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Part I:

Numerical Solution to the 1D Isothermal Euler Problem
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Abstract: Hydrodynamic escape has important applications in the formation and evolution of the atmospheres of terrestrial planets. Some of the questions that could be answered by studying hydrodynamic escape are the difference of isotopic ratios of noble gases on terrestrial planets, how and over what time scale did Venus lose its water, whether a methane atmosphere existed in early Earth’s atmosphere, and whether and when Pluto‘s atmosphere will collapse. Solutions without approximations to the hydrodynamic equations describing the hydrodynamic escape process are difficult to find due to the existence of a singularity point in the steady state solutions of the time-independent equations. In this project we obtained supersonic solutions by solving the time-dependent isothermal Euler problem using the Lax-Friedrichs scheme. This method may lead to a complete solution of the hydrodynamic escape problem with non-isothermal atmospheres. Applications of the model to Titan and Pluto are investigated. Future applications of the model to the early terrestrial atmospheres and to Pluto are discussed.

1. Introduction

Hydrodynamic escape is a very important process in the evolution of the atmospheres of terrestrial planets (Hunten, 1990). Hydrodynamic escape is one of several mechanisms that can change the composition of planetary atmospheres from that of the solar nebular irreversibly. Hydrodynamic escape from a water-rich atmosphere on Venus can help to answer the question whether or not Venus initially had an ocean (Kasting and Pollack, 1983). It is also helpful to understand why the isotopic ratios (D/H, N, and noble gases) are so different on terrestrial planets even though these planets are believed to be formed from similar material (Hunten et. al., 1987; Pepin, 1991). 

In the lower part of a planetary atmosphere, turbulence keeps different gas species completely mixed (homosphere). In the region above the homosphere, turbulence becomes less important than molecular diffusion so that different gases can be separated according to their different masses (heterosphere). In the heterosphere, the density profile of a gas is determined by the balance between the gravity force and the gas pressure. Hydrostatic equilibrium is achieved and a scale height can be defined as:
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. At the top of the heterosphere, collisions between particles become less frequent. The exobase is defined as the altitude at which the scale height is equal to the mean free path, the average distance between collisions of major component particles:
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, here ( is the collision cross section between particles. Beyond the exobase the atmosphere is considered collisionless.

In Jeans’ escape, particles at the exobase moving in the outward direction with velocity large enough to overcome the gravitational trap will escape from the planet (Shizgal and Arkos, 1996). The lighter molecules near the base of the heterosphere are transported by diffusion through the background heavier elements. Because the escape process is very efficient from the exobase, Jeans’ escape is generally diffusion limited. Jeans’ escape is also called evaporative escape because only those particles at the high end of the velocity distribution will have kinetic energy high enough to overcome the gravity trap and escape. Thermal energy is converted into kinetic energy in Jeans’ escape. Non-thermal mechanisms such as charge exchange, sputtering, etc. could also provide the escape energy to particles near the exobase. The escape with non-thermal energy sources is called non-thermal escape.

In Jeans’ escape, the organized vertical flow in the atmosphere below the exobase is small. The concept of hydrodynamic escape is raised when the flow speed becomes large. Large flow speeds may have existed during early planetary atmospheric formation, when a hydrogen rich atmosphere was exposed to high levels of solar EUV radiation.

Hydrodynamic escape can be described by fluid equations. The equations (including the mass continuity equation, the equation of motion, and the equation of energy) are valid in the collisional region where the Knudsen number Kn=l/H is much smaller than 1. In the region where the Knudsen number is greater than 1, kinetic theory must be employed. The characters of heavier elements in hydrodynamic escape are different from their roles in Jeans escape. In Jeans escape, lighter elements slowly diffuse toward the upper atmosphere out of an almost static background made of heavy elements. In hydrodynamic escape, heavier elements experience the drag force from the flow of lighter elements. When the mass flow is strong enough, heavier elements may be carried away by the flow. It is this mechanism that makes hydrodynamic escape important in the evolution of isotopic ratios on terrestrial planets (Hunten et. al., 1987). 

