionr o being also randomized. Since we should have at least a bit of control
on the experimental setup, it would be natural to assumertgat Gaussianly
distributed, by virtue of the central limit theorem.
1 (rao— Fa0)?
P (fag) = ——expy —————5— ¢ 4.20
rao( aO) Zrﬂrg p{ 2Ar§ ( )
Thus Eqg. (4.9) gives the following dispersion relations:
_ _ AV2
ra(t) = rao+ faot (1+ —2b0 Hbot) :
Ar2(t) = Afgot2(1+Av§OHbot) (Hovyt < 1),

(4.21)

andp, andAp, are still given by Eq. (4.18).

Case 3:Afg # 0, Arg # 0and Av, # 0

Finally, we also assume thg{ is gaussianly distributed with some mean and stan-

dard deviation. The probability distributions of the three dynamical variables are

written as

1 (rap —Ta0)?
R = =P~ ons 4.20
) = s ep - | (4.20

: 1 (Fa0 —Fa0)?
X = — —== 4.22
I’ao(raO) 27‘[Ar§ exp{ ZAY% ) ( )

1 V2,
Rio(Voo) = —=—==8xpy —o 5 0+ (Bvbo < 7) (4.12)
2MAVZ, Vbo
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Figure 4.2: Spreads of particle motions described by Eq. (4.21) with three different
values ofbg: by = 0 (dotted),bg = —1 < 0 (narrow) andog = 1 > 0 (thick). In all
casesfa =0, Argg =0.2,t = 0.1 andbg = 1. The sample size is 2000.
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Again, ), needs not to be considered since the extra dimension is homogeneous.
The uncertainties of the distributions gf andr; respectively can be easily calcu-

lated from these probability distributions:
- 1

Arg? = Ar2) + Ai2 2 <1+Av§poot> :
(4.23)
s (1. Avho o
Pa= M5ra(1+ N —I—AV%OHbot) = Tﬁora(l—l—AV%poot)

Apa® = ApZo (1+ 2HpoAVEt )

whereAp2, = MBAIZ, = M2(1+ AvZ,)AF 2, andHpAVZ,t < 1. In the expression for
Ar42, the last term in the bracket is due to the randomization@fwhile the other
two terms come from the randomizationsrgf andr 59. Similarly, in the bracket of
the expression foAps?, the first term is due to the gaussian distributiori gf the
second term comes from the randomization of the extra termg(in (Eq. (4.9)).
The factor(1+ Avfy) in ApZ, comes from the randomization of tH® rest mass
mo.
The produciir2Ap2 is thus given by

Ap, 30p;
ArZARR = 3+ D012 4 AV Hit (2h3 + —pa°t2) : (4.24)

wherehg = Ar,0Apao, and we have replacéds by my = M5(1+Av§0/2) and retain
terms of order up té\vf,.
We have assumed theg is peaked at zero. Ny is peaked at other non-zero

values, then the averagdb rest mass is modified as

Ms 1
My = ————— (14 —AVZ). 4.25

Thus Eq. (4.24) still holds witimg replaced by this modified expression.

Comparison with Quantum Mechanical Results

Eq. (4.24) resembles the Heisenberg uncertainty relation in quantum mechanics.

Thus the probability distributions Eq. (4.20) and Eq. (4.22) can be interpreted as
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the consequence of quantum fluctuations. Furthermore, the priagiacir ;02 pao
of the distribution of the initial conditions must not vanish.

We want to compare Eq. (4.24) with that in quantum theory. Suppose that at
time t = 0 a quantum particle is described by a one dimensional Gaussian wave

packetg(py) in the momentum space,

R
Then the wave function in the configuration space can be derived from the Fourier
transform ofg(py), which is also a Gaussian wave packet Wity = h/Apyo. Ac-
cording to Schivdinger’s equation, the uncertainty relation evolves as

Apﬁotz'

ACAp2 = R? + =

(4.27)

It is a standard exercise to derive Eq. (4.27) in many elementary textbooks of quan-
tum mechanics ([45], for example).
We can also obtain Eq. (4.27) from classical mechanics. From Newtonain me-

chanics, the trajectory of a free particle is described by

X(t) = Xo+ Xot = Xo+ %t, (4.28)

wherexg andxg are the initial position and velocity respectively, ao@d = mxg is
the initial momentum. Suppose thaf andxg are normally distributed with vari-
ancesAx% andAX% respectively, then they simply add to give the variance(bf

Ap>2<0t2'

AX(t)? = AXG+ AxGt? = MG+ =t

(4.29)

SinceApy(t)? = Ap2,, its product withAx(t)? reproduces Eq. (4.27) Bx3Ap2, =

h?. Therefore, a wave packet from the classical trajectories of a free particle can also
be produced if the initial conditions are randomized. The cons$tatequired to

be non-zero by the virtue of Heisenberg uncertainty principle. This equation serves
as a classical test of the current theory if we compare evolution of a wave packet in
5D with Eq. (4.27).
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Eqg. (4.24) is an example of such a wave packet ibaspace-time. It is anal-
ogous to Eq. (4.27). The constdntis required to be non-zero since we are con-
sidering the phase space volumes around the unstable phasg. lin@us, from
Eq. (4.24), we get two correction terms: one grows linearly with time, and the
other grows cubically. These corrections terms are due to the evolution of the extra
dimension and the random motions in it. For both terms, the coefficients are pro-
portional toHy, which is of cosmological time scale. Thus, Eq. (4.24) describes the
same evolution of the width of a wave packet as that in the orddiargpace-time
in the short time limit.

The parameterdvyy and Hyg can be measured as follows. We measure the
spread of the wave packet of a free particle. From the time evolution of the wave
packet, we get the coefficientstefandt3-dependent terms in the width of the wave
packet, both of which are absent in quantum mechanics. Denote théraasiCs
respectively. Thedvyg andHy can be solved from the coupled set of equations:

C1 = 2h§AVgoHro, Cz= AV%poo%F?O,
provided the initial valued\p,o are obtained at the beginning of the experiment.

Obviously, we identifymgy as thedD rest massriin Eq. (4.27)) of the patrticle.

4.3 Equations of Motion with Three Extra Spatial Di-
mensions

The above model is relatively simple because only one extra dimension is assumed,
which results in a conformally flat space. However, it has been shown that the
evolution ofa(t) is coupled to that ob(t) only if the number of extra dimensions

is not less than three [47, 48, 49]. The resultant equations of motion would be
considerably more complicated when more extra dimensions are employed. Some

simplifications will be made.
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It has been concluded that cosmological observations can be modelled with
ka = 0 andky, = 1 [49]. This has a profound implication that the universe should
appear flat while the current state of expansion is due to the curvature of the extra
dimensions. In what follows; = 0 will also be assumed.

The FRW metric is given by

drp b
1—kpr?

The corresponding equations of motion are

dS = dtz—az(t)drg—bz(t)< +r2d62 4 risir? de(p§> (4.1)

" a, .
ra + Zara = Fex(t)ra,

2 . .
rb+2br + Kof bl 5 — T (1—kor'§) (6 +Sin? ) = Fex(t)ip,
1—Kpr?
b 2. . (4.30)
9b+256b+afb9b—qa§sin9bcoseb:Fex(t)eb,
y b. 2 . .. .
&+ 25<p+ Erb(Po‘f‘ZGb(PoCOteb = Fex() b,
where
Fex(t):aar§+bb< k2 +rb9b+rgsin29b¢§>. (4.31)
b

Again, a= 0 will be taken. Due to symmetry, the particle moves on a plane in
the extra dimension. Therefore, without loss of generafify= 11/2 will be taken

and the equations of motion become

razlf(t)ra,
b, korpil
b+ 2-Fp+
b eph 1—Kpr2

. b. 2 . ..
coo+25<0+—rbcpo=F(t)fpo,
Mo

— 1o (1—kor§) & = F(t)rp, (4.32)

with

F(t) =bb (1 or2 5+ rb<p0> (4.33)

If the extra dimension is only slowly evoloving, then this set of equations can be

solved in powers ol again in some short time limit. Thus, in order to evaluate
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to the first order ob, only the leading order of the terms inside bracket is needed.
Indeed, in the limib = 0, the term
P2 :
b? b r2 4.34
(1_ o2+ bqﬁ) (4.34)

is a constant of motion. Denoting this lsy the equation governing the motion in

the ordinary dimension is given by
fa = Hpefa+ O(H?), (4.35)

whereHy = b/b. This is completely analogous to the case where only one extra
dimension is needed. This implies that although the particle may have complicated
trajectories in the extra dimensional space (notice that there is a point of singularity
r, = 1 in the metric), this does not introduce any observable effect in the ordinary
dimension other than the exponential growth or decay (depending on the sigh of

of the velocity. It can also be concluded from Eqg. (4.35) that the short time limit is

valid provided that—1 > Hye.

