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Chemistry 21b { Spectroscop y

Lectures # 13 { The Vibrational Mo des of Perio dic Solids

In the infrared spectra of functional groups we covered last time, we saw that for
so-called molecular solids (or liquids) { in which the interactions between moleculesare
weaker than the intra-molecular forces{ the vibrational frequenciesof various parts of the
moleculewere little changeddepending on the details of the molecular structure. This is
both the strength and the weaknessof infrared spectroscopy.

What about a material like diamond, or silver, in which a single atomic nucleus
is repeated on an essentially in�nite lattice; or more complex solids such as NaCl or
GaAs? We will think about the electronic properties of such materials (that is, what
makesdiamond an insulator, silver a metal, gallium arsenidea semiconductor,etc.) later
in the classafter we have covered the electronic spectroscopy of polyatomics.

Consider a cube of material of length L , say 1.5 cm on a side, with atoms spacedat
1.5 �A intervals. This yields N =1024 atoms in the sample. Even if we restrict ourselves
to a purely harmonic force �eld among the atoms, our normal mode analysis tells us that
there will be 3N � 6=O(1024) vibrational modes of the sample! There are a number of
good texts that considerthis problem, one of the most readableis from our own David L.
Goodstein, Statesof Matter (Dover Books, NY), from which thesenotes are unabashedly
modeled. Mathematically, and in the classicallimit, we can write

•Ui = �
3NX

j =1

� ij Uj ; (13:1)

where Uj are the positions (or displacements) of the atoms in space, and •Ui are the
corresponding accelerations. The � ij represent the forces between the atoms, and so
will involve things like the spring constants for the bonds (the secondderivative of the
potential) and the massesof the oscillators.

Basedon our earlier work, we could try oscillatory solutions of the form Ui = Ui 0ei! t ,
which would lead to 3N equationsas beforean a 3N � 3N determinant of the form

Detj(� ij � ! 2� ij )j = 0 (13:2)

that could be solved to yield the 3N eigenvalues (remember three would be translational
and three rotational) provided the � ij areknown or canbecalculated. With the eigenvalues
in hand, the eigenfunctions(that is, the normal modes)can be obtained. This worked well
for small molecules,but is clear not a sensibleway to proceedin the present case!

As we will see, the key for regular solids is to use the periodicit y in the lattice to
advantage, and sosolve not for the normal modesthemselvesper se;but to look for classes
or typesof solutions that can be distinguished from each other (by symmetry, typically).
For simplicit y, we will think hereonly about crystals with one(diamond, silicon, gold, etc.)
or two kinds (sodium chloride, gallium arsenide,etc.) of atoms in them, and then only in
1-D. This will su�ce to give us a basic understanding of the problem.
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Normal Modes in Solids
Before taking on the � in�nite array of atoms on a lattice, consider the simplest 1-D

problem beyond the diatomic molecule illustrated below. In this three atom system with
identical masses,a normal mode analysis would yield three frequencies,as it must, with

! 2 = 0;
k
m

;
3k
m

:

In our earlier analysis,! 2 = 0 would be associated with translation; but let's look at things
another way. Think about the center-of-mass. For the zero frequencymode the center-of-
massmoves,while in the \diatomic-lik e" solutions of ! 2 = k=m;3k=m (symmetric stretch,
asymmetric stretch) the center-of-massremains �xed. Crystals will behave similarly.

The key is to recastequations(13.1) and (13.2) in terms of periodic solutions that take
into account the structure of the crystal. By analogywith the treatment of electromagnetic
radiation (E&M), let us consider traveling wavesolutions of the form

Ux = Ux 0e[i ( ! t � q �r s )] ; (13:3)

where the values of the discrete vector r s are those that represent the relative positions
of the atoms in the crystal, and where q plays the samerole as the wave-vector in E&M,
and has units of 1/(w ave)length. Since the problem is quantum mechanical, q is not free
to take on any value, but starts at zero and can only becomeas large as � � =a, where a
is the spacingbetweenthe atoms in the lattice.