The background of our study of the hydrodynamic escape process is the research by James Kasting and Alex Pavlov (private communication). They suggested that biogenic methane was abundant during the transition of Earth’s early atmosphere from reducing to oxidizing. Methane in the atmosphere can pass through the cold trap, which limits H2O, and thereby supply H atoms to the upper atmosphere through photodissociation. The uncertainty in their work is how efficiently hydrogen atoms could have been lost to space. According to Farquhar (2000), the Earth had an anoxic atmosphere 2.45 billion years ago, which means the atmospheric structure was much different then. Without atomic oxygen, the temperature near the exobase would be much colder and the thermal escape would be much less efficient from early Earth’s atmosphere. If hydrogen loss from the atmosphere is less efficient than the production from photodissociation of CH4, hydrogen atoms will pile up in the atmosphere and eventually the escape will become hydrodynamic. To answer the question how fast hydrogen escaped from early Earth’s atmosphere, a detailed, self-consistent simulation of hydrodynamic escape is necessary.

Three models have been created to simulate the hydrodynamic escape from atmospheres of terrestrial planets, especially from an early, water-rich atmosphere of Venus (Watson et. Al., 1981; Kasting and Pollack, 1983; Chassefière, 1996). The D/H ratio in Venus clouds is about 100 times greater than the ratio in Earth’s atmosphere. If Venus and Earth had similar initial D/H ratios, Venus must have started with at least 100 times as much water as it has now (Kasting and Pollack, 1983). If Venus’ atmosphere has contained much more water in the past, a high water vapor mixing ratio above the cold trap is possible. Photodissociation of water vapor in upper atmosphere might produce a hydrogen dominated atmosphere. In such circumstances, the escape would have become hydrodynamic. A detailed model to simulate the hydrodynamic escape process might be helpful to understand the D/H ratio difference between terrestrial planets. To fully understand what happened to the oxygen left by the photodissociation of water and escape of hydrogen on Venus also requires a detailed investigation of the hydrodynamic escape process because the amount of oxygen lost to space strongly depends on the exact value of the hydrogen escape rate at early time (Chassefière, 1996).

The numerical models used to investigate the hydrodynamic escape process up to now have included detailed physics and chemistry but have had difficulty with the one-dimensional, steady state solution for the escaping gas due to the existence of a singularity point at the level where the bulk motion velocity equals the sound speed. 

Watson et. al. (1981) used a trial-and-error method to numerically solve the steady state hydrodynamic equations and tried to apply the solutions to early Earth and Venus. A set of solutions at the critical point are selected which can match zero temperature at infinity and a given temperature at the lower boundary. For a planetary atmosphere, the calculated value of variables (temperature, density) at the boundary is very sensitive to the initial settings. A change in the mass flux at the critical point by 10% can cause a change of density (velocity) at the lower boundary by a factor of 10 or more (sometimes more than 4 orders of magnitude). 

Kasting and Pollack (1983) tried to numerically solve the steady state hydrodynamic equations on Venus. They used an iterative method in which the momentum and the energy equations are solved one at a time. They were not able to find the critical solution using such a method and an exact solution at the critical point is necessary to obtain a supersonic solution. Instead, they found subsonic solutions and argued that the escape flux estimated in this way will be close to the critical escape flux. Besides the approximation of the supersonic solution, their method is also ineffective. An improvement introduced in the work of Kasting and Pollack is that infrared cooling by H2O and CO2 is included in the energy equation while only solar EUV absorption is considered in Watson’s work.

One recent effort on solving the hydrodynamic equations is provided by Chassefière (1996). In this work, equations are solved from the lower boundary to the exobase level. At each altitude, both mean free path and scale height are computed. The position of the exobase is determined when the mean free path becomes greater than the scale height. The outgoing flow at the exobase is set to be equal to a modified Jeans’ escape flow, in which the effect of ionization and interaction between escaping particles and solar wind is considered. Chassefière considered the interaction between solar wind and planetary wind in a water-rich early Venusian atmosphere. In his model, an obstacle, the boundary between solar plasma and planetary plasma is generally above the exobase. At that altitude, the ionized part of the expanding planetary atmosphere is removed directly by the solar wind. Neutral escaping particles will be quickly ionized and carried away by solar wind from the ionization level. Although the interaction between solar and planetary plasma provide a way to establish an energy budget for the escape process, for a broad range of planetary atmosphere with exobase above the boundary between solar plasma and planetary plasma, this approach becomes invalid.

The goal of the above 3 models was to solve the complete set of time-independent hydrodynamic equations. Kranopolsky (1999) tried to solve the time-independent hydrodynamic escape problem of N2 from planet Pluto by ignoring the negligible term representing the ratio between kinetic energy and thermal energy in the energy equation. Although his method met difficulty to find a solution for the problem under different boundary conditions, the density, velocity, and temperature profile in the upper atmosphere of Pluto are obtained under one set of boundary conditions. It is found that the hydrodynamic outflow of N2 from Pluto at perihelion is equal to (2.0-2.6)X1027 s-1 at solar mean activity and varies by a factor of 3-4 from solar minimum to solar maximum.

