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Abstract.

The initiation of frictional instability is investigated for smple models of fault

zone using a linearized perturbation analysis. The fault interface is assumed to obey a linear
dlip weakening law. The fault is initially pre-stressed uniformly at the diding threshold. In the
case of anti-plane shear between two homogeneous linearly elastic media, space-time and spec-
tral solutions are obtained and shown to be consistent. The nucleation is characterized by: (1)
a long wavelength unstable spectrum bounded by a critical wavenumber; (2) an exponential
growth of the unstable modes; and (3) an induced off-fault deformation that remains trapped
within a bounded zone in the vicinity of the fault. These phenomena are characterized in terms
of the elastic parameters of the surrounding medium and a nucleation length that results from
the coupling between the frictional interface and the bulk elasticity. These results are extended
to other geometries within the same formalism and implications for 3D rupture are discussed.
Finally, internal fault structures are investigated in terms of a fault-parallel damaged zone. Spec-
tral solutions are obtained for both a smooth and a layered distribution of damage. For nat-
ural faults the nucleation is shown to depend strongly on the existence of a internal damaged
layer. This nucleation can be described in terms of an effective homogeneous model. In all
cases, frictional trapping of the deformation out of the fault can lead to the property that ar-
bitrarily long wavelengths remain sensitive to the existence of a fault zone.

1. Introduction

Earthquake source nucleation is a key intrinsic part of the dy-
namic earthquake rupture. Its understanding is crucial for modern
source mechanics studies and may attract interest as an immedi-
ate earthquake precursor. The existence of a nucleation phase pre-
ceding unstable dynamic rupture propagation has long been recog-
nized in high resolution large-scale experiments on frictional slip
propagation along a precut fault [Dieterich, 1978; Dieterich et al.,
1978; Dieterich, 1981; Okubo and Dieterich, 1984; Ohnaka and
Yamamoto, 1984; Ohnaka et al., 1987a, b]. Ohnaka and cowork-
ers have shown that unstable frictional slip propagation is preceded
by an initial nucleus of micro-slip instabilities localized within a
zone of limited size compared to that of the rock sample. The
nucleation process itself is characterized by a slow and stable
growth of the slipping nucleus followed by an unstable accelerating
phase which eventually leads to an inertial rupture [Ohnaka, 1986;
Ohnaka et al., 19873, b; Ohnaka and Yamashita, 1989; Yamashita
and Ohnaka, 1991; Ohnaka, 1996]. The nucleation process has
been shown to depend on properties of the precut fault surfaces
like the roughness [Ohnaka and Shen, 1999].

In detailed seismological observations [lio, 1992, 1995;
Ellsworth and Beroza, 1995; Beroza and Ellsworth, 1996;
Ellsworth and Beroza, 1998; lio et al., 1999] precursory phases
associated to some stage of the earthquake nucleation process have
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been recorded, even though the shape of this initial signal is not
universal [Ishira et al., 1992; Fukao and Shibazaki, 1995; Mori
and Kanamori, 1996]. Moreover, the underlying slipping process
which is believed to occur within the earthquake nucleation zone
may trigger clustered foreshocks over a zone of limited extension
[Dodge et al., 1995, 1996].

Recently, mathematical and numerical models, based on slip-
weakening or rate-and-state friction laws, have been developed to
investigate the initiation process (i.e. the transition between a stable
quasi-static rupture growth to an unstable high-speed rupture prop-
agation) associated with a progressive weakening of shear strength
within a localized nucleation zone [Yamashita and Ohnaka, 1991;
Matsu’ura et al., 1992; Dieterich, 1992; Dieterich and Kilgore,
1996; Kato and Hirasawa, 1997; Shibazaki and Matsu’ura, 1998;
Sato and Kanamori, 1999; Lapusta et al., 2000]. An interesting
model by Campillo and lonescu [1997] provides a spectral anal-
ysis of the linear stability problem associated to the initiation of
anti-plane shear instability under slip weakening friction in a fault
prestressed up to its frictional threshold. Even though this analysis
is restricted to a simplistic initial state of the fault, it provides valu-
able insights on the dynamics of the nucleation. In particular, these
authors proposed a scaling of the duration of the nucleation and
of the shortest unstable length scale upon the frictional weakening
rate [Campillo and lonescu, 1997; lonescu and Campillo, 1999].
Such an analysis was further extended to more general geometry
[Favreau et al., 1999, 2000; Favreau, 2000] and finite fault seg-
ments [Dascalu et al., 2000; Voisin et al., 2000]. However, some
questions on the validity of this analysis were recently raised by
Knopoff et al. [2000] who also proposed a new method based upon
a boundary integral formulation of the associated anti-plane prob-
lem.



To date, most of these models have considered only simplified
problems in which the fault is a contact plane within an uniform
elastic medium. Structurally, major faults are generally embedded
in a fault-parallel damaged zone with a width of few hundred me-
ters to a few kilometers. Evidence for internal structure of faults
has come from exhumed faults [Wallace and Morris, 1986; Chester
et al., 1993], surface expression of active faults [Sieh et al., 1993],
borehole data [Ito et al., 1999] and seismic profiling and tomog-
raphy [Michelini and McEvilly, 1991; Scott et al., 1994; Thurber
et al., 1997]. The fault zone is the result of previous rupture history
and is often characterized by a centralized layer of highly commin-
uted gouge bounded by a much thicker zone of damaged host rock.
The structure of the fault zone has been recently investigated with
the aid of fault-zone trapped waves arising from coherent multi-
ple reflections at the boundary between the damaged zone and the
surrounding rock [Ben-Zion and Aki, 1990; Li and Leary, 1990; Li
and Vidale, 1996; Ben-Zion, 1998; Li et al., 1999]. The internal
structure of faults is still not well understood but may introduce
additional length scales into the rupture process and be of great im-
portance for understanding how earthquakes come about. Recently,
it has been shown that such damaged fault zone may have a signif-
icant effect on rupture dynamics [Harris and Day, 1997; Andrews
and Ben-Zion, 1997; Cochard and Rice, 2000]. Such fault struc-
ture may play an important role during the nucleation process of an
earthquake.

Figurel. A homogeneous and infinite linearly elastic medium sub-
jected to anti-plane shearing. The assumed translational invariance
along the z axis makes the problem 2D. The displacement is par-
allel to the z direction. The gray surface is the displacement of
an iso-z slice as induced by an external shear load (black arrows).
Non uniform slip (displacement discontinuity indicated by white
arrows) can take place on a pre-existent fault plane I" at y = 0.
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Figure?2. Linear slip-weakening interface law: the tangential shear
strength is plotted against the tangential slip on the fault interface.
When the yield strength 75 is reached, slip can occur and the shear
strength drops linearly to a dynamic value 7. The characteristic
distance D. over which the stress drop A7 = 75, — 74 takes place,
is related to the surface energy.

In this study, we investigate the initiation of frictional slip insta-
bility of an anti-plane shear fault under slip-dependent friction. In
spite of its simplicity this problem retains the basic ingredients that
are believed to be of importance during the nucleation process. For-
mulated as a generalized Lamb’s problem it can be regarded as a ba-
sic physical model of importance in the fields of wave propagation,
contact mechanics and seismic source. We first consider anti-plane
shearing of two homogeneous linearly elastic half-spaces in con-
tact. Time domain and spectral solutions are independently derived
and shown to be consistent. Based on these solutions, the dynamics
of slip and deformation within the bulk are explicitly characterized.
A general spectral framework is proposed to extend these results
to other geometries and implications for 3D rupture nucleation are
discussed. We then extend the analysis to more realistic fault zones.
In particular, we investigate the influence of a fault-parallel dam-
aged zone on the nucleation and its potential implication in terms
of the effective behavior of the interface.

2. Anti-plane shear

elastic space

in a homogeneous

Interest is focused first on anti-plane shearing of two homoge-
neous linearly elastic half-spaces. Figure 1. The elastic media are
characterized by a shear modulus u, a mass density p and therefore
a shear wave velocity 8 = /pu/p. With respect to a Cartesian ref-
erence frame, (%,¥, %), the contact plane I" is defined by y = 0.
Translational invariance is assumed along z, making the problem
2D. The displacement is polarized along 2z, u = w(z,y,t) 2.
The non null stress components are ., = oo, + udsw(x,y,t),
0.y = 0%, + pdyw(z,y,t) and oy = oy, where o is the initial
stress. Slip is defined as the displacement discontinuity across T,
D(z,t) = w(z,0%,t) —w(z,0,t). Inboth elastic media the dis-
placement field w(z, y,t) is governed by a scalar wave equation.
Taking into account the symmetry, w(z, y,t) = —w(z, —y, t), the
problem can be restricted to the half-space y > 0.

