The Earth as a Seismic Absorption Band

Abstract. Attenuation of seismic waves indicates that the earth is not perfectly
elastic. Dispersion accompanying absorption gives frequency-dependent ‘‘elastic’
moduli, a fact that must be taken into account when inverting seismic data. Normal
mode data are reinverted after correcting for absorption. The correction removes the
discrepancy between body wave and free oscillation interpretations of earth struc-

ture.

The earth is often assumed to be a per-
fectly elastic body. One consequence of
this assumption is that elastic moduli and
seismic velocities do not depend on fre-
quency. Thus, if the assumption is valid,
the moduli determined from seismic
body waves can be compared directly
with surface wave, free oscillation, and
ultrasonic laboratory results and used
to compute tidal response, Chandler
wobble periods, and static deformation
of the lithosphere. However, ‘‘elastic’”
waves are nondispersive only at very
high and very low frequencies, and ideal
elastic behavior is only approached at
very low temperatures. The absorption
of seismic body waves and the decay of
free oscillations indicate that the earth is
not a perfectly elastic body. It is well
known that dispersion must accompany
absorption (/) and therefore elastic mod-
uli depend on frequency. The travel
times of body waves and the periods of

free oscillation are now known to better
than 0.1 percent; the effect of dispersion
over the seismic frequency band can
amount to 1 percent, and it is therefore a
nonnegligible effect. Jeffreys (2) has long
maintained that physical dispersion is
important, and some attempts have been
made to use the effect to reconcile body
wave and surface wave earth models (3).
Randall ) recently further stressed this
point. Liu ef al. (5) calculated the dis-
persion-absorption for a solid having a
spectrum of relaxation mechanisms, and
we use their results in this report.
Relaxation phenomena are most likely
to be responsible for seismic absorption
6, 7). Relaxation mechanisms include
grain boundary effects, partial melting,
phase changes, stress-induced atomic
reordering, and thermoelasticity. Ab-
sorption in a medium with a single char-
acteristic relaxation time, 7, gives rise to
the familiar bell-shaped Debye peak cen-

Fig. 1. Shear veloci-
ties plotted against ra-
dius for model C2,
which assumes that
the earth is perfectly
elastic, and model
4Q2, which is based
on the inversion of
torsional oscillations
data corrected for at-
tenuation.
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tered at a frequency w = 771, The specif-
ic dissipation function, Q!, and phase
velocity satisfy the differential equation
for the standard linear solid and can be
written 8, 9)

Q0 Hw) = 200 'wr/(1 + w?r?) 6))
C¥Hw) = Co¥(1 + 0¥*C2/CR)/
[(1 + &*?)? + 2020, 12 )

The high-frequency, C.,, and low-fre-
quency, C,, velocities are related by

_C‘”Z - C2

= -1
C()Cw 2Qm

In the equations above, Q! is the peak
value of the specific dissipation function
at wr = 1. The low- and high-frequency
limits of Q! are, respectively,

Q7 '(w) = 20n 0T (3)

and
O Hw) = 20, Y(wr)™! 4

Note that the magnitude of the peak dis-
sipation depends on the total range of
velocities. The phase velocity is only
constant at high and low frequencies; in
these limits Q7! varies as w or w™!. Labo-
ratory data on attenuation (8, 9) indicate
that the absorption peak is generally
much broader than given by Eq. 1. This
is usually interpreted in terms of a distri-
bution of relaxation times.

The fact that seismic values for Q!
are roughly frequency-independent and
are comparable in magnitude to peak
attenuation values in polycrystalline
oxides and silicates (I0) suggests that
seismic frequencies are in the midst of a
broad absorption band. Shear waves re-
flected from the core (ScS waves) of pe-
riod 10 to 50 seconds and toroidal oscilla-
tions having periods greater than 1000
seconds both sample the entire mantle
and have approximately the same Q (/1,
12). This suggests that Q cannot have the



strong frequency dependence implied by
Eq. 3 or Eq. 4, and therefore seismic fre-
quencies are in the midst of, rather than
on the skirts of, an absorption band.

Relaxation mechanisms have been
proposed for the mantle that have relax-
ation times spanning the seismic spec-
trum (6, 7). Even if a single mechanism
were responsible for the absorption of
seismic energy, the variations of temper-
ature, pressure, activation energy, acti-
vation volume, grain size, dislocation
length, and so forth through the mantle
will serve to broaden the absorption
peak. The dissipation and dispersion for
a solid having a spectrum of relaxation
times have been calculated by Liu ez al.
(5) and Norwick and Berry (9). The su-
perposition of elementary relaxation
peaks having a continuous distribution of
relaxation times from 7, to 7, distributed
as 77! gives

0= Q2Qn"/m) X
tan~![o(r, — 7)/(1 + &*r;1)]  (5)

and

Clw) = C(1 + Qn~'/27) X
In[(l + 0?*n?)/(1 + &*r%)] 6)

These equations were derived by Liu et
al. (5), where a fuller discussion can be
found. Liu et al. also gave the expression
for group velocity, but this is not needed
in the present discussion. An equation
equivalent to Eq. 5 was derived by Sav-
age (7) for thermoelastic attenuation in a
polycrystalline solid having a distribu-
tion of grain sizes.