The goal of this project is to build a robust numerical model that can solve the time-dependent hydrodynamic equations. Our plan is to firstly find a numerical scheme that can solve the isothermal hydrodynamic equations. The analytical solution to this set of equations has been worked out by Parker (1963) so that we can confirm the validity of the numerical model by comparing the numerical results with the analytical result. At a later time we will add the energy equation into the system and try to put more physics and chemistry in the model (solar EUV absorption, H2O and CO2 heating and cooling, photodissociation of CH4). In this paper we present a numerical method which can be used to solve the isothermal hydrodynamic equations. Since Titan’s atmosphere could be dominated by hydrogen if nitrogen condenses out (Lorenz et. al., 1997) and is nearly isothermal (J.L.Bertaux and G.Kockarts, 1983), we tried to apply the isothermal model to Titan. We also applied the isothermal model to Pluto as it is probably the only solar system object where a hydrodynamic escape atmosphere may exist currently (Krasnopolsky, 1999) and did a comparison study.

In section 2, we introduce the isothermal non-viscous hydrodynamic equations, which are called the isothermal Euler equations and discuss the analytical solutions for the problem. Section 3 discusses the numerical methods used to solve the isothermal Euler problem. In section 4 we apply the model to the atmospheres of Titan and Pluto and discuss the results. Section 5 is a description of future work. Section 6 is the conclusion.

2. Isothermal Hydrodynamic Equations

The equations in a single gas, non-viscous hydrodynamic escape problem are as following:
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ρ is the density of gas, u is the bulk motion velocity, g is the gravitational acceleration, p is the gas pressure. As there is no viscosity term in this set of equations, they are also called the Euler equations. Using the ideal gas law p=ρRT=C2ρ and recasting the equations in a spherical coordinates, the equations can be written as: 
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(1)

Here C is the sound speed. In the isothermal case, C is a constant. In the steady state, there are two types of solutions to this set of equations. One is the hydrostatic equilibrium state U=0. In this state, the density profile is controlled by a balance between the gravity force and the pressure. Another solution is the ‘stellar wind’ solution in which the mass flux through the system is a constant 
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 and the spatial gradient of velocity is balanced by the difference between the gravity force and the pressure gradient. An analysis of this solution is beneficial for the future discussion.

The equations for the steady state of the Euler equations can be written as:
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(2)

A critical point exists where both sides of the second equation go to zero. 
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Here rc is the altitude of the critical point. The physical meaning of the critical point is the altitude where the bulk motion velocity equals the sound speed. In the isothermal case, the conditions for the critical point are:
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The expression of the critical point altitude is very important in the numerical modeling. When sound speed is a constant, expression (2) can be integrated directly. 


[image: image9.wmf]22

22

00

22222

2

ln()ln()4ln(/)(1)

uu

uuGMa

ra

CCCCaCr

-=-+--


Here a is the altitude of the bottom level, u0 is the velocity at the bottom level. Bulk motion velocity in the steady state is controlled by the combination of parameters in the atmosphere, GM/aC2. When the velocity profile in the steady state is determined, given density value at a reference level, the mass flux can be obtained and density profile through the model can be decided. Using relations at the critical point, we find the following simpler expression for the analytical solution:
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or      
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(4)

Fig. 1 is the analytical solution found between r/a=1 and 50 using expression (3). Note that the profile of velocity is a function of normalized altitude r/a with parameter GM/aC2. Fig. 2 shows another side of the analytical solution using expression (4). The x-axis is r/rc and the ratio between flow velocity and the sound speed drops fast toward the lower end of the x-axis.
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            Fig. 1

Table 1 shows the GM/aC2 parameter in the atmosphere of some solar system objects.