The interactions between two elastic media are generally dealt
by specifying an interface law. A large amount of work has been
done, in the last decades, using rate and state friction laws [Scholz,
1998; Marone, 1998]. Ohnaka and co-workers [Ohnaka et al.,
1987b; Ohnaka and Shen, 1999] measured experimentally a slip
weakening of the shear strength as a first order effect during the
nucleation process. A linear slip weakening law [Andrews, 1976]
is considered here, see Figure 2. In both friction laws, one of the
main ingredient is the existence of an internal length, a feature that
we believe to control generic properties of the nucleation process.
However this will require further scrutiny. For the slip weaken-
ing friction law, slip occurs when traction reaches a yield strength
7. AS slip evolves, the shear strength decreases linearly down
to a residual value, the dynamic strength 4, Full strength drop,
AT = 7, — 74, is reached for a characteristic slip D., an inter-
face length that can be related to surface energy. Without an ex-
plicit loading/unloading criterion, the interface law is more related
to a surface potential than to a friction law besides local monotonic
loading. In the remaining, the material properties will be assumed
uniform along the fault.

The interface law is intrinsically non regular, due to the exis-
tence of a strength threshold. A regular problem is however ob-
tained when the fault is initially at the onset of sliding, i.e. when
initial traction equals the yield strength. Even though such an initial
state is more a mathematical ersatz than a realistic physical condi-
tion, it allows to study analytically the motion induced by a traction
perturbation To(z,t). Such analytical solutions do provide valu-
able insights on the physics of the nucleation process. As long as



the characteristic slip D, has not been reached somewhere on the
fault, the response to a perturbation is governed by the following
linear problem

w  Pw 1 9w
sty = Foar fory >0 )
ow
_H_ay = To(z,t) +2yw fory=0 )

with initial conditions w(z,y,0) = 0 and 2%(z,y,0) = 0. The

o
slip weakening rate of the contact interface is defined as:
. AT
=5 ©

The basic length scale of this problem, a1, arises from the com-
petition between bulk elasticity and slip weakening rate:

a=2y/p 4

2.1. A time domain solution

Let consider the response to an impulse load To(x,t) =
To 6(z) 4(t), where Tp has the dimension of force x time. This
elementary solution is to be understood as the Green’s function of
the linear problem. The response to more general loading, or more
general initial conditions like in [Campillo and lonescu, 1997], can
be obtained from it by standard numerical convolution.

In order to solve the problem, let first introduce a virtual de-
formation field ¥ (z,y,t) implicitly defined, as in [Campillo and
lonescu, 1997], by:

8_\11_ ow

The original problem for w is equivalent to Lamb’s problem for ¥:
1 9°¥ o’V 0’
Ew—w-f‘a—?ﬂ for y>0 (6)
ov
—ua—y = Tpd(z)d(t) along y=0 ©)
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Figure 3. Green’s function for the anti-plane shearing along a
slip weakening interface within an homogeneous linearly elastic
medium. The Green’s function is plotted as a function of ay, the
normalized distance off the fault, and ay/32t2 — z2. The inset
shows a log-plot. Behind the front pulse, the displacement exhibits
an exponential decay out of the fault and an exponential growth
with time.

with initial conditions ¥(z,y,0) = 0 and 2% (z,y,0) = 0. Its
solution is

To H(t — /)
ey

where H is the Heaviside step function and 2 = 2> + y%. The
displacement is found solving (5) with (8), see Appendix A, using
a Laplace transform with respect to y, taking carefully into account
the boundary condition at y = 0. A useful representation of the
displacement field in terms of the Lamb’s solution is obtained:

Y(z,y,t) = ®)

w(z,y,t) = U(z,y,t) +ae / - T (x,(,t) e d¢ (9)
Yy

Owing to the causality of ¥, the second term in (9) need to be in-
tegrated only within the causality cone, i.e. from y to Y (z,t) =
\/B%t2 — x2 when r < Bt. As a result, the solution of the slip
weakening problem also obeys to the causality principle. More-

over, the motion depends on (z,t) only through /3%t — z2.
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Figure4. The interface Green’s function Gr(z, t). The front pulse
has been removed here for clarity. The Gaussian shape is related
to an underlying diffusion process. The inset shows a log-plot as a
function of 1/ 32¢t2 — x2. The complete solution, with the Lamb’s
pulse, is shown there by a dashed line. The main feature is an ex-
ponential growth with time.
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Figure 5. Poles (filled circles) and branch cuts (boxed axis) of
the interface Green’s function for anti-plane shear in homogeneous
medium. The evolution of the poles as |k| increases is shown by
arrows.



When the fault can slip freely, i.e. &« = 0, this second term vanishes
and the Lamb’s solution is recovered. In the case of slip weaken-
ing, a > 0, the displacement left on the wake of the Lamb’s pulse,
where |y| < Y (z,t), decays exponentially as a function of the
distance to the fault. The characteristic depth of penetration of the
induced bulk deformation is o !, see Figure 3.

Furthermore a compact analytical expression for the slip can be
worked out. From (8) and (9)

D(z.t) = Z%H(ﬂt—lxl){w L

/t2 — x2/ﬂ2
Y (z,t)

e d¢ } (10)
o m/E-@ )P

The last integral can be expressed in terms of the modified Bessel
and Struve functions making use of the relation [Gradshteyn and
Ryzhik, 1965, eq. 3.387.5]

+o

= 3{Lo + Io}(2) (11)

/1 ez’q
— iy
0o m™/1—n?

Finally, the slip evolution, Figure 4, is given by

To 1
Dia,t) = 2-2H(Bt ~|z]) L

+98 410 + 10} (v —22)]

In contrast to the solution of [Campillo and lonescu, 1997], this
provides an explicit solution in the space and time domain which is
found to agree with the original solution by Knopoff et al. using a
boundary integral procedure [Knopoff et al., 2000, eq. 16].

(12)

2.2. A Spectral solution

Deeper understanding can be obtained by a spectral domain
inspection. Using Fourier transform in 2 and one-sided Laplace
transform in ¢, with the corresponding transformed variables & and
s, the displacement is independently shown to be, see Appendix B,

w(kyyas) = G(k’yis) XTO(k:S) (13)
e VY
G(k,y,s) = W —a) (14)

where v(k, s) = \/k2 + s2/3? is defined to have a positive real
part in order to respect radiation conditions out from the fault. Such
a spectral approach has be shown in previous studies of [Campillo
and lonescu, 1997] et coworkers to be consistent with direct nu-
merical simulations based on finite difference methods. Moreover,
the spectral Green function G(k,y, s) can be transformed back to
the (z,y, t) domain to check its consistency with the result of the
previous section, see Appendix B.

In the following, the interest is focused on the response on
the fault itself. The interface Green function Gr, that relates the
slip response D(k, s) along the interface to a loading perturbation
To(k, s) is defined by

Gr(k,s) = 2 G(k,y=0,5) = L (15)
V—«

In the complex s plane, Gr has poles and branch cuts singulari-

ties. Their respective contribution can be isolated using a residue

technique

2 4o .
Gr(h ) = 22 20T 2 Gy (k) + Gk 5) (16)

The branch cuts contribution is denoted here as G and clearly
the branch cuts of Gr are those of v. As shown in Figure 5, they
emanate from +:8|k| and move to +ico. As they lie on the imag-
inary axis, they only involve stable and purely propagative (real
frequency) modes: the branch cuts do not contribute to the long
term behavior. Noting that Gy is identical to Gr when « is re-
placed by —a, the branch cuts contribution is analogous to a slip
strengthening process and therefore is not expected to have an un-
stable behavior. The back transform of G to the (z,t) domain
is obtained by changing o to —a in (12) and making use of the
symmetry properties of Ip and Lo:

1
T /ﬁ2t2 _ .’L‘2
+%{L0 — Io} (OL\/ [2t2 — $2)]
Asymptotically, Lo and Iy cancel each other and the branch cut
contribution vanishes for ¢t >> /3 as O(1/t).