As before, there are 3N degreesof freedom for the full up problem. How should we
break them up to take maximum advantage of the periodicit y of the lattice? Let's assume
that we are working with a crystal having r atoms in the unit cell, and that we are going
to treat the problem in D spatial dimensions. If we break up the problem into indices n
and s that sum over the degreesof freedom in the unit cell of the lattice (the small piece
of a solid that contains all the atom types therein) and the locations of the unit cells in
the lattice, we can rewrite equation (13.1) as

•Us
n = �

X

n 0s0

� s� s0

nn 0 Us0

n 0 ; (13:4)

where n0 runs from 1 to D � r and s0 from 1 to N � if � is the number of unit cells in the
crystal (of length L). Clearly, for an in�nite crystal things cannot depend on the absolute
location in the lattice, and so if we let � = (s � s0) and (r s � r s0) = r � , then if we recast
eq. (13.4) in these terms and insert eq. (13.3) for the explicit dependenceof Un , we �nd
that

� ! 2Un = �
X

n 0�

� �
nn 0Un 0ei (q �r � ) (13:5)

Again, the total number of degreesof freedomare the sameas before,but eq. (13.5) leads
to only a D � r determinant that must be solved, not a 3N � 3N determinant.
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Speci�cally , we must solve the D � r � D � r determinant

Det
�
�
X

�

� �
nn 0ei (q �r � ) � ! 2� nn 0

�
� = 0 (13:6)

to obtain the 3N vibrational eigenvalues. The D � r branches of the problem give the
associated values of ! 2 as sums over the quantities

P
� � �

nn 0ei (q �r � ) , and this is where all
the complexity now resides.The relationship of the vibrational frequencies! to the values
of q is called the dispersion relation. In a three-dimensionalelemental crystal there will be
three branches (D = 3, r = 1), and 3N solutions in all. How many valuesof q are there?
Just N � , sincer � N � = N . Now let's look at a couple of examples.

1-D Elemental Crystals and the Debye Model of Solids
Supposewe have a one-dimensionalcrystal composedof identical atoms with massm

that are separatedby a distance a with identical springs of force constant k, or

The total length of the chain is L , and there are N atoms. Sincethere is only one degree
of freedomper unit cell, there is just a 1 � 1 determinant to solve and one branch for the
dispersion curve. To make a long story short, the solution is given by

! 2 =
4k
m

sin2
� qa

2

�
(13:7)

q =
�

2�
L

�
l

�
l = 0; � 1; :::; �

L
2a

�
: (13:8)

Thanks to the square, there are two solutions for ! that correspond to traveling waves
propagating in the + x and � x directions, as show below:

Figure 13.1. Vibrational frequenciesplotted for a one-dimensionalcrystal composedof
identical atoms of massm and spacedby a �A, given numerically in eq. (13.7). As q ! 0,
! ! 0; while as q ! � =a, ! ! 2

p
k=m. k is the force constant of the harmonic potential.
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Clearly, as q becomessu�cien tly small then sin(qa=2) ! qa=2, in which case the
dispersion relation is given by ! = � q

p
(ka2)=m. This may look familiar to someof you.

Why? Becausethe frequenciesof sound waves in materials is given by ! = cq, where c is
the speed of sound in the medium and q is the magnitude of the wave-vector (or 2� =� ).
In the one-dimensionalexampleabove, we have only treated what are called longitudinal,
or compressional,sound waves,sincethe vibrations of the atoms are along the axis of the
chain. In real solids { but not liquids { there are also transversesound waves, and thus
two velocities that must be considered,cl and ct . Modesof thesetwo typesare illustrated
below, and since the transverse modes are degenerategive rise to the three vibrational
branchesdiscussedabove.

If such modesare treated quantum mechanically using a particle-in-a-box model, with
quantum numbers lx ; ly ; lz , q = (2� =L)l , l = (0; 1; 2; :::); and the number of modes in the
interval dq for an isotropic solid is found to be 4� Vq2dq=(2� )3, where V is the volume. If
we only worry about the compressionalmodes for now, with ! = ci q, then the density of
states � (! )d! , or number of modesbetween! and ! + d! , is given by

� (! )d! =
4� V
(2� )3 q2(! )dq(! ) =

4� V
(2ci )3 ! 2d! : (13:9)

This should alsolook familiar, for it is the density of statesfor standing wavesin blackbody
calculations, and aswe'll seeit is also the sameformula as is found for single-particle state
models of a perfect gas. The energiesof the modes are, of course, �h! , and since these
modes are so similar to particles and photons they are known in solid state physics as
quasiparticles or phonons. For actual crystals, we must incorporate both the longitudinal
and transverselow frequencymodes,but the � (! ) / ! 2 functional form { called the Debye
model of solids { still holds. Phonons are extremely important in the low temperature
behavior of solids, and we will return to them in our discussionof heat capacities in the
statistical thermodynamics part of the class.

