Ge/Ay 132
Problem Set #2 Solutions

1)a) A fit to the values for the fine structure splittings given in the table with the
expresson AE = AZ® is shown in figure 1a

From thisfit,
A=2.749x10% and B=5.54167

b) GivenA =533A O v =1885.25cm™,
and plugging into AE = 2.74%10% * 7>°467

=> /=26

So the possible sourcefor this line is the transition between states ?P5.° and 2Py,° for
ground level Fe X1V which is forbidden by eledric dipole and pue LS coupling
magnetic dipole.

¢) Inthermal equilibrium, Saha's equation gives

n(FeX1V) n(e) = 2gxv. [ZanekT] ¥2 % exp (Ip (X1 k) (D)

n(FeXl”) Oxn h
and
nFeXV)n(e) = 2 gy [2TMekT]1¥? *  exp (-lp (XIV)/kt) (2)
n(Fe XIV) Oxiv h?

i.e. for Fe X1V to be the dominant ion, we must have
n(Fe XIV) /n(FeXIll) > 1 and n(FeXV)/n(FeXIV) <1

So from (1) we have

ne > 2 gy [ZanekT] ¥2 % exp (-1p (X111)/kt) (3)
Oxin h

from (2) we have

ne > 2 oy [an\/lz_ekT] ¥2 % exp (-1p (XIV)/kt) (4)
v h



combine (3) and (4) and we have:

2axv [2TTM Kk T] ¥ exp (-1 p(XI1)/kt) > 20xy [2TTMok T] ¥ * exp (-1 p(XIV)/kt)
O h? Oxiv h?

Fe XIIl ground state*Py => g, =1
Fe XIV ground state *Py,° =>g, =2
Fe XV ground state 'Sy =>g, =1
n(e) = 1.2x10"° cm® IP (XIll) =361eV IP(XIV) = 3R eV
So we have
1.24x10° * exp (41892086 T) < T¥ < 1.24x10°* exp (4548993 T)
And the temperature should be
1.34x1CPK < T < 14510°K
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2)a) Photoionization rate:

ey :IVO (3/hv) o, av

o0

=f,, 107 (v /o)™ * 1/hv * 6.3x107 * (v vo)° dv

=2.38%10% st
b) assume photoionizaion is balanced by radiative recombination, then
nN(H) My = ap* n(H") n(e)
and n(H") = n(e)
n(HYay =Tp; (n-nHY)
NnHY =% {[ (Te ?/ay)+ 4n (e 2/an)] - (Te /an) }
here T = 8x10° K

oy = 1.8x10%° 727 = 35108 cm® st

i) for n=0.005cm™

n(H") = % 0 002.38x10™? (¥ + 4 * 0.005 * 12.3810% 007 - 02.38x10*?0 0
0 003.52x10%%0 03.52x10%00 0351000

n(H") = 0.004996
So x=n(H")/n=99.93%
ii) forn=1.0cm*

n(H") = 0.88434

x=nH")/n=8843%
iii) for n=2000 cm™

n(H") = 335477

Xx=nH")/n=1677%



¢) Inthermal equiulibrium, Saha's equiation gives

nHYNE) = 2agi. (2TMkT) ¥ * exp (-1p/ ki)
2

n(H) OH h
U
P (HY =2gi (2uMkT)¥* exp (-1p/ ki)
n(H) OH h
Since n(H") = x*n, n(H) =n(1-x)

and g=2J+1 [] Ou+ =1 and gy =2

So
X’n  * exp(-lp/kt) = 20 (2TTMk T)3?
1-x OH h?

Xx=99.33%, n=0.005 => T = 3450K
X=8843%,n=1.0 =>T =3450K
X=16.77 %, n=200 =>T = 3450K

For the three caes above, the temperatures ould all be aound 343 K to gvethese
various degrees of ionizaion.



3)Hel a 388865A
a) "Excited long-lived" lower state impliesthat decay is forbidden. this suggeststhat the
lower level is23Sor 23P. The large oscillator strenth implies that the transition from
lower level to upper level isallowed, hence atriplet-triplet transition, AL =+ 1.
b) In the optically thin limit, the equivalent width of thislineis:
Wy = A )Wy = A% ¢) * (1€’ mk) Nefy = (A% Nefy)/ 1.13x107°
A =388.65A fu=0.06446  Ne=3x10" cm?