G, in (16) stands for the contribution of the poles. It can be
transformed back in the (x, t) domain, see Appendix B,

Gz, t) = %H(ﬂt —|z]) B Io (a\/ﬁ2t2 - 132) (18)

For t > x/0, this expression diverges as e*?*/\/aBt. However,
not all the wavelengths have an unstable contribution. Indeed, the
expression of G, in the (k, t) domain is:
sinh (ﬁ\/oz2 —k? t)
Va? — k2
sin (ﬂ\/kz —a? t)
2

Gy(z,t) = %H(ﬂt—lwl)l

an

Gp(k,t) = 208 if |k] < a

(19)

o ———M — ~

vVk? —«

This defines a critical wavenumber

if k| > a

(20)

ke =«

Only the long wavelengths of a perturbation, |k| < k., diverge ex-
ponentially and trigger an instability. For each wavenumber, there

Figure 6. Real and imaginary parts of the poles of the homoge-
neous anti-plane shear problem as a function of wavenumber. The
elliptic branch, corresponding to subcritical wavenumbers |k| <
ke, has an unstable branch (in the upper plane Re[s] > 0). The
hyperbolic branch for supercritical wavenumbers corresponds to
propagative modes.
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Figure 7. Typical slip rate and slip (contours in the inset) after
a perturbation at x = 20/, as resulting from a numerical sim-
ulation using the BIEM formulation of Cochard and Madariaga
[1996]. The onset of the crack-like propagation is delayed by the
slow nucleation phase. The rupture front is hyperbolic and initially
supershear but remains inside the causality cone of the triggering
perturbation.

are two poles

s+(k) = £8V k2 — k?

As shown in Figure 5 they emanate from +3k. for & = 0, then
move along the real axis, collapse at the origin for |k| = k.
and finally switch to the imaginary axis where they tend toward
+iB8|k|. Their real and imaginary parts are plotted as a function
of wavenumber in Figure 6. For the unstable wavelengths s_T_l(k)
is the characteristic time of exponential divergence. The growth
rate increases with wavelength, the fastest being the uniform slid-
ing mode, k=0, with a growth rate

(1)

sm = af (22)

Interestingly enough, one can check that Gr(z,t) (12) is read-
ily obtained by summing up both contributions (5) and (18). This
differs from previous spectral analysis [Knopoff et al., 2000, eq. 8]
where a factor two is missing in front of the I term, due proba-
bly to an erroneous computation of the branch cuts contribution.
The present derivation demonstrates that the unstable contribution
arises only from the poles and that both spectral and boundary in-
tegral approaches are indeed fully consistent.

2.3. Dynamics of the Nucleation: scaling behavior

The slip triggered by an impulse load at = 0 behaves as
ea\/m
<2wa\/ﬂ2t2 - :c2>

for a4/B%t2 — 22 > 1. As illustrated by numerical simulations
in Figure 7, after the nucleation phase the instability takes the form
of an expanding zone of high slip velocity, without healing, as in
more classical crack models. Nucleation ends when the dynamic
strength 74, or equivalently the critical slip D., is reached some-
where on the fault. The nucleation time T, is defined as the time
needed for slip to reach D, at the center of the slipping patch. In
the limit of long nucleation times, when a3 T, > 1, an implicit

D(z,t) ~ 2Eaﬂ

(23)

1/2

estimation of 7. can be found solving

To af eoh Te

W Var vapL e

Defining e = 2v/2m A7/(a”BTo), a parameter that contains the
information about the shape of the triggering load, and making use
of an expansion of (24) an explicit estimation of 7% can be worked
out:

(24)

T. ~ sy { —In(e) + In[In(e)] + ... } (25)
where s, was defined in equation (22) as the growth rate of the
fastest mode (uniform slip). The dependence on initial conditions is
weak, logarithmic. The first order scaling T, ~ —s;,! In(e) shows
that an estimation of the nucleation time can be deduced from a
single mode analysis that retains only the contribution of the fastest
mode. Higher order corrections to this scaling arise from the ex-
pansion of «/aBT. in (24). This square root term reveals an under-
lying diffusive-like process of importance in the long wavelength
limit. Indeed, the growth rate s1 (k) of the most unstable modes,
|k] < k., can be expanded as

e (26)

with
2x

s+(k) ~ $m — Kk®
To first order, the nucleation is governed by a global exponential
divergence with growth rate s,,. To second order, it involves a dif-
fusion process with diffusivity . More precisely, if slip is rescaled
by its global growth, i.e. if we define ¢ (x,t) = D(x,t)/e’™t, the
longest wavelengths satisfy asymptotically the diffusion equation

o _ 0%
at ~ "ox?

Owing to this analogy we can draw the following remarks: (1) the
nucleation triggered by a localized perturbation appears at large
scale as a self-similar process, and (2) the slip triggered by a rough
perturbation is progressively smoothed.

@7)

2.4. Finite size effects

Realistic physical models intrinsically involve a maximum
length scale L, which arises from boundary conditions, finite spec-
trum dynamic triggering or strength heterogeneity distributions. In
such cases, the lowest wave number is provided by k. = 2x/L.
When k. = 2x/L < k., the fastest growth rate is sy (k) =

B+/k% — k% and the nucleation time scales as

L

where L. = 27 /a. This introduces a crossover between two dis-
tinct regimes: (1) an infinite fault regime for L > L., where the
previous scaling T. o s;,;* holds, and (2) an unconditionally sta-
ble regime when L < L.. Finite size effects are important when
L ~ L.: the instability involves a critical size

T, o sp' (28)

L. = WMDC/AT (29)
and the nucleation time diverges as
1
T.ox (L—L:)"2 (30)

Interestingly enough, one should note that even though in both lim-
its a critical wavenumber k. exists, it can be related to a critical size
only for finite size systems, i.e. when a second length scale is avail-
able in the model. In the extreme case of a finite size fault segment,



locked at its tips by infinite strength barriers, the exact critical size
has been computed in Dascalu et al. [2000] and scales with the L.
reported here.

2.5. Transition to crack-like rupture

As illustrated in Figure 7, the nucleation phase ends with the
onset of a crack-like rupture front propagation. The position of the
rupture front X (¢) is here defined to coincide with the fault points
where the critical slip D is being reached: D(Xy,t) = D.. Ina
cohesive crack model this definition corresponds to the tail of the
process zone. Numerical results based on the BIEM formulation
of Cochard and Madariaga [1996] show that the rupture front ve-
locity is initially supersonic and approaches the shear wave speed
[ only asymptotically. This supersonic feature is not nonphysical
since, in contrast to classical crack models, the fault is slipping also
ahead of the front. Moreover, the rupture front remains inside the
causality cone of the initial perturbation.

As the rupture front travels faster than 3, the points on and ahead
of it can not receive information coming from previous front posi-
tions: the evolution of the rupture front does not depend on its own
history and it does not perturb the regions ahead, which therefore
remain in nucleation and are described by the solution (12). As
the asymptotic behavior of slip during the nucleation (23) depends
on the conical wave combination, /32t2 — z2, the rupture front
describes a hyperbola:

t’— X}/ =17 (31)
The rupture velocity, V(t), is given by
Vi(t) = B (32)

V/1-T2J?

This solution is consistent with the assumption of supersonicity.
As V; depends on the nucleation time Tt one can expect to retrieve
constraints on frictional parameters from the rupture front history.
Rupture velocity tends to the shear wave speed but supersonicity
is persistent during a time that scales with T,. Supersonic speed
is allowed by the delayed onset of rupture due to the existence of
a nucleation phase. The evolution of the rupture front here results
from the nucleation process taking place within an extended zone,
in contrast to more classical crack models where it is controlled
by a local balance at the vicinity of the front, within a small scale
process zone, and with no slip outside the crack.