4.4 Summary

The effect of the extra force atD particle trajectories under the generalized Robertson-
Walker metric has been studied. We have assumed #iatéserver can see t®
particle regardless of the particle’s position in the fifth dimension. The Robertson-
Walker metric, and its generalized version (Eqg. (4.1)) has a very important property
that it can always be made conformally flat by appropriate coordinate tranforma-
tions, and the extra force depends only on the transformed coordinates. Conse-
qguently we found that the extra force is constant in time (to the first ordér of

the rate of the change of the size of the extra dimension), and the deviations of the
4D trajectories are in general linear with time. The periodicity of the compactified
extra dimensions does not show up in the deviation. The resultant spectrum of the
4D projected trajectories obtained by randomizing the initial conditions of the extra

coordinates should be the one which is really observed in the laboratory.
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In order to make connection with the physical situations, we made use of clas-
sical wave packets and compared their evolution to those in the ordiBespace-
time. It is shown that beside thé-dependent term of the usual classical wave
packet in4D, the evolution of a wave packet BD also containg andt® terms,
which provide a basis of the experimental determinations of the model parameters.
In the next chapter, we want to employ some metric such that the extra dimen-
sion is inhomogeneous. We will try to seek some trajectory fluctuations due to the

extra dimensional motion in such kind of higher dimensional world.



Chapter 5

Extra Forces in the

Randall-Sundrum Model

The generalized Robertson-Walker metric (2.41) has been used in Chapter 6. Be-
cause of the homogeneity and isotropy of the extra coordinates (guaranteed by con-
formal transformations), the extra force is constant in time (to the first order of

the rate of the change of the size of the extra dimension), and the deviations of the
4D trajectories are in general linear with time. The periodicity of the compactified
extra dimensions does not show up in the deviation. If we are to simulate some fluc-
tuations in our models, it may be preferable to introduce some periodic deviations.
Therefore, we want to work with some metrics describing inhomogeneous extra di-
mensions. The Randall-Sundrum metric is one of them because the fifth dimension
is warped.

In this chapter, we will examine the effects of the extra force in the Randall-
Sundrum model on théD trajectories. As in Chapter 6, we need first to solve for
the trajectories in the Randall-Sundrum space-time so as to examine the behavior
of the extra force in this model. In Section 2.5, the setup of the RSI scenario has
been reviewed and the corresponding metric has been obtained. As we have seen
in Section 3.5, no extra force can be detected when the dynamical variables are
expressed in terms of tH® proper time or the coordinate time. Therefore, we will

slightly modify the metric such that a coupling between the extra dimension and

55
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the ordinary dimensions become possible. Notice that we will also assume that an
4D observer can see ti® particle regardless of its position in the fifth dimension.

In Section 5.2, the particle trajectories are solved in some short time limits. Then

we will focus on the trajectory fluctuations embedded in4Betrajectories due to

the unobserved extra dimensional motions in Section 5.3, and we will show how

the evolution of a free wave packet is modified. Finally, in Section 5.4, we have a

short discussion on how the periodic fluctuation depends on the inhomogeneity of

the warped extra dimension.

5.1 Model Development - Evolving Extra Dimension

In order to introduce extra forces in the model, a coupling between the extra di-
mension and the ordinary spacetime can be made by a simple generalization of the
metric (2.48). The experience in dealing with the generalized Robertson-Walker
metric suggests that a time dependence of the size of the extra dimension can be
introduced in (2.48):

dS = e 20WI9lp |, dxHdx’ — b2(t)dg?. (5.1)

The payoff of this modification is that the classical action holds only if it satisfies
some adiabatic conditions. Indeed, the Einstein equations derived from the metric

(5.1) are given by

2 _ ge* h2 _ t_) — _L
T <Ub k) ~ T 2avke 5.2)
: Vi Vhi
2 ~2kbo _ "n_ vis . hid
b2 (kb— o)+ 0o a0~ T+ o5 O

To go further, two assumptions will be made: {ie?® | ob? — b/k| < —A/(24M3K?)
and (i) the contribution of the singularity comes from the second derivatiog @f.

Therefore the stationary solution Eq. (2.48) holds, and the adiabatic criteria are

b .
10 2lg| - g7

<1 and bzez"b“”“kb—|(p|‘<< 1. (5.3)
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These two conditions must be satisfied simultaneously throughout the evolution.
Particle trajectories in the Randall-Sundrum braneworld will be examined. As-

suming one ordinary dimensiofthe equations of motion are given by

2 2 _
I Kblg (dt) (3‘> +e2kb¢bb(d_‘£’) B el
@ a8 d$ dSds
d?x dt dx dxdg
2kb 2kb 0,
0@ 2?4505 **¥a5as ~

?¢ _bdidg k dx dt
2 g e (&)
a&@ "“badas b a5 a8 ’

wheres,, is the sign function
1, ife>0;
= .
-1, ifp<O.

In terms of the coordinate tinte
% = kb| | (1 — x%)x 4 bbe?Pl¥l 2%, (5.4)

o+ 2kbs, P — Esq,eZkb'""(l— 2) = —2g¢— Kb| 9] (14 52) -+ b ebi#! g3,
(5.5)
The energ)E of the particle is an adiabatic constant of motion

eﬁkb|¢||\/|502
N V1= (X2 + e2Bolp2e2) /2’

whereMs is the5D mass. The physically measurable velocity in the extra dimension

(5.6)

is given byv,, = €®%bg.

The coupled set of Eq. (5.4) and Eq. (5.5) is highly non-linear, and it is difficult
to find its exact solution in general. Thus it will be solved by successive approxi-
mation in the first power of the derivati\ie{t) under some appropriate short time
limits. For sufficiently slow varyindp(t), the energ\e is a quasi-constant of motion
which proves to be very useful in determining the motions of the particle.

Our goal is to find the approximate solution fdt) up to the first power d(t).

It suffices to solve forp(t) by simply setting) = 0in Eq. (5.5) and takingp(t) and
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Figure 5.1: The phase plot fas(t), with k = 20, bg = 0.01 andXp = 0.01c. The
vector field is defined as—1(¢, V), N being the normalization constant. One phase
path (narrow) passes through the pdintt, 0.9c) and the other phase path (thick)
passes through the poift 11,0.6c).

X(t) as the initial value®y andxg respectively. Eq. (5.5) can then be written as

pettier IV _ Spkb(1— 52 — V2

- 2). (5.5")

A phase plot described by Eq. (5.5") is shown in Fig. 5.1. The vector field is
defined aS\I—l((p,\'/(p), N being the normalization constant. An attractor is located
at (+m,0). Only two kinds of motions are possible: in the low energy regime (to
be defined in the following paragraph), the particle oscillates aréttd0); in the
high energy regime, on the other hand, the particle could run through the whole fifth
dimension unidirectionally. A particular example for each regime is shown in Fig.
5.1.

The critical condition that separates the oscillatory and monotonic regimes of
the motions could be found from energy consideration. Right at the critical energy,

the particle becomes motionless at the hidden briaeep = 0 at @ = 0. Thus, in
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the limit of b = 0, the critical energy is given by
e*kbo‘%||\/|5c2
1%

An energy slightly smaller thaB, would result in an oscillatory motion and oth-

(5.7)

cr —

erwise a monotonic motion.

These conclusions are consistent with what we found in the quantum mechan-
ical calculations (Section 2.5). It has been found that the Kaluza-Klein modes are
peaked near the visible brane, and thus the Kaluza-Klein excitations are most likely
to be found there. By the correspondence principle [45], it is expected that the

classical particle should spend most of its time in the region near the visible brane.

5.2 Classical Particle Trajectories

Eqg. (5.5) can be solved fop(t) in the intervalg—rt,0] and [0, 77}, which are dis-

connected in the phase space:

_ Se
p(t) = %ln g(k(t—to)), (5.8)
where
9(0) = (1-3§) 2+ I (Il 4 25, ¢ (5.9)

for some reference ting, and the suffiX0 denotes initial values at the momegt
The initial values must be modified each time when the particle enters the intervals
from the other in the extra dimension. The correspondiftgin the first power of

b is given by

- so{1+ g a(kt—t0) Ing(K(t—t0)) }
X(t) = 1+ bobog @@ : (5.10)

The initial conditions must also be modified accordingly wigegnters into the two

intervals. This expression is accurate provided the whole factor multipkgng
close to unity. Thus this defines the short-time limit. The trajectotiesin the

ordinary dimension can be obtained directly from the integration of Eq. (5.10).
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We would like to extend the solution Egs. (5.8) and (5.10) to the whole time
domain (within the short time limit). Let the time of referencetpe: 0. Two cases
will be considered: (i) FOE > Eg, The latest momertiis when the particle is at the

visible brane can be solved from the root of the following equation:

\/(1_ %) [(m—®) — 1] +12 — |vg)
s%s(h)e*ktb\%m(l_)'(g)

(5.11)

tvis =

Similarly, the latest momerttig when the particle is at the hidden brane can be

solved from

(1—x3) [ tolew| — 1] +v2% — V|
s%sdbe—kbolmk(l_ X(Z))
Either of these quantities is negative and the other positive. The period of motion

thid = (5.12)

for ¢(t) is clearly 1y = 2|tyis — thig|- (i) For E < Eg, the turning point is reached at

the time
t s, ekbo\%l‘\,%‘
hid =
| P k(1-%3)

where the time is still suffixed by “hidden” for convenience. The period in this case

(5.13)

is double of that in the previous case,

(1—5@) [eXbollm—lel) — 1] +v2
e kKbol®lk(1—x3) /4

@(t) in the limit of b = 0 can now be written in terms of the coordinate-time as

Ty = 4tyis — thia| = (5.14)

010) = S o Ing(KA(1), (515

whereA(t) is a triangular wave function defined by
Ty
Alt) = ‘ ((t ~ta) Mod rq,> - ?' Ft,

wherety € Max{thig, tvis} > O is the shortest time after a reference time 0 when
the patrticle arrives at a brane (either visible or hidden) or the turning pointyand
Min{thig,tvis} < O is the latest time before= 0 when the particle passes through
the other brane or the turning point. The value of the time derivaﬁ(\‘/ﬁis either

+1 or —1, with the initial value chosen always to hel.
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X(t) for all timet correct to the first order ib is given by

%o{ 1+ boar n(t) + 2Kt (kA(1))] |
1+ bobo e Dol !