Objects
Gas

Type
M 

(g)
a 

(cm)
n0 

(cm-3)
T 

(K)
C (cm/s)
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rc/a

Earth
H
5.99e27
6.37e8
-------
600
1.58e5
25.2
12.6

Pluto
N2
1.3e25
1.4e8
6e12
80
0.154e5
26.1
13.1






97
0.170e5
21.5
10.8

Titan
H2
1.35e26
3.84e8
8e5
186 
0.88e5
3.03
1.51

Table 1

The bottom level altitude and temperature in Titan’s atmosphere are from Bertaux and Kockarts (1983). The bottom level altitude in Pluto’s atmosphere is from Krasnopolsky (1999). 2 temperatures are provided in the table because the temperature at the bottom level is 104K and the temperature near the exobase is 60K (Krasnopolsky, 1999). We selected the 80K as an average through the hydrodynamic region. 
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Fig. 2

3. Numerical solutions of the 1D isothermal Hydrodynamic Equations

In order to solve equation set (1) numerically, we first recast the equations into conservative format. Define 
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, then we have the following equations:
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(5)

Our first effort to solve equation set (5) was to use the CARM model. CARMA is designed to solve the transportation of mass and energy both horizontally and vertically in Earth’s atmosphere. CARMA has subroutines dealing with radiative transfer. It is also convenient to use CARMA to deal with an atmosphere with multiple gas species. However, some structure problems in CARMA make it difficult to deal with the hydrodynamic problem. The vertical transport subroutine in CARMA is a second-order scheme. It first computed the equivalent advection velocity for the ‘concentration’ which will be transported by advection. In our problem the 2 ‘concentration’ variables are the density and the momentum. Then the advection flux is obtained by multiplying the advection velocity with the ‘concentration’ variables. The necessary modifications were made so that CARMA can deal with the momentum equation. However the expression for the pressure gradient term was very inefficient. The attempt to use CARMA to solve the hydrodynamic equations was eventually abandoned because waves were generated in the model which made the system very unstable. From our later experience we knew that these waves could possibly have been avoided if correct format of the equations had been used. To get a better understanding of the numerical methods and the mechanism generating waves in the system, we started to build our own model from the beginning.

We found out that the hydrodynamic equations have been studied carefully in the field of computational fluid dynamics (Toro, 1999; DeSterck, 1999). The equations we are trying to solve can be recast into the following format:
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(6)

Define conservative variables 
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[image: image20.wmf]22

'

()

'/''

m

FU

mC

rr

éù

=

êú

+

ëû

, then the equations without the source terms can be written in the format of a conservation law
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. This equation is called a conservation law because its spatial integral is:
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which means that the variation of the integral of U between x1 and x2 with time is controlled by the input and output flux from the two boundaries.

By taking a finite difference of the conservative law, we have the following conservative scheme:
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(7)

Here F* is the numerical flux function. Different numerical schemes use different methods to calculate the numerical flux function and generally the numerical flux function is different from the flux function F(U). For a hyperbolic system
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, we can write it as the following:
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and the numerical flux function of this system generally can be written as:
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This expression has lots of similarities to that of a Taylor expansion but is more complicated. For a hyperbolic system, it is always true that all eigenvalues ( of the matrix A are real. The different eigenvalues ( of the matrix A are actually the speeds of waves propagating in the system. So in practice, the method to find the numerical flux function is:
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(8)

When we put expression (8) back into the conservative scheme expression (7), one can easily find out that the first part on the right hand side of the expression is a central difference scheme, which is conservative but unstable. The second part is a numerical diffusion term, which is important to keep the system stable and is automatically controllable by reducing the size of grid cells. Expression (8) is the easiest way to solve the hydrodynamic equations and it is called the first-order Lax-Friedrichs scheme. The LF scheme is stable under the Courant-Friedrichs-Levy condition,
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. The physical meaning of CFL condition is the ratio of two speeds. One is the wave propagation speed and the other is the grid speed Δx/Δt defined by the discretisation of the domain. In the hydrodynamic escape problem, the eigenvalues ( of A are u(C. At the bottom level, the bulk motion velocity u is smaller than the sound speed C, so it is subsonic. At the top level, velocity is greater than C, so it is supersonic. Based on the hyperbolic system theory, only one boundary condition can be imposed when the boundary type is subsonic. Another condition must be extrapolated from within the domain. Otherwise instability will be generated in the system. Which boundary condition is to be imposed and which one is to be extrapolated should be investigated by the trial and error method. In the supersonic case, both boundary conditions should be extrapolated.

We have built models using the LF scheme to solve several simpler equations as tests. These tests include the linear advection equation, the Burger’s equation, the homogeneous 1D isothermal hydrodynamic equations, and an artificial hydrodynamic equations in cylindrical coordinates. All these tests are successful.