2.6. Behavior out of the fault

As already discussed, the displacement within the bulk, far be-
hind the wave front, decreases exponentially as a function of dis-
tance from the fault, with the characteristic length scale a~ !, This
results from the off-fault behavior of the poles contribution, which
controls the dominant part of the nucleation process. From the
spectral Green function, equations (13)-(14), the y-dependence of
displacement is directly related to v(k, s). Its imaginary part is the
off-fault wavenumber, while the spatial decay rate is determined by
its real part, positive by definition. For each wavenumber &, the
poles are defined by v(k, s) = «. This implies that the nucleation
displacement pattern is asymptotically o< e ~1¥//*+ where the de-
cay length scale A is independent of wavelength:

N O
AL =a = AT X D,
This particular pattern is characteristic of anti-plane shear. How-
ever, for other geometries the off-fault displacement is still con-
strained within a finite width zone surrounding the fault interface.
Such a behavior may be interpreted as a frictional trapping. Inter-
estingly enough, the geometry of the trapping zone within the bulk,

(33)

in particular the trapping depth, provides essential informations on
the interface law. In fact, A directly scales with D,, the internal
frictional length, with a prefactor that reveals the interplay between
the bulk and the interface strengths. This may be used to infer
properties of the contact rheology from the deformation measured
in the vicinity of the fault interface. Moreover, as will be shown in
a latter section, the trapping depth defines a screening length for the
interactions between the nucleation process on the fault and the het-
erogeneities of the surrounding materials. A property that has been
recently exploited by [Campillo et al., 2001]. In that respect, the
fact that this screening length does not depend on the wavenumber
is of some importance.

3. A general spectral framework for frict-
ional contact interface

Geophysical applications, in particular the scaling of simulated
seismograms, need to bridge the gap toward 3D nucleation mod-
els. The spectral linear stability analysis, previously applied to
anti-plane shear, can be generalized to other geometries. The basic
assumption is the existence of a predefined planar fault T, with ho-
mogeneous strength properties and uniformly prestressed up to the
frictional threshold. The response to an arbitrary load perturbation
on T" involves the Green’s function G of the linearized boundary
value problem which can be written as the convolution between a
bulk propagator P and an interface Green’s function Gr:

G(k,y,s) = P(k,y,s) x Gr(k, s) (34)
The propagator P(z,y,t) is the displacement perturbation in the
surrounding elastic medium due to an unit slip pulse D(z,t) =
&(z) 4(t) in an otherwise locked interface. The interface Green’s
function Gr(z,t) is the slip perturbation induced by an unit load
impulse To(z,t) = d(x) d(¢). For instance, in the case of an an-
tiplane geometry, see equation (13), the propagator has a rather
simple expression P(k,y,s) = 2e~"¥. The propagator depends
only on the elastic properties of the surrounding medium while the
interface Green’s function involves also the rheology of the inter-
face. The stability of the system depends therefore only on the
interface Green’s function.

In general, see Appendix C, the interface Green’s function Gr
can be written in terms of an interface stiffness & and the frictional
parameters of the interface. A boundary stiffness K+ can be de-
fined for each lip of the fault as the response in traction along the
boundary of the corresponding half-space due to an unit displace-
ment pulse. In the spectral domain, the interface stiffness can be
defined as:

K~ (k,s) = Ki'(k,8) + KZ'(k, ) (35)
The interface stiffness can be split up into tangential /C;; and nor-
mal /C; components that can be understood as the elasto-dynamic
transfer of shear and normal stresses due to an unit slip pulse.
The interface stiffnesses depend on the geometry of the problem,
see Appendix C for the case of homogeneous media and Andrews
[1980]. The frictional parameters involve a frictional weakening -y,
and a normal stress dependence «y . The interface Green’s function
can be written as:
Gr(k,s) = [IC)(k,5) —v2KL(kys) =] (36)
For slip weakening with Coulomb strength threshold, -y, corre-
sponds to « used previously, and ~y, to the normal stress depen-
dence of the static strength. In the case of rate and rate-and-state



dependent friction laws v may be itself a function of s [e.g., Rice
and Ruina, 1983; Shaw and Rice, 2000; Perfettini et al., 2000].
Normal coupling is of importance for instance in the case of an
interface between two different materials as considered in Ranjith
and Rice [2000] When the problem is symmetric with respect to
the fault interface, there is no need to consider the normal cou-
pling, £, = 0. To avoid unnecessary notations /C will be used for
KCjj. The interface Green’s function G'r is simply:

Gr(k,s) = [K(k,s) =] @37)
In the 3D case, G, K and -y are matrices. In the remaining we only
consider two-dimensional cases.

In the s-plane, Gr has branch cuts and poles singularities.
The branch cuts arise from KC(k, s), which depends generically on
\/k? + s? /v terms, where v stands for each of the wave speeds
involved in the problem. Radiation conditions imply that the branch
cuts lie on the imaginary axis and therefore only contribute through
purely propagative modes. The poles, on the other hand, can lie in
the positive real half-plane and control the unstable modes. The
poles of Gr, in the s plane, can be found by solving, for each &,
the following dispersion equation:

K(k,s) =~ (38)
The instability is generally dominated by the longest wavelengths
available in the system. An example of instability dominated by
some selected finite length scale can be found in the multi-pulse
instability studied by Lapusta and Rice [1998] using a specific en-
hanced weakening rate-and-state law. Quite generally, depending
on the parameter |s/vk|, two extreme regimes can be identified.

For |s/vk| > 1, i.e. the high frequency and long wavelength
limit, an expansion to second order in |vk/s| gives the fast limit of
K:

K(k,s) ~ C(s) s + T(s) k* (39)
The first term can be interpreted as a local radiation damping while
the second term can be related to a Laplacian term in space. The
nucleation time, in the case of an infinite fault system, scales with
the growth rate s,,, of the homogeneous mode, the largest root of :

C(s)s=~

the maximum nucleation growth rate results from the competition
between the radiation damping due to the bulk material and the slip
weakening rate of the interface friction. It is controlled by a dy-
namic property if the interface stiffness, more precisely its radiation
damping limit. For homogeneous media, the radiation damping co-
efficient is C'(s) = /20 and the scaling of the fastest growth rate
given by (22) still holds, even in 3D. The diffusion behavior of the
longest wavelengths, as illustrated for the anti-plane case (26), can
be shown to result from the second leading term in the fast limit
expansion. In particular, for in-plane shear the P-SV diffusivity
is greater than the SH one. In the 3D case the diffusion limit is
anisotropic and leads to a macroscopic elliptical shaped slipping
patch, with long axis parallel to slip direction, as also seen in nu-
merical experiments [Favreau, 2000].
For |s/vk| < 1, an expansion up to second order in |s/vk|
leads to the slow limit of the interface stiffness:
K(k,s) ~ K(k) + M(k)s” (40)
To first order, the static stiffness K (k) is recovered. To second or-
der, each spectral component of slip can be treated as a spring-block
system of stiffness K (k) and mass M (k). In anti-plane shear, the

mass is found to be M (k) = p/4|k| and can be physically related
to the mass mobilized by the static mode of wavenumber &, which
induces a deformation into the bulk over a distance |k|~*. Simi-
lar scalings of the fault mass have been used by Roy and Marone
[1996] to study the effects of inertia on nucleation, with single
degree of freedom systems. For interface laws with an intrinsic
length scale, such as the slip weakening and rate-and-state laws,
short wavelength are stable and a critical wavenumber k. defines
the boundary between stable and unstable domains of the spectrum.
For velocity weakening laws, with no intrinsic length scale, a sim-
ilar analysis shows that for high velocity weakening rates ~,, e.g.
vy > p/24 in anti-plane, all the wavelengths are unstable. For slip
weakening laws, s = 0 at the stability transition and k. is defined
as the root of :

K(ko) =~

The critical wavenumber results here from the competition between
two mechanical responses: the static elasticity of the material sur-
rounding the fault; the slip weakening rate of the friction that char-
acterized the fault interface. In contrast to s, k. is controlled by
the static part of the interface stiffness. Moreover, the spring-mass
representation is valid close to k.. In particular, for a finite size
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Figure 8. Model of smoothly damaged fault zone FZ1.

wy)

Hd

r

L

2h

Figure 9. Model of layered damaged fault zone FZ2.



system close to the critical size L ~ L, this leads to

v — K(kL)
Sm ~ WOC\/L_LC

(41)
The exponent —% in the scaling (30) of the nucleation time close to
the critical size is thus related to the mass like nature of the leading
inertial term in the slow limit.

The slow and fast limit, which are shown to be of primary im-
portance during the dynamic nucleation process, are lacking in the
so-called quasi-dynamic approximation which only retains the radi-
ation damping and static contributions, (%, s) = us/28 + K (k).
This approximation respects the slow and fast limits only to first
order. The first order properties of nucleation, s,, and k., will be
correctly described but not the second order effects. To explain the
diffusion-like scaling of slip and the finite size dynamic effects, in-
ertial effects must be correctly taken into account, even in the slow
limit.