%1
W, = ((3883.65)% * (3x10™) * 0.06446) / 1.13x10?°

=0.0002% A

for  Ne=3x10" cm? W, = 0.000259A

It fitsthe linea part of the arve of growth.

Use Ng=10"%cm? W, = 0.0086A
compare to the datain the table, the eror is 1.29%
Use Ng=3x10" cm? W, = 0.259A

compare to the datain the table, the aror is 37%

c) Seeattadhed Figure 3c for log W, vs. log N plot.

d) Using the figure plottedin )
for  Ne=3.31x10° cm?® W, =0.198A

if Wy isuncertain by 15 %, estimating from the figure, N is uncertain by 28 %.
for  Ne=1.29x10" cm? W, = 0.098A

if Wy isuncertain by 15 %, estimating from the figure, N is uncertain by 7 %.



for  Ne=7.74x10"2 cm? W, =0.050A

if Wy isuncertain by 15 %, estimating from the figure, N is uncertain by 4.3 %.

e) When W, = 0.8 A, corresponding N = 1.47x10"" cm™

if Wy isuncertain by 15 %, estimating from the figure, N is uncertain by 90 %.

Figure 3c:
Curve of growth for He | 38888.65 A for T, =12500 K
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4)Consider the sulfur ion S* with 3¢° 3p°:
The @rresponding terms are *S, D and *P
a) The aitical density for level i is:
Ne (i) :j Ei Ay 1 jzﬂ o)
whenj<i, gj=qu= (862%10°* Q)/(T”* * g,), whereg, =23, +1
whenj>i, g; =(8629%10°* Q)/(T* * g.), whereg, =2} +1
for 4Sgs°,
j%i Aj =0 and n.=0
for “Dap,°,

> Aj =88x%10%st

j<i

j% G =9 (*Da;z —°Dsp) + q(*Daz — Pa2) + q(*Daz— *Pu2) + q (*Da— *Sap)
= 8.62K10°/ [(8x10%)™ (2*3/2+1)] * [ 7.59 * exp -(14881.8-148530)/kt
+3.38* exp -(265718-148530)/kt + 1.52 * exp -(245244-148530)/kt
+ 8.62%10°/ [(8x10%)* (2*3/2+1)] * 2.79

So for ?Dg°, ne.=4.3x10° cm’®

2
For D5/2O ,

> Aj =26033%10" st

j<i

2 Q= 2Z0u + 20u
i1



the allowed transitions are

|- u: 2D5/2—> 2P3/2, 2P1/2 u—1:

Y g = 2.08x107 cm¥/s
j#1

ne= 1.251x10° cm’
For 2Py,° ,

¥ A; =0.3315s"

j<i

2 Q= 2Z0u + 20u
j 41

the allowed transitions are

| - u: 2P1/2—>2P3/2 u—1:

> g = 343107 cm¥s
j#1

ne= 9.66x10° cm’

For 2P3/20 ,
T A; =0537st
j<i
Z 0= Z0Qu
j#1

the allowed transitions are
u—1: *Py, — Pz, “Dsp, D3z, *Sar
151 g; = 28107 cm¥/s
ne= 1.86x1¢° cm3

2 2 4
Dsi2 — “Dap, "Saz

2 2 2 4
P12 — “Dsp2, “Da, “Sai2



b) For *S ,

n(*s)ne) [g(*'sS—2D)+g(*s—>?P) ]
(1) (2

= nD) q(’D—-*S)n(e) +A(’D—19) ]
€) (4)

+ nCP) [a(’P>*S)n(e) +A (P —"*9) ]
©)

We assume the populations of the 3 levels differ by alot dueto amost 10 cm™ difference
in AE. (We can ched this assumption later.)

Since P has high energy, we can ignore (5)
Compare with (3) and (4):
use n(e) = 100cm™ T =8x10°K

q(’D —?*S) = 8.62K10°* Qp/[T” (2*s,+1) * 2(u+1)]

8.62K10° * (4.19+2.79)/ [(8x10%)" (2*1/2+1) * 2* (2+1)]

6.7x10% cm/s

(3) =6.7x10° * 100= 6.7x10° s*
(4 =A (°D—*S)=(260+8.82) x 10*=1.14x103s*

(4) << (3), so term (3) can be ignored.