X(t) = (5.16)

where
(Z) = e 1900 (NG(0) — 1) — I (k|| 1)}
and
a = 2k|W (k) — ' (kt)] .

n(t) is the floor function (i.e. the greatest integer of the given independent variable)
defined by

Tx

(0 = | 1572+ Bt

wheref(x) is the Heaviside step function

G(X){ 0, x<0;

1, otherwise.

Due to theS; /Z, symmetry, the periody observed irx(t) is
Tx = 2|tyis — thid| (5.17)

irrespective of the enerdy. Sinceh'(kthig) = O for both energy regimes, one gets

a= 2nekb0|‘ﬂo‘\/(1—>'<3)[e2kbo(ﬂfl(m\>—1]+v§m. (5.18)
The short time limit can be written explicitly as

t X (5.19)
boa

Another integration ok(t) gives

xo{t +b[arxn(t) (t‘# - %) + h(kA(t))} }
1+ bbgn e @l

X(t) = Xo+ (5.20)

Two examples of the trajectories are shown in Fig. 5.2. These trajectories are
constructed based on the phase pathglnighlighted in Fig. 5.1.
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Figure 5.2: Two examples of particle trajectories in an Randall-Sundrum world
corresponding to the phase paths in Fig. 5.1. Narsgyv= 0.9c. Thick: v, = 0.6c.
Both start atpy = —mandxp = 0.01c.
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Discussion

The effect of the extra force ax(t) can be understood as follows. From Eq. 5.4,

the extra force is given by
b 5 .
Fex= ¢ [kb|(p|(1—x ) +V3| % (5.21)

This extra force is parallel to its ordinary velocity As in Chapter 6, the extra
force seems to be dependent on the choice of reference frames (whexg be
different) [31]. In the approximation up to first order [nfFex can be evaluated by
using Eq. (5.8) and by takingas a constant since the ordinary dimensions are flat.
The quantity inside the square bracket is always non-negative. That means, whether
the extra force causes acceleration or deceleration on the particle depends only on
the sign ofb. Supposé) > 0. When|g| decreases from, the phase plot (Fig. 5.1)
suggests tha% always decreases, and so does the quantity inside the whole square
bracket. Conversely, i grows towardsrt, the quantity inside the square bracket
increases. Thus, the rate of increasg(in is greatest ap = rrwhile it is smallest at

¢ = 0 or at the turning points in the extra dimension. In other words, the extra force
behaves like a sinusoidal periodic force, atit) evolves in a way like the step
function if x(0) # 0. Similar conclusion can be obtained directlybitc 0, but in

this casex decreases with time like the step function. Obviously, the step-function
behavior ofx implies that we can decomposéto a linear trend and a see-saw like,
periodic function. We have already seen the linear trend in Chapter 6. This linear
trend is due to the evolution of the size of the extra dimension. The see-saw like,
periodic function is something new. This is clearly because of the inhomogeneity
of the extra dimension, in which the velociy varies with the extra coordinatg

so as to keep the terne ("% /,/(1—%* —v2)) constant (since the total energy is
constant up to first order dn) Similar arguments suggest that there is also a second
order trend plus a see-saw like, periodic functiox().

Thus, in the first order ob, X(t) can be decomposd into an initial valug a
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linear trend and a very small oscillatory component:
X(t) = X0+ X () -+ Yosdt) (5.22)
where the linear dependence is given by
X, (t) = boarxgt /Ty, (5.23)
and the see-saw like oscillatory component is given by
Xosc(t) = boko { al& (t) + 2kH (kA(1)) } (5.24)

with & (t) = n(t) —t /1« being a see-saw function with periad which is also the pe-

riod of A(t). Eq. (5.23) and Eq. (5.24) both depend on the initial conditigyand

@, and the parametefsandby. As time evolves, it is obvious that the linear part
becomes dominant. The average value of the accelergtipoan be characterized

by the slope ofk(t), i.e. the dimensionless quantityya /1x, which is a function

of kbp and its values are shown in Fig. 5.3. It is remarked that wBen E,

(i.e. when the particle is unable to pass through the hidden brape),7x has the
constant valukbor(1 — x2). It is clear from Fig. 5.3 that for large value ki,

boa /1x in most of the parameter spapg, vg,) takes up this constant value. Thus
we will see in the next section that a particle moving freely in a five dimensional
Randall-Sundrum world (as observed by observer) always experiences a con-
stant extra forcetkboxo(1 — x¢)/c. This extra force depends on the initial velocity

of the particle and is thus very similar to the magnetic force on a charged particle
with a cyclotron frequencgB/m = nkbo(l— >'<§)/c. The oscillatory component
would then present some sort of fluctuation on the observed trajectory. Such fluctu-
ations appear completely random for repeated experiments with identical settings in
the ordinary dimension since the initial conditiogsand g, cannot be determined

in the laboratory. In the same toketit) can be decomposed into four parts:

X(t) = Xo +Xot +Xq(t) + Xosc(t), (5.25)
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Figure 5.3: The values @ha / 1y in the parameter spags, Vg,. 1000 sample points
were chosen by randomizing andvg, in the intervalg—r, 1} and[—c, c| respec-
tively. The contours are created after triangulation of the sample points. Filled area
represents the parameter space wikereEq. Lower: kly = 4; upper:kiby = 0.2.
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where

Xq(t) = )-(Oboﬂt(t — 2thiq)

S — Xobobo g e I ®lt, (5.26)
X

and the see-saw like oscillatory component

(- lis n(t);t_l} +h(A(t))}. (5.27)

Xosc(t) = bOXO{O{TxE(t)[

Tx
Again, for E < Eg, the coefficient of the quadratic term ig(t) is constant at
boar /T4 = kb (1 — Xo).

The most interesting case occurs wiben 0. In this case, the phase lisie= 0 is
unstable, and we have to consider the evolution of the density functions in the phase
space [50]. Asin the previous chapter, we will assume that all initial conditions have
distributions around some mean values. The standard deviations or uncertainties
of these initial conditions form phase space volumes, and the evolution of these

volumes will resemble the evolution of the wave packets in quantum mechanics.

5.3 Unobserved Motions in Extra Dimensions

Assume that @D observer can see tf® particle, regardless of its position in the
extra dimension. This is different from the basic assumption in brane theories that
a 5D particle can only be seen when it is confined in the visible brane. As in the
last chapter, we will randomize the initial conditions %o, @ andg, and we will
obtain a formula governing the spread of the wave packets of a free particle. Eq.
(5.16) and Eqg. (5.20) show that if the initial conditiogsand @ are randomized,
X(t) andx(t) would show deviations from the usutlD trajectories, and they must be
described in some probability distributions. Before proceeding to the calculations,
we need to determine the distribution functions for the extra coordinates.

Again, consider the&lD rest mass, which is related to tb® rest mass in the

Randall-Sundrum model by
e_krb‘(m |\/|5

d )
\/1_ 26210/l (42)2

Mo = (5.28)
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whereMs is the5D rest mass. In the non-relativistic limift) < 1, whenceds= dt,

mp is equivalent to the total enerdy in Eq. (5.6). Thusj is a constant and is
determined from the initial conditions of the extra coordinates. Again, in order not
to contradict to our observations about #i@ rest mass, we require thag and

@ must be peaked around some definite values and with very narrow width of the
distributions. From the trajectories solved in the last section, we knowgtkatt

is a stable point in the phase space, and thus the particle can stay in the proximity
aroundp = 1. On the contrary, there is no stable point arognrd 0, and the particle
cannot stay aroung = 0. Thus we may assume th@j is gaussianly peaked at

with an uncertainty (standard deviatiahgy < 1T
1 %

) = o -,

\J2mngE 28¢5

Furthermore, in the largkly limit, the particle will mostly oscillate aroung =

} . (<) (5.29)

unless it has enough energy to pass through the hidden brane. Therefore, it is natural
to assume thafy is gaussianly peaked at zero with an uncertalify < 1, which

has the same form as given by Eq. (4.12):

V2
Ripo (Vgo) = xp{ al } . (Avgo < 1) (5.30)

2mA2, 20V,

Essentially, we are considering only cases where the particle performs oscillatory
motion around the visible bran& < Eg.

Under these probability distributions, the mean value ofheest mass is

—k
e rb“lb||\/|5

/ 2
1—v§00

8 (1 7o K20
- M5<1— kboﬁ/";’), (5.31)

where
2 [z 2
Erfc(z) = 1—7—_[/ ezdy, (5.32)
0
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and the approximations are made by the assumptionatihaliv, < 1. All terms
of orders higher thaAg, andAvy are ignored. Similarly, the uncertainty of thB

rest mass around the megm is given by

2
e*kerb‘M
AN = / Payd RV (1—5 2

2
_V(pO

= M2K?b3Ag8 <1— 721)
~ MoKZb3A @ (1 - %) , (5.33)

where the last approximation is made upﬂrpg. Thus the4D rest mass is most
sensitive to the distribution agy.