For the linear advection equation:
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, where a is a constant speed of wave propagation. We initialized the problem so that a contact discontinuity exists in the profile of u. In the numerical output, the contact discontinuity is maintained and transported with the correct speed. 

The Burgers equation,
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, is the simplest nonlinear hyperbolic equation. Depending on the settings of the initial condition, a shock or a rarefaction will be generated and transported in the system. Our test successfully represented the properties of the Burgers equation.

The homogeneous 1D isothermal hydrodynamic equations are the hydrodynamic equations (5) without the source terms. The analytical solution to this problem is a constant velocity (either subsonic or supersonic) through the system plus a density profile proportional to 1/r2. Since the velocity is a constant in the steady state solution, this test can not show whether the LF method can provide the transonic solution.

The most interesting test done is the artificial hydrodynamic equations in the cylindrical coordinate. The equations are derived in the cylindrical coordinate from the standard 1D isothermal hydrodynamic equations (assuming C=1) but the source terms are artificially altered so that the equations show no source terms in one format: 


[image: image32.wmf]2

()()

0

()()

0

rur

tr

ururr

tr

rr

rrr

¶¶

ì

+=

ï

ï

¶¶

í

¶¶+

ï

+=

ï

¶¶

î


And the equations show two source terms in another format:


[image: image33.wmf]2

2

()

/

()()

//

u

ur

tr

uu

urr

tr

rr

r

rrr

rr

¶¶

ì

+=-

ï

ï

¶¶

í

¶¶+

ï

+=--

ï

¶¶

î


This character of the problem allows us to test if the numerical method used can deal with source terms correctly.

When applying the LF method on the complete 1D isothermal hydrodynamic equations, we first did a test with parameters similar to the work of Keppens and Goedbloed (1999). They studied the steady state outflows as numerical solutions of the hydrodynamic and magneto-hydrodynamic equations by using the Versatile Advection Code. We choose units such that at the bottom level a=1, ρ(a)=1, and C=1. 1000 grid points or 5000 grid points are put in the system, with grid points concentrated near the bottom level where the density gradient is expected to be strongest. Fig. 3 shows the distributions of the grid points in both cases. The first data points in both curves represent the number of grid points below r/a=2 level. The rest of the data points represent the number of grid points between r/a=N and r/a=N+1 level. 2 ghost cells are added beyond both the top and the bottom boundaries. The critical parameter GM/aC2 is set to be 5 so that the critical point is at rc=2.5a. Since the top boundary is at 50a, the velocity at the top boundary should be supersonic in the steady state under the given parameters. At the top boundary we extrapolated both the density and the momentum so that the density and momentum in the ghost cells always have the same value as those in the top grid cell. Because the velocity at the bottom level is always less than the sound speed and the mass flux will be the most important variable to study, we impose the density at the bottom and extrapolate the momentum, which is the mass flux. Keppens and Goedbloed used the analytical solution as the initial condition. The initial condition in our model is set such that the density drops as r2. Velocity initially is set to be a small constant all through the system.

For steady state convergence criteria, we use the same expression as that in Keppens and Goedbloed (1999):
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Here n represents the time step. Nvar is the number of variables in the system. In the isothermal hydrodynamic system, Nvar =2. The physical meaning of Δ2U is a measure of the normalized difference of all variables between time steps. When the variation of all variables in the system becomes very small, a steady state is achieved. A comparison between the numerical output of our model and the analytic solution for the case GM/C2=5 is shown in Fig. 4. 
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Fig. 3

It is noticed that the numerical solution to the hydrodynamic equations is more difficult to find as the GM/C2 parameter becomes larger. The reason for this behavior is that the density profile will have a steeper part near the bottom level if the GM/C2 parameter is larger. In the LF scheme, the numerical flux function is computed in such a way that a strong density gradient will produce a gradient in the momentum profile. As shown in Fig. 5 (GM/C2=9), the result of such a deviation from constant momentum flux is that the velocity predicted in the numerical model tends to be less than the analytical solution. As the GM/C2 parameter grows larger (GM/C2=15), the deviation in velocity profile becomes larger (Fig. 6). The velocity profile near the bottom level becomes not reliable. But the momentum flux in the middle and upper parts of grids is within 20% from the analytical solution. There are two methods to solve this problem. One is to reduce the size of the grids near the bottom level so that higher resolution can be obtained. By increasing the number of grid points in the system from 1000 to 5000, the resulting velocity profile and momentum profile both become closer to that of the analytical solution. But by increasing the number of grid points in the system, the size of grid points near the bottom level become very small. Because the time step must obey the CFL condition, under the same velocity, to reduce the grid size means to reduce the time step, which will make the computation very time consuming. We plan to use implicit time marching method so that larger time steps can be used. Another choice is to find higher order, more accurate numerical methods, which will be an important future work.
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Fig. 4