4. Simple Anti-Plane models of a Fault
zone

As a first step toward more realistic models of the fault zone,
interest is focused on anti-plane shearing of two elastic media with
variations of the shear velocity 3 in the direction normal to the fault
plane, over a characteristic length scale h. These variations repre-
sent a fault-parallel damaged zone of lowered velocity that results
from previous rupture history or a localized geological deforma-
tion. The geometrical and mechanical properties of the damaged
zone are assumed to be stable during the nucleation process. For
simplicity the density is that of the surrounding rock, p, but the
elastic shear modulus is 4j-dependent. Far away from the fault the
shear modulus of the intact rock is u, whereas in the immediate
vicinity of the fault itis ug = (1 — A)p, where 0 < A < 1
defines the damage level close to the fault. The scale of the fault-
parallel damaged zone is given by the characteristic length h of
the shear modulus distribution. On the fault plane itself, the inter-
face law is still a linear slip weakening law with weakening rate
~. These fault zone models are therefore defined by four param-
eters. The two first parameters characterize the undamaged refer-
ence model: 3, the shear wave velocity of the undamaged elastic
material; A\, = o~ = u/2, the trapping depth of the undam-
aged fault interface. The two remaining parameters characterize
the internal fault zone: A, a mechanical property defined as the
maximum damage within the fault zone; h, a geometrical property
defined as the characteristic width of the damaged fault zone.

In the first fault zone model (FZ1), Figure 8, the shear modulus
has a smooth distribution

py) = p+ (pa—p) e V7" (42)
In the second fault zone model (FZ2), Figure 9, a layered distribu-
tion of the shear modulus is assumed:

N(y) — { Hd |y| S h

PRI (43)

The interface stiffness and the bulk propagator for FZ1 are de-
rived in Appendix D:

A F'(a,b;c; A)
_ l = et
Kk, s) = 3pa <V+ h F(a,b;c; A)) 9
iyl Fla,bye; A e~ lvl/R
Plkyyys) = dson(e v ZEEEDE L)

where F is the hypergeometrical function, F” its derivative with

respect to its last argument and

v(k,s) = k> + /8 (46)
ak,s) = 1 [1 +ohw 4 /14 (2hk)2]
2 ? 2
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Figure 10. (left) The unstable branch for FZ1, i.e. the positive
real valued poles s (k) of its interface Green’s function Gr(k, s),
as a function of wavenumber k, for A = 0.5 and for different
values of h. The inset shows s% as a function of k2, for ah =
0.01,0.1,1,10 and 100. The overall shape is elliptical. (right)
Same than inset but for FZ2, with ah = 0.01,0.1,0.3,0.5,1 and
10.
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Figure 11. The nucleation and the effective properties as a func-
tion of the characteristic width of the fault zone h for two fault
zone models: left, model FZ1; right, model FZ2. The characteris-
tic width h is normalized by the trapping depth AL = a ! of the
undamaged model. From top to bottom: ae = kc(h, A); sm(h, A)
and Be = sm(h,A)/kc(h, A). Each curve corresponds to a dif-
ferent value of damage A = 0.1,0.3,0.5,0.7 and 0.9. The arrow
shows the trend as damage increases. All the properties x(h, A)
are scaled with respect to their limiting values: z = z(0, A), for
an undamaged homogeneous medium ; z4 = z(co, A), for an uni-
formly damaged medium.



b(k,s) =
c(k,s) =

3 [1 +2hr — /1 + (2hk)2]
1+ 2hv

The interface stiffness and the bulk propagator for FZ2 can be com-
puted by basic elastodynamics in spectral domain:

K(k,s) = %pqvq cotanh(hyy + ©)

sinh{vg(h —y) + O]

2sinh(hyg + O) lyl < h(47)

P(k,y,s) = _

sinh © e (w=h) ly| > h
2sinh(hvy + ©)
where

vy(k,s) = \/k?+ s2/63 (48)
O(k,s) = arctanh <M> (49)

J1i%

The stiffness of the interface between two elastic slabs of width
h driven by imposed displacements at their external surface, a
case relevant for laboratory simple shear tests, can be obtained
as an end member of FZ2 when the outermost medium is rigid,
u/ua — oo. The corresponding interface stiffness is K(k,s) =
1 pravg cotanh(vgh).

4.1. Stability analysis and nucleation

Interest is focused on the asymptotic behavior of the nucleation
for both models of fault zone. As previously shown, asymptotic
properties are fully characterized by the unstable poles of the inter-
face Green’s function. Numerically, its is found that the evolution
of these poles, as a function of wavenumber, can be fitted for both
FZ1 and FZ2 models by an ellipse, a quite generic scaling for the
anti-plane geometry. Such a scaling is illustrated in Figure 10 and
is a robust feature of both models, at least within a reasonable range
of damage, 0 < A < 0.9. The ellipse is completely determined
by two properties: the maximum growth rate of the nucleation in-
stability, sy, (h,A), and the critical wavenumber, k.(h,A), that
bounds the unstable spectrum:

s + k? _
sm(h, &) ~ k2(h,A)

1 (50)

for |k| < kc(h,A). Both properties are obtained numerically by
solving the dispersion equation (37) in the fast and slow limits re-
spectively. They fully characterize the asymptotic behavior of fault
slip during nucleation.

The dependence of nucleation on the properties of the fault zone
can be understood by the scaling of s, (k, A) and kc(h, A). Such
a scaling is shown for models FZ1 and FZ2 in Figure 11 as a
function of h , for a range of damage relevant for the core zone
and the outer zone of a fault, A = 10 — 90%. As the trap-
ping depth A, = o~ ! is the only length scale present in the un-
damaged reference model, the nucleation in both fault zone mod-
els depends on the ratio ah between the characteristic width of
the damage distribution and this reference trapping depth. In Fig-
ure 11 the governing properties of nucleation are scaled in order
to show the continuous crossover between two limiting regimes.
For the selected damage levels, the range of ah has been restricted
to the transition regime. When ah < 1, the nucleation process
does not depend on the existing damaged fault zone and scales as
the previous homogeneous case with the properties of the intact
host rock: kc(h,A) — k. = a and sy (h,A) = s;m = af.

When ah > 1, the nucleation becomes governed by the proper-
ties of the damaged material in the immediate vicinity of the fault:
ke(h,A) = k¢ = aq and sp(h,A) = s& = agf4, where
ay' = pa/2vyand Bq = \/pa/p are the trapping depth and the
shear wave speed in a model of nucleation between two homoge-
neous damaged half-spaces. In this regime, the nucleation is faster
and the unstable spectrum is broader than what would have been
estimated using the intact host rock elastic properties alone. Fur-
thermore, the nucleation is no longer dependent on the geometry of
the fault zone but only on its mechanical properties. Between this
two regimes, a non trivial dependence on the thickness of the fault
zone. The main difference between models FZ1 and FZ2 appear in
this crossover regime : while the crossover of model FZ1 is weakly
dependent on the damage level of the fault zone, the model FZ2
shows a more acute sensitivity on damage.

The crossover for k. (h, A) allows to define a critical fault zone
thickness A* such that k.(h*, A) = (k. + kZ)/2. A similar quan-
tity can be defined for the crossover of sy, (h, A). In model FZ1
the critical thickness is found to remain of the same order than A,
even for strong damage. On the other hand, in the fault zone model
FZ2 the critical thickness depends on the damage: h* decreases
as A increases, while the transition becomes stiffer and stiffer, as
shown in Figure 12 up to extreme values of damage. Such a dif-
ference may be related to the different smoothness assumptions in
the damage distribution of each model. These two models can re-
garded as extreme cases for the damage distribution and provide a
glimpse of the complexity that can be expected from realistic fault
zones.