In the following, we develop a parallel treatment as in Chapter 6. We first con-
sider the case where ondy and ¢, are randomized, and see how the final position

and the final velocity in the ordinary dimensions distribute.

Case 1:Axg =0, A% =0, @ # 0 and @ # 0.

Since the probability ofp and @ ensures the total energy being lower than the
critical energy Eq. (5.7), the linear trendxit) and the quadratic trend aft) are

fixed, and only the oscillatory components vary withand g,. These oscillatory
components are responsible for the uncertainties in the measurements if the system
is allowed to run for a time much longer than the period of oscillatjorin the large

kbo limit such thate®™ > 1, the period ofose (Tx)guy,, is Of the orde®™/kc

if xo < 1. For example, ifkbh ~ 10 andk is of the order of the Planck scale,

(Tx) oy ~ 1031 s. Thus the period is too short that these oscillatory components
appear completely random in nature and the occurrence of their possible values can
only be described by probability distribution function. We define the expectation

value of a physical quantitly by

(F(O) gy = / Pad@Rdveo[F (1) —Fosdt)] (t>T)  (5.34)



Chapter 5 Extra Forces in the Randall-Sundrum Model 69

after the randomization ofyy and ¢, wherePy,, andR,, are given by Eq. (5.29)

and Eq. (5.30) respectively. The oscillatory componer @& eliminated from the
expectation value. Since the oscillatory components are to be taken into account as
the source of experimental fluctuation, the uncertals#yis defined as

2 . {+1y 2
aF?= im [* / PR @Ve0 (F (t) — (F (1) gu, ) - (5.35)

{—

so that the uncertainty is of the order of the amplitud€g#(t).
In the non-relativistic limitxg < 1, the mean value of(t) is given by

(X(t)) pvp = X0+ Xot (1 + @t), (5.36)

where we have made used of the fact tft@ir / 7x) v, = kbort and (thia) g.v, = O.
The equality is made with the short time limit;1 > mkby. The uncertaintyAx
comes from the oscillatory componexysc and it is approximately equal to the

amplitude ofxosd(t):
AX = boxoa Ty = Kb T2 ~ TibgXoe?™ /kc?.

It is important to notice that in the short time limit, the uncertainty is constant in
time. An example of the probability distributionsxit) is shown in the lower figure
of Fig. 5.4.

The momentunpy is defined asngx, wherenmy is the4D rest mass. Its expecta-

tion value is just the product gfmo) v, = Mo and(X(t))gv,:

(px(t)) = kao(1+ kbont). (5.37)

The uncertaintyApy is contributed from botlAmy and Ax, whereAx ~ boxoa ~
Tthoxoe®™ /c:

Ap2 = X(t)?Amg + BAKZ = XEAME + MBAXZ + 27tkboAMgsat .

which has a linear time dependence in the short time limit.
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Figure 5.4: The probability of getting a particular value of Xg): and (b)Xosc In

Case 1. The result is simulated by superimposing 2000 trajectories after an evolu-
tion for a time much greater than the period(a);>¢7v¢ with randomly chosem

@. 100 bins are used in the range shown in the figure. The area under the curve
is normalized to 1bg = 1073%m, by/cly = 10719 m~1, kiyy = 10 andxg = 0.01c.

The most probable values of the fluctuations are found near the maximum values,
where the rates of change xjsc become zero. The widths of the distributions are
given byAx andAx respectively.
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Case 2:Axg, AXo, @ and @ # 0

Sincex = 0 is an unstable phase line in the phase space Whe®, it is more ap-
propriate to consider the evolution of the phase space volumes around this unstable
phase line. We assume th&ty andAxg # 0, and we randomize the extra coordi-
nates at the same time. It is straightforward to extend the previous calculations if
AXg # 0 andAxp # 0. We are interested only in the uncertainties. ¥o,
b%e4kbrr

DX(t)? ~ AR + A <t2 + W)'

(5.38)

The second term in the bracket comes from the oscillatory compog&(tt). For

Px(t),
Apx(t)? = ApZy (14 27ikbot ) . (5.39)

where ai2
. p2e2kbon 2
Ap2, = TRAKE [1+°C—2+k2b3A<p§(1— %)] (5.40)

The second term in the square brackehpfg are due to the oscillatory component
of Ax(t) and the third term is due to the variation of #@ mass.
Hence the produdix(t)?Apx(t)? evolves with time as
2 2 2 DPo,2 ; > DPo,2

20 pyo

+ [kzb(%A(R%(l—l—ZTﬂterW%

A 4 ) kbrr
Pro < ”bﬁizz ) . (5.41)
where
h3 = AXGAPZ,. (5.42)

ho is required to be non-zero since we are considering the evolution of the phase
space volumes around= 0. Eq. (5.42) is analogous to Eq. (4.27). This equation

is evaluated up to the first order bp. The third term on the right hand side is a
correction term which is proportional tdg. Again, kby is of cosmological time

scale, and thus Eq. (5.42) essentially reproducH3 fiee wave packet in the short
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time limit. The fourth term comes from the mass distributiomgfin the definition
of px, and the fifth term is due to the oscillatory compornesit).

Eq. (5.42) provides a classical test©d particle kinematics. Compared to
Eq. (4.27), the last three terms on the right hand side are the correction terms of
the usual evolution of a free wave packetrij is taken to be the rest mass of the
particle. Sincéng andApyo are measured in the beginning of the experiment, by the
spread of the wave packet as variables of the coordinatettithe two coefficients
of three correction terms can be used to solvelN@s, by andbo, with klbg ~ 10in

order to solve the Hierarchy Problem.

5.4 Modification of RSI model

From the RSI model, the following observation has been made: the fluctuations in
trajectories in the ordinary space-time due to the extra dimensional motions can be
realized provided that the extra dimension is inhomogeneously compactified and
that it is evolving. This is completely different from what is obtained from the gen-
eralized Robertson-Walker metric, in which no such fluctuations are found because
the extra dimension is conformally flat. Therefore the periodicity of the fluctuations
is due to the inhomogeneity of the extra dimension. It is desirable to examine the
effect of inhomogeneity in more detail.

In this section, a modified version of the Randall-Sundrum metric with ad-

justable inhomogeneity of the fifth dimension will be employed:
dS = e KOO (2 _ (y@) — b2(t)d¢?, (5.43)

wheren serves as a measure of the inhomogeneity of the extra dimension. The
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equations of motion in the time coordinate are given by
5 =Pl CONPph 2y 1 kb(1 - x2) xcosng, (5.44)
o+ ZE(p = n—t:(e‘z“bcosn“’(l —%?) sinng + 2nkbg? sinng (5.45)
+ e2KPeOPhing3  kb(1+X%) pcosne,

and the energy in such a scenario is defined by

e—kbcosn(p
E= \/l %2 _ eZkbcosn(prq)Z'

(5.46)

To calculatex(t) up to the first order ifb, only the leading term of(t) is needed.
That is, ¢(t) will be solved by settind = 0. The general features af(t) can be

examined from its phase plot. From the equation of motion,

. .
bekbcoan)% — —nkb(1—X*—vg)sinng and |v, = bd®**Mg| <c,

which has the same form as that of the pendulum under gravity. Fig. 5.5 shows an
example of the phase plotsf versusp. The vector field is defined eN;‘l(qb, \'/q,),
whereN is the normalization constant. Generally speaking, attractors are located
atg = +tj2mr/n, wherej = 0,1,2,.... Near the attractor, wher@~ +j2rm/n and

Vp < 1, oscillatory motions ofp result. For a sufficiently low value of the product

n =kband high speed, ~ c= 1, ¢ grows linearly with time. Thus the equation of
motion for ¢(t) can be solved approximately for two redgmthat are disconnected

in the phase space.

As in the Randall-Sundrum model, there are two kinds of motion in this mod-
ified scenario. Namely, a particle either performs a unidirectional motion across
the whole extra dimension or oscillatory motion in the vicinity near the points
@ ~ £j2mr/n. The critical condition separating these two regdrcan be deter-
mined under the condition in whicfy = 0 at ¢ = +j2r/n(j =0,1,2,...), where
the corresponding energy is

—2kb
Ep— o _ (5.47)

1%




Chapter 5 Extra Forces in the Randall-Sundrum Model 74

Figure 5.5: The phase plot fag, = be®°S®¢ versusg with n = 3, k = 10 and
b=0.0L
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Thus, if the energy of a particle excedtlg then the particle could get across these
potential barriers and thus can travel to everywhere in the extra dimension; other-
wise, the particle would perform oscillatory motions.