One more interesting thing to point out is the influence of the criteria used to judge if steady state is achieved (convergence criteria). A criteria of 1.e-9 can be used in the case GM/aC2=5. A criteria of 1.e-13 is required in the case GM/aC2=25 so that the numerical results is sufficiently close to the analytical solution. One reason why different convergence criteria must be selected is because the update between time steps does not go down monotonically. The other reason for this behavior is because the small variation in the variables may produce big difference in the density and velocity profiles after a long time of evolution. In practice, to get to the steady state solution of a larger GM/aC2 case, we started from the steady state solution with slightly smaller GM/aC2 value. All results shown in this paper is obtained by using a fixed convergence criteria of 1.e-14. This value is adequate for GM/aC2=25 from working experience. If an accurate mass flux is the sole goal of the simulation, the middle part of the grid system will provide enough information. An accurate velocity profile near the bottom level may not be necessary in this situation.
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Fig. 5
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Fig. 6

4. Application and Discussion

To apply the numerical method to solar system objects, we need to do further manipulation to the hydrodynamic equations. We will use a scaling method to rewrite equations so that numerically there will be no huge numbers in the system (DeSterck, 1999). Assume that we are scaling parameter p, let 
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. Here 
[image: image40.wmf]p

is a scaling factor and p’ is the parameter in new units. After scaling all variables and parameters in the hydrodynamic equations, we get the following equations:
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In order for the equations to remain the correct format, the following conditions must be satisfied:


[image: image42.wmf]2

1

s

s

rGM

tC

Cr

==




(9)

Here
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 (10). At the bottom level, the altitude is a in the original unit system. After the manipulation, the altitude will be a/
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. To simplify the problem, we can set most of the parameters in the relations above to be unity. Then other parameters will be derived. We select the unit system so that G’, C’, and a’ are equal to unity. Then scaling factors
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,
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, and 
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can be obtained from relation (10). In table 2 we present the corresponding scaling factors for the atmosphere of the Earth assuming that the temperature of the atmosphere is a constant at 600K. From relation (9) the scaling factor
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can be determined. 

Parameters in Earth’s Atmosphere (cgs units)
Parameters 

in new unit system
Scaling coefficients

G
6.673e-8
G’
1
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6.673e-8

M
5.988e+27
M’
25.2
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2.384e26

C
1.58e5
C’
1
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1.58e5

A
6.371e8
a’
1
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6.371e8

rcri
12.56 a
rcri
12.6 a’



Table 2

The parameters in the atmosphere of the Earth, Titan, and Pluto are listed in table 3.


Earth
Pluto (80K)
Pluto (97K)
Titan

M’
25.2
26.1
21.5
3.03

rcri
12.6a’
13.1
10.8
1.51a’

Table 3

We used our model to simulate hydrodynamic escape from Titan’s atmosphere assuming that the temperature is 186K at an altitude greater than 3840km (Bertaux and Kockarts, 1983). As shown in Fig. 7, the velocity given by the model at the bottom level is 0.6 times sound speed, which is 0.88X105cm/s. So the velocity of mass flow is 5.3 X104 cm/s at the bottom level. Since the number density of H2 at the bottom level is about 8 X105 cm-3, the mass flux of hydrodynamic escape is about 4.2 X1010 cm-2s-1. This flux is about 1 order of magnitude greater than the diffusion-limited flux and is about 3 times greater than the hydrogen production rate. Because energy is transported as well as momentum in a complete set of hydrodynamic equations, temperature should be related with velocity. Our assumption of a constant temperature in the atmosphere means no matter how fast energy is transported out of a grid, the same amount of energy can be provided by some means. This assumption of infinite energy source should result in the unrealistically high escape flux. 