In the case of model FZ2, scalings can be analyzed in closed
form due to the simpler structure of the interface Green’s function
and of the propagator. The critical wavenumber k.(h, A) can be
explicitly found by considering in the slow limit the equilibrium
between the static stiffness and the weakening rate

K(k) = spalk| cotanh(h|k| + ©1) = v (51)
where ©1(A) = arctanh(1 — A). In the long wavelengths limit,
k <« h '@, the static stiffness of an homogeneous undamaged
medium, §p|k|, is recovered and the critical wavenumber scales as

Damaged scaling
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Figure 12. The different scaling regimes of nucleation in model
FZ2, as a function of the width of the fault zone, h, and the level
of damage, A. The gray zone is the transition zone between two
extreme regimes, the dashed line gives the critical thickness h* de-
fined by k. (h*, A) = (k.+k%)/2. Inthick fault zones the effective
properties approach those of an homogeneous damaged medium.
Thin fault zones are transparent to the fault. The transition range
strongly depends on A. Highly damaged fault zones need to be
very thin in order to have a negligible effect on nucleation.



kc(h, A) ~ a. In the short wavelengths limit, & 3> h™", the stiff-
ness of a uniformly damaged medium, 1 pq|k|, is recovered and
the critical wavenumber scales now as k. (h, A) ~ aq4. The critical
thickness for the crossover transition of k. in model FZ2 can be
found from (51):

1-A

B(A) =X 737

[01(3A) — ©1(A)] (52)

where AL = a1 is the trapping depth of the homogeneous un-

damaged anti-plane-model. A crossover extension ¢*, related to
the steepness of the transition, can be defined as:

5(A) = (au—a)/ e () (53)
1 1—A «
- I_A/Z{I_A/(\L—h(A)A} (54)

For weak damage, A < 1, the critical thickness and the crossover
extension scale as h*(A) o« AL and 6*(A) o< AL. For strong
damage, A — 1, a situation relevant for the inner gouge zone, the
critical fault zone thickness and the crossover extension scale now
as the trapping depth of an uniformly damaged anti-plane model,
h*(A) x (1 — A)Ap and §*(A) o (1 — A)AL. The transi-
tion sharpens and the critical thickness decreases as the damage
increases.

Similar results are found when analyzing the scaling of the
growth rate s, (h, A) which can be explicitly determined, in the
case of model FZ2, by considering in the fast limit the equilibrium
between the local radiation and the weakening rate:

C(s)s = %I,Ldid COtanh(hS/,Hd + 92) =7 (55)

B
where ©3(A) = arctanh(v/1 — A). In fact, comparing (55) to
(51), a relation between sy, (h, A) and k. (h, A) can be found

sm(h, A) = V1 — A k. (h,1—V1-A)

that relates also the critical thickness and the crossover extension
of kc(h,A) and s, (h,A). The scalings found for the critical
wavenumber in the weak and strong damage limits hold therefore
also for the maximum growth rate. Now s,,(h, A) and k. (h, A)
being extremal properties of the unstable spectrum, the whole un-
stable branch, 0 < |k| < k.(h, A), is expected to follow the same
trends.
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Figure 13. Off-fault displacement of two unstable modes of FZ1,
k = 0and k = kc(h,A), as a function of y for A = 0.9 and
ah =1072,107",1 and 10. The displacement vanishes exponen-
tially within a distance k2 ' (h, A).

4.2. An effective medium approach

As already discussed, the scaling of the unstable poles as a func-
tion of the wavenumber, is quite generic of anti-plane geometry. It
follows an ellipse that is defined by two parameters: the maximum
growth rate s, (h, A) and the critical wavenumber k. (h, A). This
ellipse fully characterizes the asymptotic behavior of the slip, for
|k| < kc(h, A), during the nucleation. This suggest that an effec-
tive homogeneous model with the same asymptotic nucleation be-
havior than a damaged fault zone model, characterized by the four
parameters (o, 3, A, k), may be simply defined by two parameters
a, and 3. such that:

ke(h,A) = ae
sm(h,A) = Beae

These effective parameters are determined on the basis of the scal-
ings of k. and s,, found for homogeneous models. Interestingly
enough, numerical results show that the off-fault deformation in
the fault zone model is very well reproduced by the homogenized
model. To first-order, displacement remains trapped within a thick-
ness that scales as A = o' almost independently of the wave-
length, at least for the range of damage, 0 < A < 0.9, that has been
explored, see Figure 13 for model FZ1. This is a non trivial result
since, if the asymptotic behavior of slip is completely determined
by the shape of the unstable poles branch, the displacement off the
fault depends also on the bulk propagator P which is specific to
each fault zone model. From this propagator, it can be shown that,
in contrast to the homogeneous anti-plane models, each wavelength
has a characteristic trapping depth. However, these trapping depths
are only weakly dependent of the wave number and remain all close
to A%.. This shows the pertinence of the proposed homogenization
procedure. Departure from this scalings is only expected for ex-
treme values of damage above 90%.

The scalings of the nucleation leading properties, Figure 11, as a
function of the characteristic width of the fault zone and the damage
can now be analyzed in terms of effective parameters a. and S..
The effective trapping depth, A% (h, A) = o', is bounded by the
limiting values obtained for an undamaged and a damaged homo-
geneous medium, respectively A, and A\¢ = a;t = (1-A)AL.
In the case of weak damage, these two bounds remain close to
each other and therefore A¢ ~ A, is a good approximation of
the effective trapping depth. For stronger damage A4 < AL and
the effective trapping depth A% spans now a broader range of val-
ues as h varies. The critical thickness A*(A), associated with the
crossover, can be determined numerically. In all cases, the effec-
tive trapping depth can be associated with an off-fault screening
effect: the nucleation does not depend on heterogeneities, outside
the fault, of scales smaller than the effective trapping depth A9.
For fault zone model FZ1, the critical thickness was found to re-
main of the order of A and it depends only weakly on the damage
level. Model FZ1 is therefore characterized by a single off-fault
screening length ~ X . This is in contrast to the layered fault zone
model FZ2 for which the critical thickness of the crossover exhibits
a stronger sensitivity on the damage. In this case, see Figure 12, as
the damage increases, the critical thickness decreases and the tran-
sition becomes stiffer: the nucleation becomes sensitive to smaller
and smaller scales of heterogeneities outside the fault. Frictional
trapping is therefore an important phenomenon that controls the
nucleation of damaged fault zones. Frictional trapping implies that
all the modes see the same effective medium and that arbitrarily
long wavelengths can be sensitive to the existence of the fault zone
for a thick enough fault zone.

(67
(58)

5. Discussion

In general [Chester et al., 1993], a fault zone consists of three
structures: a central layer of highly comminuted gouge or ultracat-
aclasite, centimeters to decimeters thick, within a core of foliated



cataclasites, 30 to 100 m thick, embedded in turn in an order of
magnitude thicker zone of damaged rock, containing abundant mi-
crofractures. The borehole measures across the active Nojima fault,
at a depth of about 630 m, showed the presence of a 30 m thick
layer of altered and deformed granodiorites surrounding a 20 cm
thick gouge layer [lIto et al., 1999]. Inside the gouge zone, high
to extreme damage, that can be considered as almost uniform, is
expected. Strong and sharp variations of physical properties can be
expected at the boundary between the gouge and the surrounding
core zone. The core zone in turn can reach damage levels of 50%.
In the outer zone, damage decreases continuously with the distance
to the fault. However the boundary between the core and the outer
zones is difficult to define. Trapped wave inversions usually as-
sume a homogeneous core zone layer while borehole data show a
rather smooth distribution of shear wave velocities. The model FZ2
would be appropriate for the gouge, while model FZ1 is more ap-
propriate for the outer zone. Until more precise data is gathered for
the core zone, we can not rule out a priori one model or the other.

Figure 12 summarizes the different nucleation behaviors in
model FZ2 as a function of the two (geometrical and mechanical)
properties defining the fault zone, h and A. To assess the effect of
each fault zone structure on the nucleation process it is important to
estimate the ratio h/A 1 = ah between the trapping depth associ-
ated to the host rock and the thickness of the structure considered.

We take as working examples the Nojima fault, which rup-
tured during the 1995 Kobe earthquake, and the San Andreas sys-
tem. From waveform inversion of near-field strong motion seis-
mograms [lde and Takeo, 1997] estimated a 5 M Pa stress drop
in the hypocentral region of the Kobe earthquake and [Bouchon,
1997] obtained A7 ~ 20 — 100 M Pa for major Californian earth-
quakes. As a rule of thumb, the ratio between the reference trap-
ping depth and the critical slip A /D, is of the same order than
p/ AT and is tipically in the range 10 — 10*. For instance, tak-
ing u =~ 43 GPa, as given by the regional velocity model at the
hypocentral depth of the Kobe earthquake, the following scaling for
the trapping depth associated with the host rock of Nojima fault is
found: AL = 4 x 10 x D,.