Supposé < Eg. Without loss of generality, only those periodic motions around
¢@ = 0 will be of interest in the following discussion. An approximate solution
for which ng < 1 can be obtained with the assumption tiggt) ~ sin(wt + o).
Substituting the sinusoidal solution into the equation of motion and keeping only

the lowest order of harmonics of the periodic motion, one finds

@(t) = @cosunt + %sinwht = ¢nsin(wnt + an), (5.48)
where
‘kg 1 ®
— + ==, Op=tan - ——, 5.49
on \/ @ 2 n P (5.49)
and

wnh=n(1+ b 5

Thus the period of motion in the extra dimension is roughly inversely proportional

nzkbqg)% \/ ke 20(1—52)  Kbgg

to the degree of inhomogeneity An approximation fox(t) up to the lowest order
of harmonics can be found as follows. Eq. (5.48) is put back into Eq. (5.44). From

the Jacobi-Anger expansions

cogzsinf) = Jo(z) +2 z Jom(z) cos B,
(5.50)
sin(zsin@) = 2 Z bmi1(2z)sin[(2m+1)6],
m=0

and
e 209 _ |y(2) +2 Z Z) cosmo, (5.51)

where (n(2)) Jn(2) is them-th (modified) Bessel functions of the first kind. Eqg.
(5.44) can then be expanded into harmonic components. By assuming the trial

function x ~ A+ Bt 4+ Ct?> + DcogEt + F) and letting it satisfy the equation of
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motion, one finds, in the short time limit* > e2<Pcoshbhg? 1 kb(1—53) cosngy,
X(t) =Xo — %0 COS D + (X0 + 26n X SiN 200 )t + Ant? + % COS(20nt + 20tn)
(5.52)

where

An = %bbf(o{tpr%aﬁezkbb(ntbn) [lo(Zn) _ |1(Zn)] n 2kJo(n¢rE))(1_ 52) }

with Z, = —4kbb(néy), and

— %2
50 = —%bbxo{tﬁﬁez"b“b(“"’“) lo(gn) — 213 (¢n)| + 22N }

b
which characterizes the fluctuationxat). We note that in this regié the period
of fluctuation is given byrt/ wy,, which is half of that ofg. This is consistent with
the result in the Randall-Sundrum scenario. Moreover, the amplidudef the
fluctuations does not depend on the degree of inhomogemeity
On the other hand, if the energy of the partiBle> Eg, theng grows linearly

with time. Similar techniques described above and the identity

e 29 sing = z m(—1)™1m(2) sinmé
can be used to obtain an approximatiorpgf). From numerical experimengyt) ~
A+Bt+Csin(Dt+E). If C> 1 (i.e. yy > 1), the equation of motion is highly non-
linear and no simple analytic expressions for the consiss C, D andE can be
made. In the circumstances whe&e< 1, ¢(t) up to the lowest order harmonics

can be written as:

ot) =P+ pt+ h <S|n(n(pt+n(p) —smngo) (5.53)
where :
(1= x3)11(2Kb) + 2kb g
h= (4kbcosngy — 1)b2¢
and

Q= qb(l—%smn(m) and EZER)(l—yncoanb).
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The respective(t) in the lowest order of harmonics is

"
bb s0(2-+ &) lo(~2Kb)

X(t) =% — 6X cosng + [)'(o+ n@dX sinng|t +

4
+ OxX cos(nq_bt +ng), (5.54)
where
/ Xobb k i
oX =27 [2yn|0(—2kb) — (24 YD)a(—2Kb) + — (1— xo)} (5.55)
b

characterizes the fluctuations. We note that in this régtime period of fluctuations
is equal to that ofp (which is also consistent with the previous results), but the

amplitude of fluctuations is roughly proportionalgn?.

5.5 Summary

To conclude, particle trajectories in the Randall-Sundrum scenario are calculated
analytically. As in Chapter 6, we have also assumed théD @bserver can see

the 5D particle regardless of its position in the fifth dimension. Since the fifth
dimension is warped, the particle either performs a unidirectional motion across the
whole extra dimension, or oscillates in the vicinity around the visible brane. In both
types of motion, the trajectories projected into #ie ordinary space-time contain
oscillatory components, whose period is equal to the time needed to travel around
the extra dimension.

In order to make connection with the physical situations, we made use of classi-
cal wave packets in the extra dimensional space-time and compared their evolution
with those4D space-time. It is shown that the usual wave packdCrcan be re-
produced, with additional andt2-dependent terms, which provide a basis of the
experimental determinations of the model parameters.

Finally, the effect of the inhomogeneity of the fifth dimension is also exam-
ined. We conclude that the stronger the inhomogeneity is, the shorter the period of

fluctuation of thedD trajectories is.



Chapter 6

Comments on Extra Forces as the

Source of Quantum Fluctuations

Recall the motivation to examine extra forces in Chapters and for different kinds of
extra dimensional metrics was to seek to possibility of interpreting quantum fluc-
tuations as a consequence of extra dimensional motions. We did so by simulating
the spread of the classical wave packet in extra dimensional world and comparing it
with that of a quantum wave packet.

It is definitely not a new idea in seeking an interpretation for the quantum fluc-
tuations in classical theories. Bohm [51] suggests that the position of a particle
must be deterministic, but its velocity is described by a wave function satisfying
the Schrodinger Equation. This “pilot wave” configuration is able to predict, for
example, the result of a double-slit experiment and the collapse of wave function
[52]. Bohm’s theory is actually a hidden variable theory [53], which asserts that
non-locality in quantum mechanics is due to hidden freedoms which can never be
observed in laboratory. Since Bell's inequality [54] proves that local hidden variable
theory cannot exist, Bohm’s theory can only be a non-local hidden variable theory
ifitis true.

The extra coordinatg, or @ used in the previous chapters are examples of hid-

den variables. Their effects in the ordinary space-time can only be observed in terms

78
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of integrals over the whole range of the extra coordinate. The extra coordinate ob-
viously can only be a local hidden variable. It implies that it would be impossible
to simulate all the quantum phenomena with extra dimensions. But what we have
done in this thesis is trying to provide a fully deterministic origin of microscopic
fluctuations. It is by no means an attempt to replace the quantum description. The
interpretation of Bell's inequality or vacuum polarization in terms extra dimensional

physics would deserve investigation.



Chapter 7

Particle-Antiparticle Pairs as an

Observable Effect of Extra Force

It has been a classic result in the Kaluza-Klein theory of electromagnetism that the
Lorentz force law can be interpreted as the extra force whrharticle is moving

in the 5D Kaluza-Klein space-time [3, 12]. As we have seen in Section 2.2, the
electric charge of a particle can be defined from the canonical fith momentum.
This has an interesting implication because the sign of the electric charge may be
related to the direction of motion in the extra dimension. That is, a pair of particle
and antiparticle (two oppositely charged particles of the same mass) detected by a
4D observer could be the very same particle with different modes of unobserved
extra dimensional motion.

In this chapter, we want to explore the possibility of introducing antiparticles
based on the kinematics of a particle moving in a higher dimensional space-time.
To make the discussion self-contained, we first review the arguments, due to Paul
M. Dirac and Richard Feynman, that naturally leads to the existence of antipar-
ticles, and subsequently we review the definitions of the charge, parity and time
reversal operations in quantum field theory. We then review the definition of these
operations in the classical theory of general relativity. Then we will derive the ap-
propriate operations iBD Kaluza-Klein theory and try to apply these operations in

the combined model of Kaluza-Klein’s and Randall-Sundrum’s. We find that the
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combined model contains neutral particles that are very similar to neutrinos, which

are chargeless and have tiny massed ¢V).

7.1 Reasons for Antiparticles

The existence of antiparticles is one of the most successful predictions in theoretical
physics [45]. In order to solve the negative energy problem in the Klein-Gordon
equation, Dirac proposed the Hole Theory, in which a sea of electrons fills up all
negative energy levels according to the Pauli exclusion principle. When an electron
is excited from a state of negative energy to another of positive energy, the vacated
negative energy level (hole), called the positron, appears as an electron with positive
energy as well as positive electric charge.

Dirac proposed another relativistic equation that bears his name, and his equa-
tion is free from negative probability density by construction. It turns out that
Dirac’s equation is appropriate for describing particles with é)in!\ntiparticles
are already built-in in this equation, and their existence is a natural consequence of
the merging of quantum mechanics with special relativity [55].

Antiparticles play an important role in elementary processes such as particle
creation and annihilation in the microscopic world, where quantum description is
needed. The operation that changes a particle into its antiparticle is given by the
charge conjugation which flips the sign of the charge. It can be shown that an an-
tiparticle can be thought of as travelling in the direction of time that is reversed with
respect to that of its particle [55]. This is completely legitimate in the microscopic
world. There have also been some literature trying to obtain antiparticles from clas-
sical physics by making use of the negative solution of the proper time in the theory
of general relativity [46].

Feynman [55] gives a heuristic argument why antiparticles are the direct conse-
guence of a relativistic quantum theory. In his path integral formulation of quantum

mechanics, a particle can freely propagate between two points with any values of
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magnitudes of the momentum. In particular, since quantum mechanics requires
mathematically a complete set of states as basis, it is inevitable that a particle can
propagate with a speed greater than the speed of light, or in other words, its world
line may lie outside the light cone. Consider a particle moving in a space with a
potentiall. The second order perturbation can be represented by a scattering pro-
cess where the particle interacts withtwice at the vertices shown in Fig. 7.1. The
intermediate particle travels frofiy, x1) to (t2,x2) and the event occurs outside the
light-cone (a space-like event). In the experiment, we say that the patrticle travels to
(t1,X1), where it is scattered by. Then it travels tqty, x2) and is scattered again
byU. In Fig. 7.2, we can transform the space-like interval in Fig. 7.1 into another
space-like interval by a Lorentz transformation, after which the time direction is re-
versed. So far only the time is reversed. To be consistent with our intuition, we need
also to reverse the parity with the particle travelling fr@mxy) to (t1,x1), as in Fig.
7.3. This is completely admissible as long as the particle is chargeless since we have
no way to distinguish the direction of the time arrow microscopically. However, if
the particle has a chargg then Fig. 7.2 and Fig. 7.3 can be made equivalent if
the electric charge is conjugated. As a result, we would see in the experiment that a
pair of particle and its antiparticle with the same mass but opposite electric charges
are created aftp,x2) (pair creation) and then the antiparticle traveling(tgxz)
is annihilated by the particle (pair annihilation). Thus antiparticles are the natural
consequence of the Lorentz invariance of the wave equations in the quantum theory.
In the above argument, we have made use of three inherent operations: the
charge conjugatiof®’, the parityZ? and the time reveral’, and they are related by
the equality? .7 = €. We can also study the effects of the operatiehis?, .7 on
the photon [56]. Our goal is to see their effects on the scalar and vector potentials.