Another problem in applying our isothermal model on Titan is that the exobase is located between the surface and the bottom level in our model. We calculated the mean free path and scale height in Titan’s atmosphere using the density profile provided by our model. The mean free path is about 6 times greater than the scale height at the bottom level. In the steady state of hydrodynamic escape,
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 and flow velocity increases with altitude. So the density drops with altitude faster than 1/r2 and the mean free path increases faster than 1/r2. Because the scale height is proportional to r2 when considering the variation of gravity with altitude, in Titan’s atmosphere the exobase must be below the bottom level, which means hydrodynamic description of escape is not applicable on Titan. 
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Fig. 7

On Pluto things are different. We tried to model the hydrodynamic escape from the atmosphere of Pluto assuming that Pluto’s upper atmosphere is isothermal. Two temperatures at the bottom boundary were tried. One is 97K, which is the temperature at the bottom boundary (a=1400km) in Krasnopolsky’s work (1999). Another is 80K, which is the average temperature resulting from the calculation of hydrodynamic flow of N2 from Pluto (Krasnopolsky, 1999). In both cases, the exobase is found to be above the bottom level (collisional cross section 
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), as is shown in Fig. 8. But in both cases, the exobase is below the critical point, which is listed in table 1. The flow velocity at the exobase is smaller than speed of sound. So the atmosphere of Pluto is in the state of a slow hydrodynamic escape (Krasnopolsky, 1999). The flow velocity, escape flux, and mass loss rate from Pluto in both cases are in table 4.

Temperature 

 (K)
Exobase

(108cm)
u0 

(cm/s)
Escape flux 

(cm-2s-1)
Mass loss rate (molecules/s)

80
2.59
6.01e-5
3.61e8
8.88e25

97
3.41
4.04e-3
2.42e10
5.97e27

Table 4
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Fig. 8

The escape flux (nu) in table 3 is calculated at the bottom level and it will decrease with altitude as a result of the continuity equation. Also according to the continuity equation, the loss rate (nur2) is not a function of altitude. The loss rate at 80K temperature is about 30 times smaller than that predicted by Kransnopolsky and the loss rate with 97K is about 3 times greater than that in Kransnopolsky. So by changing the temperature at the bottom level from 97K to 80K, the mass loss rate drops by almost 100 times. This is because the velocity at the bottom level is very sensitive to the combination of parameters in the system GM/aC2 and we assumed that the density of N2 does not change with temperature at the bottom level. Similar sensitivity of the hydrodynamic escape flow with temperature in the atmosphere of Pluto has been suggested in literature (Trafton et. al., 1997). Kransnopolsky considered the influence of solar activity variation on the hydrodynamic escape from Pluto. But he predicted a variation of a factor of 3-4 from solar minimum to solar maximum. In his model, both the density and temperature at the bottom level are fixed. We want to argue here that because the escape flux is strongly influenced by the temperature at the bottom level, the variation in heat flux as a result of solar activity variation (between 8.25e-4 and 2.4e-3 erg cm-2) may lead to a small variation of temperature at a=1400km in the atmosphere of Pluto. So the influence of solar activity on the hydrodynamic escape flux from the atmosphere of Pluto may be stronger than Kransnopolsky’s prediction. Further detailed investigation is necessary to understand hydrodynamic escape from the atmosphere of Pluto and other planets.

5. Future Work

With regard to the numerical model, we have proved that by increasing the resolution, the behavior of the model at larger values of GM/aC2 will be improved. We will use higher order of numerical schemes on this problem. Although our first attempt to use a second order scheme—CARMA model, did not work, we believe that by transforming the hydrodynamic equations into expression (6) the wave problem will be solved. At the same time, we will add the energy equation into the system. A hydrodynamic escape problem with polytropic energy expression will be a good test for the numerical method and the transportation part of the problem. Applications of the model to solar system objects will include studies of the hydrodynamic escape in early history of terrestrial planets and a detailed study of hydrodynamic escape from the atmosphere of Pluto.

6. Conclusion

We have developed a numerical model that can be used to solve the hydrodynamic escape problem from an isothermal atmosphere. The results of the model fit well with analytical solutions to the hydrodynamic equations. We applied the isothermal model to the atmosphere of Titan assuming that N2 could be condensed out and found that the exobase level is below the bottom level of our model, which means hydrodynamic escape cannot be the dominant escape process on Titan. We applied the isothermal model to the atmosphere of Pluto and compared our results with that of Kranopolsky. Our results agreed with the results in the work of Kranopolsky when the temperature at the bottom level is high (97K). It is suggested that the upper atmosphere of Pluto is in a state of slow hydrodynamic escape and the escape flux is a strong function of temperature at the bottom level. Future work to improve the numerical model and possible applications of the model are discussed.
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