The value of D, for real earthquakes is still a matter of dis-
cussion. At the laboratory scale it ranges from tens of microm-
eters for precut surfaces or simulated gouge to some millimeters
for fracture of intact granite. Seismological estimates are scattered
from some millimeters to some meters [Ohnaka, 2000]. [Aki, 2000]
gives for major Californian earthquakes D, = 0.1 — 1 m, hence
AL ~ 100 m — 10 km. Due to lack of resolution, [Ide and Takeo,
1997] were only able to give an upper limit, D, < 50 cm, for
the deeper part of the Kobe fault, leading to A1 < 2 km. The
estimated ranges of h/\y for the three principal fault structures
previously defined are summarized in Table 1. This ratio is very
low in the case of the gouge zone layer. If model FZ2 is a good
description of this layer, high damage (1 — A = 107 —1073) is
required for the gouge zone to play some role in the effective prop-
erties of nucleation. Taking Young’s moduli E = 150 —500 M Pa
for compact gravel or E = 10 — 100 M Pa for sandy material

Table 1. The Ratio ah = h/X

Gouge zone  Core zone Outer zone
Thickness h 0.01 - 0.1 10 — 100 100 — 103
(in meters)
Seismological 107 —-10=3 10=3—-1 0.01—-10
scaling of ah
laboratory scaling  0.01 — 0.1 1—-10% 10— 107
of ah

and Poisson’s ratio v = 0.3, contrasts in shear moduli of two to
four orders of magnitude are expected at the boundary between the
gouge zone and the surrounding core. Thus in general this zone is
not seen by the fault during nucleation, unless its shear modulus
is extremely low, i.e.a practically fluidized layer. The issue of the
role of the core zone and outer zone is less clear. Although there
is a trend toward an intact host rock scaling of nucleation, an effect
can still be possible for short D, high stress drop or relatively thin
fault structure.

However, complex interactions during fast dynamic rupture can
lead to apparent values of D, larger than the local D, [Yamashita
and Fukuyama, 1996]. The relevance of these large apparent val-
ues for nucleation remains an open question. An alternative insight
can be reached from laboratory experiments. On the basis of ex-
perimental data on simulated gouge zones [Marone and Kilgore,
1993] proposed the scaling D, = 0.01 X hgouge, Where hgouge
is the gouge layer thickness. If this scaling is extrapolated to real
earthquakes it gives

AL & 10 — 100 X Agouge (59)
For Nojima fault it results that A, ~ 8 m, for faults in the San
Andreas system A, < 0.1 — 10 m. The ratio h/A based on this
scaling for the different typical internal structures of a fault zone
are reported in the last row of Table 1.

If the gouge layer is described by model FZ2 then the shear mod-
ulus contrast must be higher than 90 — 99 % for the layer to have
some effect on nucleation. This range is clearly below the range of
contrasts for mature gouge zones. The gouge is thus expected to
play a role not only by its geometry, that controls D., but also by
its elastic properties.

More than 50% decrease in wave velocities was measured in the
Nojima core zone. For those levels of damage (A > 0.75) the fault
core need to be thicker than A9 ~ 0.25 x A1 in order to have
some effect on the nucleation process. The effective trapping depth
is A9 =~ 2 m for Nojima and A9 = 2.5 cm — 2.5 m for San An-
dreas if (59) holds. If we take model FZ1 instead, the screening
length is of order A.. The core zone is 30 m thick in the shallow
section of Nojima fault and 30 — 100 m thick in some faults of the
San Andreas system. More generally, the core zone being usually at
least two orders of magnitude thicker than the gouge zone, (59) im-
plies that this structure is clearly thicker than the relevant screening
length, whichever model of fault zone is considered. This in turn
implies (1) that nucleation is prone to scale like in a homogeneous
medium, with the mechanical properties of the fault core zone, and
(2) that the geometrical details of the distribution of damage at his
mesoscopic scale are not significant. It leads to faster nucleation
growth and broader unstable spectra than expected from the host
intact rock scaling.

Measures from the exhumed Punchbowl and San Gabriel faults
of the San Andreas system [Chester et al., 1993] give an average
thickness of 300 — 1000 m for the outer fault zone. Although this
is thick enough for the fault to see it, the lower overall damage and
smoother distribution inside this outer region makes it likely to be
screened by the core zone effects.

Actually the range of values for the internal friction length D,
during the nucleation phase, is nowadays poorly constrained. Fur-
thermore, a physical understanding of the difference between lab-
oratory and seismological estimations is still lacking. Such an un-
certainty leads to a wide range of possible nucleation regimes. This
suggest that additional observations directly related to the nucle-
ation process would be most useful.

Nucleation phases are not easily observed in current seismo-
grams. Even when observed, a nucleation time is difficult to define



objectively. Moreover, it will not be directly related to the nucle-
ation time studied here. In fact T, is of little practical interest due
to the type of triggering of this kind of studies and due also to the
noise level that should prevent a direct measure from the seismo-
grams. A well defined observable quantity is in fact s,,, the max-
imum growth rate. Indeed, the rate of the seismic moment, which
can be measured on the far field, is related to the spectral compo-
nent £ = 0 through Mo(t) o< D(k=0,t). Owing to the radiation
damping limit for 3D elastodynamics in homogeneous media, the
model predicts D(k=0,t) o« e*™*, with s,, = aeB.. Therefore,
the maximum growth rate could be measured by plotting

Sm = Mo(t)/Mo(t) (60)
for the initial phase of the seismogram. This could help to constrain
the frictional properties of the fault and the effective properties of
the fault zone. However, one should keep in mind that such an ex-
ponential behavior is not generic and that other nucleation models
can predict power law scalings instead [Sato and Kanamori, 1999].
Different scalings may be expected also for dynamic triggering well
below the sliding threshold, or for sophisticated nucleation models
that take into account possible heterogeneities of initial stress or
friction threshold.

6. Conclusion

The nucleation of the rupture has been solved for simple mod-
els of fault zone using a linearized perturbation analysis. The fault
interface behavior is assumed to obey a simple linear slip weaken-
ing law. In such an analysis, the fault is initially uniformly stressed
at sliding threshold. This reference state is more a mathematical
ersatz than a realistic physical condition. However, this allows for
analytical solutions that are quite useful in providing physical in-
sights on the nucleation process and reference solutions for more
elaborated numerical analysis.

In the simple case of an anti-plane shear between two homo-
geneous elastic half-space, both space-time and spectral solution
have been independently obtained and shown to be fully consis-
tent. The spectral framework has been extended to discuss implica-
tions on 3D rupture. The nucleation is characterized by: a bounded
spectrum of unstable modes with a critical wavenumber k.; a time
exponential growth of the unstable modes with a maximum rate
sm; an induced off-fault deformation that remains trapped within a
bounded zone in the vicinity of the fault with a characteristic depth
penetration A . All these physical parameters have been explicitly
related to the slip weakening rate at the fault interface and to the
elastic property of the surrounding medium.

Internal fault zone structures have been taken into account here
in terms of fault-parallel damaged zones. Spectral solutions have
been obtained for both a smooth and a layered distribution of dam-
age. A crossover is observed between a regime of intact rock scal-
ing and a regime of homogeneously damaged material. The prop-
erties of this transition are shown to depend on the smoothness of
the damage distribution inside the fault zone. Moreover, it is shown
that the nucleation process of damaged fault zones can be correctly
described in terms of an effective homogeneous model character-
ized by two effective parameters: an effective shear wave velocity
Be and an effective nucleation length «_ -1 In all cases, the fric-
tional trapping of the deformation off the fault is of crucial im-
portance. Generally the effective properties of an heterogeneous
medium are scale dependent. For instance, one expects them to
depend on the wavelength considered. However due to frictional
trapping of the deformation out of the fault, all the modes “see” the
same effective medium and, beyond a critical thickness of a fault
zone, even arbitrarily long wavelengths can be sensitive to the ex-
istence of the fault zone.