First of all, from the Gauss Law
O-E(t,x) = p(t,x).

Under the parity operatios”?, p(t,x) — p(t,—x) andJ — —[. Thus, in order to
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Figure 7.1: Second order scattering of a particle by an external potentidhe
intermediate particle goes frofty, x1) to (to, x2) with t; > t;.

Figure 7.2: Second order scattering of a particle by an external potentidhe
event is Lorentz- transformed from Fig. 7.1. The intermediate particle goes from
(t1,X1) tO (t2,%2) with t; > to.
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Figure 7.3: An equivalent description of the event in 7.2 by a charge conjugation
when the particle has a charge The intermediate particle now goes frdip, x2)
to (t1,x1) with t; > to.

preserve the Gauss Law, we require
2 E(t,x) — —E(t,—x).

In terms of the scalar and vector potentids;an be expressed as

E=-00— ‘;—At\,

which implies that

P P(t,x) — D(t, —x), A(t,x) — —A(t,—X). (7.1)
Similar arguments show that

CP(t,x) — —P(t,x), A(t,x) — —A(t,X); (7.2)

T O(t,x) — P(—t,X), A(t,x) — —A(-t,X). (7.3)
Lastly, we note that

PITA(t,x) = A (—t,—x) and FAH(t,x) = —AH(t,x). (7.4)

whereA! = (@,A). Since? .7 = ¢, we must havé\! (—t, —x) = —AH(t,x). Fur-
thermore,
Fh (—t,—x) = Fh(t.). (7.5)



Chapter 7 Particle-Antiparticle Pairs as an Observable Effect of Extra For8é

7.2 Attempts in Classical Physics

Costellaet al. [46] show that antiparticles may also come out naturally in classical
mechanics. First of all, they notice that in the four dimensional theory of special
relativity, the proper time is defined through the line eleméstt= n,, dx*dx",
wherenyy is the Minkowski metric diagl,—1,—1,—1}. Obviously, the proper

time can only be defined up to a sign:

dS::I:\/I’]”VdX“dXV. (76)

Conventionally, we take the positive root such that the proper time runs in the same
direction as the coordinate timend that the particle always gets older. For exam-
ple, for a stationary particlels= d>x0 = dt as required by our daily experience. On

the other hand, Costelkt al. conjecture that a particle whose proper tidsruns

in the opposite sense dt is seen as an antiparticle with respect to “us”. They note
that there is no mechanism to change a particle into an antiparticle since they are
separated in disjoint regions in the forward and backward lightcones. To see how
their conjecture can be implemented in the classical theory, they introduced a set of

operations. Intuitively, the time reversal and parity operations can be defined as

Tt — —t,
_ . (7.7)
P X —-—X. (i=1,23)
With their conjecture, they further define the charge conjugation as
% :.s— —S. (7.8)

If the charge conjugatio# is applied to the geodesic equation, then one gets

d2xH A A
—d(—S)Z + raﬁ—d(_s> —d(—S) =0, (7.9)

which is just the original geodesic equation. Thus the antiparticle follows the same
trajectory as the particle. On the other hand, the Lorentz force law in a flat space

reads
d?xH y dx’
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If ¢ is applied to both sides of the Lorentz force law, one gets

d?xH g ax’
2=y (7.11)

or, equivalently,
d2xH p dx’
g~ s

Therefore, this equation of motion corresponds to an equivalent particle with negated

(7.12)

charge, which is just the antiparticle.
We also want to apply the combined operatigh7 to the Lorentz force law.

Clearly, 2.7 is the reversal of the four vectat:
LT xH— —xH (7.7

In order that the Maxwell equations be invariant under the operation (7.7’), we must
have [57]
2T FH () — —FH,(—x"). (7.13)

Applying this operation on the both sides of Eq. (7.10), we get

d2xH
“dg 1

dx’
F“V(—XV)E. (7.14)

We note that??.7 = ¢ only if AH is an even function, as in Eq. (7.5).

7.3 5D Kaluza-Klein Scenario

As pointed out, the Lorentz force can be regarded as an extra forceSb thaluza-

Klein space-time. Then we should be able to define similar operations (charge,
parity and time reversal) in a higher dimensional model. Our motivation comes from
the fact that in a flat compactified extra dimension, once the direction of pogitive

is defined, the particle may go either along or opposite to the directign &f/e

are interested in the following question: if the compactified extra dimension is not

homogeneous such that the directiongobecomes important, may we distinguish
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particles and antiparticles from the directions of their extra dimensional motion?

This question at least makes some sensBDnKaluza-Klein electromagnetism,

where the charge of a free particle can be defined from the particle’s kinematics.
The 5D Kaluza-Klein theory has been reviewed in Chapter 2. It starts with the

well-known metric which can be rewritten in the following form:
&2 = guudxtdx’ — (Audxt +rpdg)?, (7.15)

wherek is absorbed into the vector potenthg] and the size of the extra dimension
rp is written out explicitly. TheJ (1) gauge symmetry of the metric (7.15) can be

shown as follows. If the fifth coordinate is shifted by a functiofx):
@ — @+r, AKX, (7.16)
then the metric becomes:
d€ — guvdxtdx’ — { [Ay -+ IuA(XY)] dX + rodep}”. (7.17)
Thus the metric is invariant #; transforms as
Ay — Ay — OuA(XY). (7.18)

ThisU (1) gauge symmetry is due to the isometry of the extra dimension [4].

The equations of motion under the metric (7.15) are [12]

d2x# - dx dx u dxV
g TTwds as % v gs (7.19)
dx¥ do
Avgs FThgs = (7:20

wherea,, is the canonical velocity along the extra dimension and is a constant of

motion, andrFy,, is defined as

Eqg. (7.19) is analogous to the Lorentz force law. Thus, inGbeKaluza-Klein
metric, the extra force appears as #ie Lorentz force law. For simplicityg,, =

Nuv Will be taken.
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In STM theory, an extra forcé” (u =t,x,y,2) is named as an “anomalous fifth
force” if its scalar product with the four velocity* does not vanish:fHuy # 0,
implying that f# must be a non-gravitational force. The Lorentz force in Eq. (7.19)
satisfiesf#u, = 0. Thus it is not an anomalous fifth force.

The equations of motion also imply that whgn= 0,

d /dt dx¥ dt 1
d_S (d_s+ aq)Au) = aq)Av;OE and d_S = 1 Vz,

wherev = 4/ §;j dd—’fdd—’f is the magnitude of the 3-velocitgj being the Kronecker
delta. As a consequence, we may define the energy of a Kaluza-Klein particle as

Ms

Exk = + MsagAy,
KK v 53pA0

(7.22)

whereMs is the5D rest mass.
By comparing either Eq. (7.19) to the Lorentz force law or Eq. (7.22) to the
Hamiltonian of a particle in an electromagnetic field, one may want to define the

charge-to-mass ratio as

mo ’ ( )

wheremy is the 4D rest mass. In Chapter 3, we found the relation between the
4D rest massmngy and the5bD rest masdMs under the canonical metric. Similar
calculations give the relation between #i2 and5D rest masses under the Kaluza-

Klein metric (7.15) as follows:

M
My = > : (7.24)

2
2 (do
We now consider the weak field limit:

dx” do
AVE < rbd—s. (725)

In this limit, a, ~ —rp(dg/ds). In other words, the velocity in the extra dimension

(v = rpde/ds) andmy are approximately constants. The Lorentz force law (7.19)
and the charge-to-mass ratio in Eq. (7.23) can now be rewritten respectively as
d?xH u dpdx’

b Vd_s dS’
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and
q do ,
— = —rp—. 7.23
o~ s (7.23)
That is, in the weak field limit (7.25), the charge-to-mass ratio is completely deter-
mined by the kinematics in the extra dimension.
We are ready to define approprigte &7, and.7 operations in thé&D Kaluza-

Klein theory. The? and.Z7 operations are the same as in Eq. (7.7):

T t— -,
_ . (7.7)
P X —-xX. (i=1,23)
The charge conjugation can be defined as
C:p— —Q. (7.26)
Applying this operation to Eqg. (7.23’), one gets
D _g(_p 99\ _, d¢__4
%(m) _%( rbds) —fhgo =L (7.27)

The application of the composite operatighs to Eq. (7.19’) results in the same

equation (7.14). Thus we get an invariant Lorentz force law if Eqg. (7.5) holds.