For 7, € ™! < 1, the value of Q is con-
stant and equal to Qy,. In this frequency
range the velocities at two frequencies
are related by

Clwy)/Clwy) = 1 + (1/70n)In(ws/wy) (7)

If Q is independent of frequency in the
seismic band, this equation gives the fre-
quency-dependent correction that must
be applied to surface waves and free os-
cillations to remove the effect of physical
dispersion. This equation has also been
derived from other linear theories of at-
tenuation (/). It should be emphasized
that dispersion must accompany absorp-
tion even if Q is not frequency-indepen-
dent.

Velocities are higher at high fre-
quency. If dispersion due to anelasticity
is not taken into account, there will be a
systematic discrepancy between body
wave, surface wave, and free oscillation
results, with body waves giving the high-
er velocities, as observed (I3, 14).

The discussion so far is quite general.
The relations between attenuation and
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dispersion do not depend on a specific
physical mechanism. For thermally acti-
vated grain boundary relaxation and an
assumption about grain shapes in the
mantle it is possible to calculate the dif-
ference between the high-frequency and
low-frequency shear velocity, the relax-
ation time as a function of depth, and the
spread of relaxation times required to
satisfy the observed O data. Using the
theory of O’Connell and Budiansky (15),
we calculate C,/C, = 0.87 for dodec-
ahedral grains. This gives 7,/7, ~ 10*
for a minimum mantle Q of 20 in shear
and justifies our assumption of a broad
relaxation band. In terms of temperature
the relaxation time is

T = 70 eXp(E*/RT)

where 7, is the atomic jump time (~ 1071
second), R is the gas constant, E* is the
activation energy, and T is absolute tem-
perature. The above spread in relaxation
times implies a spread of about 30 kcal/
mole in the activation energy of grain
boundaries. For T = 1500°K, the ap-
proximate temperature in the vicinity of
the upper mantle low-Q zone, and

* =90 to 120 kcal/mole, relaxation
times are between 1 and 10* seconds,
which span the seismic band. In the lith-
osphere and below about 200 km the ab-
sorption band is outside the seismic band
and little attenuation of seismic waves is
predicted for these regions.

Surface wave phase velocities, C;, or
free oscillation periods, T;, can be cor-
rected to a standard period, say 1 sec-
ond, by

AG/C; = — AT/T, = (7 Q)" InQm/w;)
8

where Q;!is the dissipation function for
the mode having an angular frequency o;
(). Thus, if Q is known for each mode
in question, the correction is straight-
forward. However, Q is not known for
many of the modes in the free oscillation
data set. It can be estimated from a Q
model such as MMS8 (I2). For toroidal
oscillations the equations of Anderson et
al. (12) give

— AC/C; = (M/m)n(w/27) x
{’Z] (alnci/alnBZ)Ql’_l (9)

Fig. 2. Shear wave travel time residuals, rela-
tive to the Jeffreys-Bullen tables (19), as a
function of distance in model 4Q2.

for a model composed of N spherical
shells, where Q,!is the dissipation func-
tion and B, is the shear velocity in the
layer €. The partial derivatives are easily
calculated (/6) and have been tabulated
for many of the normal modes (7). A
similar expression can be written for
Rayleigh waves and spheroidal oscilla-
tions.

As an illustration of the effect, we take
the theoretical Q model MM8 (/2), cor-
rect the toroidal data (I3, /4), and invert
for the distribution of shear velocity and
density to obtain model 4Q2. The same
data set, uncorrected for anelasticity,
was inverted to give model C2 (/4). The
two models are shown in Fig. 1. As ex-
pected, the main effect is to increase the
shear velocities in the upper mantle. This
removes the discrepancy between free
oscillation and body wave results (13, 14)
which has been attributed to large and
deep differences between continental
and oceanic mantle (I3, 14, 18). This
does not rule out lateral variations in the
upper 200 km of the earth, which are well
documented from both surface wave and
body wave studies.

The travel time residuals for model
4Q2, compared to the shear wave travel
times from the tables of Jeffreys and Bul-
len (19), are shown in Fig. 2. The residu-
als oscillate about the Jeffreys-Bullen
value with an average residual of + 0.4
second in the distance range 30° to 105°.
This can be compared with the 4- to 5-
second discrepancy between body wave
and free oscillation results that results
from inversion of uncorrected normal
mode periods (13, 14). Thus, the effect of
attenuation reconciles seismic data taken
over a broad frequency band.

Model 4Q2 fits the corrected toroidal
data set as well as the elastic model C2
(I4) fits the uncorrected data, within 0.09
percent. A more complete inversion of
the corrected normal mode data, includ-
ing spheroidal modes, is in progress. Pre-
liminary results indicate that the com-
pressional velocity structure of the upper
mantle is affected in much the same way
as the shear velocity structure.

The implications of frequency-depen-
dent elastic moduli extend beyond
seismology. It is common practice to
compare seismic velocities with ultra-
sonic data in order to infer composition.
This is not valid for depths below about
100 km because of the difference in the
relaxed (low-frequency, high-temper-
ature) and unrelaxed (high-frequency,
low-temperature) shear moduli. Also,
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the response of the earth to deformations
at tidal, annual, and Chandler periods is
different from that at seismic periods.
The effect of anelasticity is to make
Chandler periods 1 to 2 days longer than
the periods calculated for earth models
constructed on the basis of short-period
seismic data.
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