The importance of the different structures of real fault zones in
the nucleation process has been discussed. Conclusions are quite
dependent on the admissible range for the critical slip D.. Seismo-
logical estimates predict low sensitivity to the fault zone, although
significant effects of the core and outer zones are expected for short
D., high stress drop or relatively thin fault structure. When labora-
tory based scalings are used, the fault core zone is predicted to play
an essential role, leading to a fast nucleation growth, broad unsta-
ble spectrum and a highly localized deformation. Such mismatch
should be resolved in the near future with the help of forthcoming
borehole data across active faults.

The most important prediction of our model is the existence of
a frictional trapping length, that determines the effective properties
of the fault zone. This relies on the assumption of an internal length
for the friction law. We therefore expect that this study can be ex-
tended beyond the slip weakening case. Such an extension deserves
more precise experiments and further scrutiny.

Appendix A: Getting w from &

Laplace transforming equation (5) with respect to y, noting with
a tilde the transformed quantities and p the transform variable:

p\il(x,p, t) \I/(il,‘ 0 t) - (a +p) (:U p7t) - (iI),O,t)
(A1)
For p = —a, we get
w(z,0,t) = ¥(z,0,t) + a¥(x, —a,t) (A2)

This leads directly to the representation of fault slip as in (10). To

get the displacement field everywhere in the bulk, we replace (A2)

into (A1) and rearrange the resulting expression as

U (z, —a t)]
(A3)

- = o4

Going back to y domain, noting that the inverse Laplace transform
of —_D is H(y) e~ ¥, we obtain the solution (9) for the displace-
ment in the whole elastlc space.

Appendix B: Spectral derivation of the
Green’s function

Applying a Fourier transform in z and one-sided Laplace trans-
form in y and ¢ with the corresponding transformed variables &, p
and s, the wave equation gives

2

%w(k,p,s) = (* — k) @(k,p,s) — p w(k,y=0, )
—g—:’w,yzo,s) (81)

The last term can be replaced by the fault boundary condition,
Y(k,y=0,8) = To(k,s)/p + a w(k,y=0,s). Equation
(Boi’ becomes

’lf)(k‘,p, ‘9) = (0{ _p)

w(k,y=0,s) + %

v —p°)
(B2)
For p = v, we get the displacement of the lip of the fault, which is
half the slip
To(k, s)

(B3)



From this expression we deduce the interface Green’s function
Gr(k, s) (15). Replacing (B3) in (B2) we get the displacement
inside the bulk:

_ To(k, s)
w(k,p, 8) = ————— (B4)
"b) = e —a)
Back transforming to the y domain leads to
To(k,s) e ¥
w(k,y,s) = ———— B5
(k,y,s) (v — o) (B5)

and to the Green’s function G(k, y, s) (14). To transform it back to
(z,t) domain we start by rearranging it:

G(k,y,s):%xe:y (1+Vfa) (B6)
Making use of [Erdélyi et al., 1954, 5.1.6]
i1z o
e {xiwl=s [ 5 [mvEE=e) e
0
(B7)

and of the backward transform f(£) = (6 — y) + ae*¢=¥) of
f(p) = e P¥(1 4 S2), we obtain an expression in (k, ) domain

= (K VEE )
8 o
+ %e*ay/ Jo (|k|\/ﬁ2t2—c2) e d¢
Yy

Noting that (3/p)Jo(B|k|t) is the Fourier transform with respect
to = of Lamb’s solution, we can transform back to = domain and
get (9).

The poles contribution can be transformed back following the
same technique. Writing it in the form G, (k, s) = § x 42 »2—
one can use (B7) to transform it back to ¢ domain

Bt
G(k,t) = % / Jo [Iklv/B%# = €| cosh(ag) de
0

G(k,y,t) = (B8)

(B9)
Transforming back to z domain inside the integral:
Golw) =222 | coh(0d) g (B10)
©oJ, m/ B2t — 22 — £2

The final result (18) can be inferred using the following integral
representation of the modified Bessel function of zeroth order

! cosh(z(¢)

0 7!'\/1-(2

Io(z) = 2 ¢ (B11)

Appendix C: Interface stiffness for homog-
eneous medium

Defining vs(k,s) = +/k?+s%2/8? and vp(k,s) =
k2 + s%/v%, where vp is the P-wave speed of the medium,
the interface stiffness and the bulk propagators for anti-plane shear
(SH) and in-plane shear (P-SV) are

Ksu(k,s) = Luvs (&)

Psu(k,y,s) = e vslvl ©2)
2
kB\? 292
Kpsv(k,s) = 2u (_B) (VS_VP)+/1,S /8 ©3)
s 21/5
Prsv(k,y,s) = i%e—uslyl
2
+ (’B—Sk) (e*”slyl _ e—up|y|) (ca)
. k —y ﬂk 2
Ppsy(k,y,s) = z;{%e slvl 4 (?)
S ) B

where + in the propagators stand for the y > 0 and y < 0 half
spaces. For a plane fault in a 3D elastic medium, with fixed slip di-
rection parallel to 2, we define the wavenumber vector k = (k, 6)
by its modulus £ > 0 and the angle § € [0, 2x] between k and 2.
The interface stiffness and the bulk propagator are

K(k,s) = cos’8 Kpsy +sin’ 0 Ksu (C6)
P*(k,y,s) = cos” 8 Ppgy +sin’§ Psy (C7)
PY(k,y,8) = cosd P, (C8)

When the slip direction is arbitrary, the interface stiffness is a ma-
trix relating both components of traction to slip (D, D, ):

Re (C9)

K(k,s) =Rg ( ICPSV'(k,S) /CSH.(’% s) )

where Ry is the 8-rotation matrix:

cosf sinf
Ro = (—sine cosG)

The propagator for the components u, and u of displacement is

(C10)

TR G E Y

The propagator for the component w, is

PY(k,y,s) = Plg, ( cosf )

sin 6 (C12)

Appendix D: Interface stiffness for a dam-
aged fault zone

The governing equation for displacement w(z, y, t) in the anti-
plane case with non homogeneous elastic modulus p(y) is

d*w

P o (D1)

Pw 9 ow
=y gzt ay <M(y)a—y>
To get the interface stiffness, we must apply the boundary condition

w(z,0,t) = 3 &(z) 6(t) (D2)

and conditions of bounded displacement at y = Focco. The bound-
ary problem for w(k, y, s)

(ps® + pk®)w — (% (p%—j) =0 (D3)
w(k,0,s) = 1/2 (D4)
w(k,xo0,8) = O(1) (D5)



can be solved numerically for any arbitrary distribution u(y), and
any given (k, s). The interface stiffness is then computed from the
traction at I': K(k,s) = —N(O)%—“;(k,o,s). However, for model
FZ1 an analytical solution can be derived. We seek solutions of the
form:

wk,y,s) = 1 Y(k,y,s) e (D6)

where v = (/k? + s2 /32 is defined to have a positive real part,
and 3 is the shear wave velocity far away from the fault. The expo-

nential term accounts for the behavior of the solution far away from
the damaged zone which asymptotically approaches the solution of
an intact infinite space. From now on we fix k£ and s and for the
sake of clearness we drop the Y dependence on (k, s). Applying
the following variable change [Vrettos, 1990]:

&= Aexp (_lhﬂ)

we get the following scalar differential equation for Y (£):

(D7)

A=6EY +[2r+1-2(r+1)£]Y = (®+r)Y =0
(D8)

where the dimensionless coefficients are

r = hv
k = hk
Q hs/B

and the boundary conditions are

Y(§) = o(f")
Y(A) = 1

(D9)

Equation (D8) is actually an hyper-geometric differential equation,

Q=6EY" +[c—(a+b+1)E]Y' —abY =0 (D10)
with
a = %I:l+27‘+\/1+—4fi2]
b = §[1+2r—\/1+—4»;2]
c = 1+4+2r

The solution of (D10) with boundary conditions (D9) is related to
the hyper-geometric function,

o0

Fabia =Y e
n=0
by:
v(©) = Foped (o11)

The traction at the interface, —uq0w/dy(k, 0, s), gives the inter-
face stiffness:
A F'(a,b;c; A)

K(k,s) = (1 = A) Koo (k, 8) + Lpa—

h F(a,b;c; A) (B12)

where F' is the derivative of the hyper-geometric function with
respect to its last argument, &, and Ko (k, s) = % pv is the inter-

face stiffness in the homogeneous case, which is recovered when
A =0.
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