7.4 Generalizations to Brane Theories

Kaluza-Klein theory is not a brane theory; indeed, th@) gauge field itself prop-
agates through the fifth dimension. In brane theories, in contrast, the photon is
introduced from an external Lagrangian, which has nothing to do with the underly-
ing geometry. It seems that these two theories are mutually exclusive, and we ask
if we could unify them into one single metric. There is a fundamental difficulty,
namely that thé&J (1) gauge symmetry inherent in the Kaluza-Klein theory is lost in
the Randall-Sundrum metric because of the warp factor. We thus make assumptions
below so that the features of both Randall-Sundrum and Kaluza-Klein models can

be retained: 1. Two branes are locatedpat 0 and ¢ = 1T, between which is an
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anti-de Sitter space-time; 2. When the electromagnetic field is weak enough, the
five-dimensional space-time is well described by Randall-Sundrum metric; and, 3.
The electromagnetic field is coupled with the gravitational field via Kaluza-Klein
mechanism.

Therefore, the metric we propose to merge the Kaluza-Klein and Randall-Sundrum

ones is as follows:
2
d& = e 29y, dxtdx’ — (e*ZKer"A,de“ + rbdgt)) . (7.28)

The size of the extra dimensiopis assumed to be constant. Thél) gauge sym-
metry described by the transformations (7.16) and (7.18) will no longer be appli-
cable. This broken gauge symmetry also exists in STM theory when the canonical

gauge is used [12]. The equations of motion under this metric are

dx’

d _ ok dx¥ _ ok L~ _ 2ok ~
d_é{e 2 rb\w\nwEJre 2 rb|(/’|Au p5} — @ 2mn|9| pBAWE (7.29)
and
dps _ —2krp| @| dx dx’ —2krp| 0| A dx”
i ksp€ Nuv @ ds ksp€ Ps Ay 9@ (7.30)
where
. dx’ d
Bs — e 2l0l A+ rbd_(g' (7.31)

We will assume again that the fiely, is weak enough that the second or higher
powers ofA,; can be neglected.

By finding the equation of motion fqd?x* /ds’), wheresis the4D proper time,
we obtain a kinetic term from Eq. (7.29) that is responsible for the electromagnetic

interaction:
Ll
Y'ds ds’

which has the same form as Eq. (7.19). In the weak field limit, this term can be

(7.32)

calculated by using the trajectory @ft) in the absence oh,. Such trajectory has
been found in Chapter 6, and it has essentially two types of motions: (1) the unidi-

rectional motions across the whole extra dimension and (2) the oscillatory motions
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in the vicinity of the visible brane, depending on the energy of the particle. Eqg.

(7.32) implies that one may define a charge-to-mass ratio for the particle:

q_, d®
=g (7.33)

wheregy(t) is given by Eq. (5.15), which is the functiag(t) in the absence o4,
andmy is the4D rest mass related to ti® rest masd/s by Eq. 5.28
e*krb‘(P‘MS
Mo = —
\/1_ (262Kl (92)2

Notice that the expression afy is very similar to the definition of enerdy given

(5.28)

by Eg. (5.6) in the RS braneworld scenario. Indeed, in the lkwé 1, whence
ds~ dt and,mg is equivalent tcE. Most importantly,mg is a constant throughout
the motion and is determined once the initial conditions are specified. The charge

of the particle can now be defined as

1
q= MSrbe—kl’bWbC:j_q;) ll_rgezkrbctbl (%)1 2_ (7.34)

We remark that our calculation is slightly different from Klein’s (but similar to

the calculation in STM theory [12]). Apart from the facter= /161G, Klein

relates the size of the extra dimension and the Planck constant to the electric charge

via de Broglie’s relation (cf. Eq. (2.21)), whereas we relate3Bemass and the

warp factor to the electric charge via the Lorentz force law (cf. Eq. (7.32)). In the

former case, quantum effect of the compact extra dimension is involved. In contrast,

the present work aims to investigate the possible explanation of charge in terms of

particle kinematics only.

There are three possibilities for the charge of a particle as defined by Eq. (7.34):

1. Unidirectional motion Withdd—‘@ > 0;
2. Unidirectional motion withdd—‘@ <0

3. Oscillatory motion such that the charge-to-mass ratio is rapidly changing its

sign.
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Similar to the discussion in the last section, the first two possibilities may be the
definitions of particles and antiparticles. At the beginning of each experiment, either
Possibility 1 or 2 is taken to be the definition of “positive charge” and the other
be “negative charge”, and vice versa. Since these particles perform unidirectional
motion in the extra dimension, their total energies must be greater than the critical
energy (5.7). In other words, thelD rest massesyy must be at least of order of the
5D rest massmg = Ms. Possibility 3 may be responsible for a neutral particle since
the sign of the charge is rapidly flipping (periagd~ e ™" /ck) with the average
zero. TheirdD rest mass must be less than Bi2rest massmy < Ms. We assume
that the same kind of particles with the saiMe are engaged in all of the three
possibilities.

Consider two critical cases: (1) the particle has just enough energy to perform
unidirectional motions. In other wordg,= E.; such thatlgy/ds=0atg = 0; (2)
the particle oscillates around the visible bragg({) ~ m).! In the former case,
mo = Ms whereas in the latter caseg ~ e X™Ms. We thus arrive at the following
conclusion:there is a mass hierarchy between charged and neutral particles in the
combined Kaluza-Klein-Randall-Sundrum model

Such mass hierarchy does exist in the Standard model of the leptons, in which
the neutrinos are chargeless and are believed to have extremely tiny masses. To
date, only their upper bounds can be obtained, which are highly sensitive to the ex-
perimental method$ . In the laboratory, tritiumB-decay experiments put a limit
on the mass of electron-neutrinon,, < 3 eV, measurements of muon momentum
in pion-decay experiments put a limit on the mass of muon-neutripo< 0.19
MeV; and tau-decay experiments put a limit on the mass of tau-neutyjpec 18
MeV [58]. More stringent limits are found from cosmological observations (Refs.
[59, 60] and references therein). These observations are sensitive to the sum of all

light neutrino masses, thus providing the upper bounds for each of them. Recently,

In both cases, we keep< 1.
2The weak eigenstates and the mass eigenstates are not distinguished in this context.



Chapter 7 Particle-Antiparticle Pairs as an Observable Effect of Extra Foré8

Goobaret al. [59] derived from the most recent data of the cosmic microwave back-
ground (CMB), the large scale structure of galaxies, and Type la supernovae that the
sum of all light neutrino massesisn, < 0.62eV (95% C.L.), and they also derived

from the Lymane forest that the sum iEm, < 0.2—0.4 eV (95% C.L.). Fukugita

et al. [60] also constrained from the WMAP-3 data the neutrino nzasg < 2 eV

by assuming the flaACDM model with power-law adiabatic perturbations. In any
case, cosmological observations suggest that the neutrino masses are of the order
less than 1 eV. But this poses a mass scale hierarchy between the neutrinos and the
charged leptons, whose masses are of atdet000MeV.

In 4D theories, the see-saw mechanism has been used to solve the neutrino mass
problem, in which the neutrinos are chiral, and the neutrino mass is suppressed by
the ratio of the Dirac mass to the Majorana mass terms. The right-handed neutrinos
are naturally decoupled from other matters, thus explaining the parity asymmetry
[61]. On the other hand, in the Randall-Sundrum scenario, the neutrino mass is
suppressed by the coupling between the non-chiral, left-handed neutrinos localized
on the brane and a right-handed bulk fermion field. The suppression is provided by
the large overlap (due to the warp factor) of the amplitudes of the bulk fermion and
the brane leptons at the visible brane [11]. In the Kaluza-Klein-Randall-Sundrum
model of this work, on the other hand, a possible explanation of the neutrino mass
problem is given by the different types of the extra dimensional motion of a single
particle, and the suppression of e rest mass is given by the warp factor. This
result is remarkable because this model has raised the possibility that the charged
leptons and their neutrino partners (plus their antiparticles) are actually represented
by the same particle in 8D world.

To connect the above idea to nature, weMetin Eq. (7.34) to be the electron
mass, which i€9.511 MeV [58], and we set to be the electron charge Notice
that ¢n(t) anddgy/ds are periodic functions, and so are the charge-to-mass ratios

defined in Eqg. (7.34). However, the periods of motion in the extra dimension are
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too short that only the time average of the charge is measurable. We take the non-
relativistic limit x < 1, whence we haves~ dt. Then the time-average can be
evaluated by using the solution (5.15). We choose the initial conditionsgp &

andvg, = 07. Then the period of extra dimensional motiorrjs= 2e/k. Since

My = M5 in this situation, the time-average of the electric charge is (in Gaussian

units) 2
INn(1+4eXnT
<q>t - n( 4ekrbr[ )

where we have put badk = /161G, G being the4D gravitational constant, for

KMs. (7.35)

dimension consistency. TH® charge-to-mass ratio is then given by

(@)t In(1+4enm)
my 4T

(7.36)

which is independent d¥ls and is a function okr, only. Suppose we sety to be
the electron masse = 0.511MeV and(q); the electron charge= 4.8 x 10 10 esy,
then from Eq. (7.36), we can obtain the value&aof by putting back the numerical
values ofge andk. This gives

kry, = 2.66. (7.37)

Thus, to get back the empirical charge-to-mass ratio of an electron requires a sig-
nificantly smaller warp factor than the one needed to explain the Hierarchy Prob-
lem. The “Kaluza-Klein-Randall-Sundrum” (KK-RS) electron-neutrino mass in
this model is given by

my, = e K75 (7.38)

e

Sinceme = Mg, the ratio of electron-neutrino mass to electron mass is given by the
warp factor:
My,

—Ye — g KT 2% 1074, (7.39)
Mme

which suggests a mass hierarchy between the charged leptons and the neutrinos.
The empirical value i€ x 1078, which is a factor 100 smaller than that in Eq.
(7.39).