Compare with (1) and (2):
use n(e) = 100cm™ T =8x10°K

()=q(*'S—2D) = 862K10°* Qy/[T” (2*g+1) * 2(1+1)] * exp - AE / kt

8.62K10° * (4.19+2.79)/ [(8x10%)™ (2*3/2+1) * 2* (0+1)]
* exp -(148701.44)/(8x10°)

1.2x10% em®/s



(2)=q(*S—?P) = 862K10°* (1.52+0.759)/ [(8x10%)" (2*3/2+1) * 2* (0+1)]
* exp -(245501.44)/(8x10°)
= 6.6x10"%cm?¥/s
So (1) >> (2), soterm(2) can be ignored.
In summery, for *Sthe dominant termis:

n*s)nEe) q(*s—2D) = nD)n(e) A (’D —*9)

For D :
nD) [ A(’D—"S)+ n(e){q(’D —*S)+q(’D—P}]
&) @ O
= n(*s)n(e [q(*S~>?D)]+n(P) [ ne) q(P—D)+A (*P— D) ]

(4)

Since n(?P) tends to be much smaller than n(°D) and  n(*S), (4) can be ignored.
Compare (2) and (3):

(2 =q(°D—*S) = 6.7x10°

(3)=q(°D—*S) = 862K10°*4.56/[(8x10%)" (2*1/2+1) * 2*(1/2+1)]

* exp -(9680%*1.44)/(8x10%)
= 7.7x10° cm¥/s

So(2)>(3)

but, (1) =A (°D —*S) = 1.14x10° >> n(e) ((2) + (3))

For %D in summary the dominant term is the same &sin“S:

n*s)ne) q(*s—2D) = nD)A(°D—*S)



For *P:

nCP)[ A(PP—-°D)+ A(®P—"S) + n(e)[q(*P—"°D) +q(*P—"S) ]
(D) ) () (4)
=n(e) [ n(*D) am (*D —°P) +n(*S)q (s — *P)]

W= A (°P— ?D) =0.197 + 0.133 + 0.0779+ 0.163 = 0.5529s*

@=A (°P—*S)=0.225+0.0906 = 0.31%6 s*

®= q (%P — D) = 8.62K10°/ (8x10%)*

(4= q(°P—*S)=8.62K10°/ (8x10°)" * (1.52+0.759)/ [(2*1/2+1)* (2(1+1))]
= 3.66 x10°

So, n(e) ((3) + (4)) ~10° << (1) and (2)

For P in summary, the dominant terms are:

nCP) [A (*P—7D) + A (*P—"S) =n(e) [ nD) an (D~ "P) +1('S q(*S—P)]

c) Fromtheterm?D or “Swe have :

n*s)ne) q(*s—2D) = n(®D)n(e) A (°D —*9)

n*s) = A (°D > %)
n(°D) ne) q(*s—°D)
= 1.14x10°s?
100*1.2x10°8
= 950

Considering the quiation for P divided by n(°D) we have:
(nCP)/n(’D))[ A(*P—°D)+ A(*P—"S)]

=n(e) [ am (*D —°P) +(n(*S)/n(*D) ) a (s —*P)]



n®P) = ne) [ gn (°D —°P) + (n(*S)/n(*D) ) q(*S —?P)]
n(°D) A(P—>?D)+ A(P—"*S)

100*[7.7x10°s? * 950 * 6.6x10%° ]
0.552 + 0.3156

7.3x10°
Which probes our assumption, i.e. n(?P) is much lessthan n(°D) and n(*S)
In summary, the relative population of the 3 levels are
n(*S) : n(*D) : n(®P) = 1.0: 1.05x103 : 7.3x10°®
d) Inthelow density limit, n(e—0, every collisional excitation is followed by the

emisgon of a photon, so the intensity ratio is determined by the relative excitation rate of
D4, and 2Dy, which is proportional to their statistical weightsg = 2J+ 1, s0

1 (°Dsp— *S3p) = 2*5/2+1 = 6 = 15
| (D32 — *Sap) 2*3/2+1 4

At high density, n(e)— °° collisional excitations and de-excitations dominate and setup a

Boltzman population ratio for the two levelsand . So the relative population of the two
levelsis

| (°Dsp,—"S30) = n(®Dsp) A(PDsp— *Szp) = 6*2.6x10* = 0.44
| (°Dar— “Sqr2) N(°D32) A( *D3z— “Sap) 4+8.82x10™

In the neighborhood of the aitical density (4.3x10° cm™ for ?Daj, and 1.25x10° cm™ for
’Dyy), the intensity ratio is most sensitive to density.