Chapter 7 Particle-Antiparticle Pairs as an Observable Effect of Extra Foréé

In Eq. (7.36), the Randall-Sundrum paramekgy has been used to tune the
time-average of the electric charge of a bulk particle. The same parameter is also
responsible for the neutrino mass in Eq. (7.39). Thus we have been trying to in-
terpret two phenomena with only one parameter. It is desirable to introduce an-
other parameter in the KK-RS metric so tha} is only responsible for the neutrino
mass hierarchy, and this new parameter would fine-tune the time-average of electric
charge.

Consider the following metric:
2
d&2 = e 2ml9lp |, dxtdx’ — (e‘gkrb“”‘A“dx“ + rbdqo> . (7.28")

This metric is identical to that in Eq. (7.28)df= 2. The new parameterserves as

a coupling of the electromagnetic field with the Randall-Sundrum field. The greater
the value it is, the stronger the coupling is. In the weak field limit where second
or higher order terms oA, can be neglected, thtb rest massry is given by Eq.
(5.28) and is independent ef By exactly the same argument in the above, we find

that the charge-to-mass ratio can be defined as

9 2-ekne B .
o r,e s’ (7.23")

where gy (t) is the trajectory in the extra dimension whap vanishes. Then the
time-average of the electric charge for a bulk particle, with the critical engggy
andx < 1 such that it is just able to perform unidirectional motion in the extra
dimension, is given by (in Gaussian units)

1— (1-+4e?om)t =3
2(s —2) &nr

<q>t = KM5. (7.34")

Eq. (7.34”) reduces to Eq. (7.34) when= 2. Similar to the discussion above, we
consider two critical cases where a particle is either oscillating around the visible
brane, or it has just enough energy to get across the invisible brane. In the latter
case, we get an electron widlid massme = Ms while in the former case, we get a

neutrino with4D massm,, = e "M,
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Now we require that the mass ratia,,/me = e KT to be the empirical ratio.
Clearly,me = 0.511MeV. We will take the cosmological upper bounds for the neu-
trino masses, which are of order 1 eV. Some extra dimensional models suggest that
the fundamental constants might be varying with the volume of the extra dimen-
sions as the Universe is evolving. Such variations have been constraim@dlh
in order to explain the discrepancies in the current observations between big bang
nucleosynthesis and WMAP [6]. Thus we assume that such variations have only
a tiny effect on the neutrino masses, and hence we take the cosmologically mea-
sured values as the current values. Since empiricallyme = 2 x 109, one needs
krp, = 4.18. Thus, as in the previous metric, in order to explain the mass hierarchy
between the electron and electron-neutrino, we require a smaller warp factor than

that for the Hierarchy Problem. Moreover, by requiring

£

<q>t B 1— (1+4e2krbn)1—2
me  2(e—2)ekmnT/k

to be the electron’s charge-to-mass ratio, we nd 1.55. The required value of

(7.40)

€ is smaller than 2, implying a weaker coupling between the electromagnetic and
Randall-Sundrum fields than the previous model.

To conclude this section, we found that charged and neutral particles may cor-
respond to two modes of extra dimensional motion moving fib&Kaluza-Klein-
Randall-Sundrum world. A mass hierarchy naturally arises between the neutral and
charged particles, where the ratio of the mass of the charged particle to that of the
neutral particle is given by the warp facterk™”. The charge-to-mass of the elec-
tron is given by its time-averaged extra dimensional motion, which depends on the
curvature parametedr, and the coupling strength between the electromagnetic
field and the Randall-Sundrum gravitational field. We have considered structureless
particles only. If the particle has a spB)then the particle would show a magnetic

moment [45]

_ a9
u—meS (7.41)

whereg is the gyromagnetic ratio. Thus, the charge conjugation flips the sign of the
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magnetic moment. This conclusion applies to quarks and leptons, which have no
internal structures. However, the present work does not account for the magnetic
moments for neutral hadrons, such as the neutron, and mesons, which are bound

states of quarks.

7.5 Summary

In this chapter, we have explored the possibility of introducing antiparticles based
on the kinematics of a particle moving in a higher dimensional space-time. We
have made use of the extra force, which is the electromagnetic Lorentz force, in
the Kaluza-Klein model to define the electric charge of a particle moving ibEhe
space-time. A set of charge-conjugation, time reversal and parity operations in the
extra dimensional world have been defined. We conjecture that charged particles are
the correspondence &D particles that are moving unidirectionally in a Kaluza-
Klein-Randall-SundrunbD space-time, while neutral particles are those that are
oscillating around the visible brane. A mass hierarchy naturally arises between the
neutral and charged patrticles, where the ratio of the mass of the charged particle to
that of the neutral particle is given by the warp factor. Thus, we have tried to explain
the neutrino mass problem by tuning the curvature pararkeieand the coupling
parameteke between the electromagnetic field and the gravitational field. This have
advantages over the previous attempts in explaining the neutrino mass in that we
don’t need to define a bulk fermion field which interact with the neutrinos, and we
also don’t need a see-saw mechanism. Rather, we have made use of the “coupling”
(described bye) between the electromagnetic field and the gravitational field, so
that we can explain the electric charge and the mass hierarchy at the same time.

In the present framework, due to tBg/Z, symmetry in both Kaluza-Klein and
Randall-Sundrum models, the particle should, in principle, be equally probable to

be positively charged or negatively charged. However, it has long been observed in
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the laboratory that nature is mainly made out of particles in the low energy config-
urations, which is termed as the particle-antiparticle asymmetry (see, for example,
[62, 63, 64] and references therein). Thus our model does not solve this problem
either.

Furthermore, the present framework is not able to give an account for the exis-
tence of the three flavors of leptons. We have only applied the model to the electron
flavor. Since the charges of all charged leptons are fixed at the electron charge while
their masses vary, Eqg. (7.34") asserts that we need different valuemofliffer-
ent lepton flavor. But this is unnatural because the background gravitational field

should be the same for all matters.



Chapter 8

A Summary of this Thesis

In this thesis, we have studied the classical particle trajectories in higher dimen-
sional models. To be able to examine these higher dimensional trajectories, we
have assumed that we can observeDaparticle regardless of its position in the
extra dimension.

In Chapter 6, the effect of the extra force 4 particle trajectories under the
generalized Robertson-Walker metric has been studied. We found that the extra
force is constant in time (to the first orderlnfthe rate of the change of the size of
the extra dimension), and the deviations of #fietrajectories are in general linear
with time. The periodicity of the compactified extra dimensions does not show up
in the deviation. The resultant spectrum of #iprojected trajectories obtained by
randomizing the initial conditions of the extra coordinates should be the one which
is really observed in the laboratory. We proposed a classical test by constructing a
classical wave packet 5D Friedmann universe, and we found the additional time-
dependent terms over the classical wave packet in the dBugpace-time, which
provide a basis of the experimental determinations of the model parameters.

In Chapter 6, particle trajectories in the Randall-Sundrum scenario are calcu-
lated analytically. The fifth dimension is warped, and we found two different modes
of fifth dimensional motions: the particle either performs a unidirectional motion

across the whole extra dimension, or oscillate in the vicinity around the visible
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brane. In both types of motion, periodic fluctuations of #feprojected trajecto-

ries are found, whose period is equal to the time needed to travel around the extra
dimension. We also compared a classical wave pack&Diwith that in4D, and

found the time-dependent correction terms. The effect of the inhomogeneity of the

fifth dimension is also examined. We conclude that the stronger the inhomogeneity

is, the shorter the period of fluctuation of #iB trajectories is.

Finally, in Chapter 7, we have extensively examined the extra force in the
Kaluza-Klein model, that is the Lorentz force law. We have made use of the fifth
dimensional momentum to define the electric charge of a particle moving in the
5D space-time. We have defined a set of charge-conjugation, time reversal and
parity operations in the higher dimensional world. We conjecture that charged par-
ticles are the correspondence 5 particles that are moving unidirectionally in
a Kaluza-Klein-Randall-SundruBD space-time, while neutral particles are those
that are oscillating around the visible brane. A mass hierarchy naturally arises be-
tween the neutral and charged particles, where the ratio of the mass of the charged
particle to that of the neutral particle is given by the warp factor. Thus, we have tried
to explain the neutrino mass problem by tuning the curvature parakrgtend the
coupling parameteg between the electromagnetic field and the gravitational field.
This have advantages over the previous attempts in explaining the neutrino mass in
that we don’t need to define a bulk fermion field which interact with the neutrinos,
and we also don’t need a see-saw mechanism. Rather, we have made use of the
“coupling” (described b)) between the electromagnetic field and the gravitational
field, so that we can explain the electric charge and the mass hierarchy at the same

time.
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