The Vibrational Behavior of Solids with Two-Atom Unit Cells
What about the higher frequency, \diatomic-lik e" vibrations that becomedominant

as the wave-vector approaches the reciprocal of the atomic spacing? Here is it interesting
to consider the more complex caseof a 1-D solid with two atoms in the unit cell:
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In this set up, we assumethat m1 > m2. From the analysisabove, sinceD = 1 and r = 2,
we have a 2 � 2 determinant to solve. The mathematics is straightforward, but involved,
so we simply quote the (quadratic) result:

! 2 =
k
�

"

1 �
�

1 �
4� 2sin2qa

m1m2

� 1=2#

; (13:10)

where � = m1m2=(m1 + m2) is the reduced mass. As expected, there are two roots for
a given value of q { that is, two di�eren t branches that correspond to the two degreesof
freedom in each unit cell. There are N � = N=2 unit cells and N=2 normal modes in each
branch. To understand better what thesebranchescorrespond to, it is best to look at the
limiting behavior of the normal modes.

For small values of q, sin2(qa) ! (qa)2 ! 0, and clearly the limits in this case
correspond to

lim ! 2 = 0;
2k
�

as qa ! 0: (13:11)

For small but �nite valuesof q the two solutions for ! are

! = �
�

2k�
m1m2

� 1=2

aq (13:12)

! = �
�

2k
�

� 1=2 �
1 �

2� 2(qa)2

m1m2

�
: (13:13)

Figure 13.2 The dispersion relations for the two atom 1-D crystal at low valuesof q. The
individual branches are called the acoustic (low frequency) and optical (high frequency)
branches, respectively.

The behavior of these two solutions at small values of q are shown in Figure 13.2.
Thesetwo solutions of the dispersion relation are called the acousticand optical branches,
for reasonsthat are hopefully obvious. The low frequency branch has the form of an
acoustic wave, and so is called the acoustic branch. Note that the second,high frequency,
branch, called the optical branch, has a slope of zero near q = 0. Note, also, that there
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are no unique solutions for values of q larger than jqaj > � =2; all that happens is that
phasefactors are intro duced into the displacement equations. Thus, the values of q can
only run over (2� =L)[0; � 1; � 2; ::: � (L=2(2a))] , whereL is the length of the crystal. From
an analysis of eq. (13.10) as q approaches this maximum value, we �nd that the limiting
behavior of the two branches is:

lim ! 2 =
2k
m1

;
2k
m2

as q ! � =2a: (13:14)

From theseclueswecanestablishthe generalbehavior of the acousticand optical branches,
and theserepresentativ e curvesare shown below.

Figure 13.3 The full dispersion relations for the two atom 1-D crystal.

In this case,half of the solutions fall on the acoustic and optical branches, but the
rangeof q only runs over that rangenecessaryto generatethe required number of solutions
(N in this case). The range over which all of the possiblesolutions to the normal mode
analysisis called the Bril louin zone, and is quite useful in the analysisof the band structure
of materials such as insulators, metals, and semiconductors.

With the eigenvalues in hand, the eigenvectors can also be obtained. Here we will
simply note the character of the solutions in the two branches. For example, as qa ! 0
and ! 2 ! 0 in the acoustic branch, it can be shown that U1=U2 ! 1. Thus, at low q the
acoustic modes are characterized by macroscopic oscillations in which both atoms move
together with the same amplitude. Such modes are largely insensitive to the details of
the material, and like the ! 2 = 0 mode in the triatomic system above, the center-of-mass
of the unit cells move. For the optical branch modes with ! 2 = 2k=� , a limit analysis
demonstratesthat U1=U2 ! � m1=m2. Thus, as we expect, theseare \diatomic molecule"
like modesin which the atoms move in opposite directions, but with amplitudes such that
the unit cell center-of-massis stationary. The mode with the longest wavelength is one in
which all of the atoms of m1 move in one direction, those of m2 in the other. Becauseit
involvesthe largest restoring force, is has the highest frequencyof any fundamental mode
in the crystal, as Figure 13.3 shows.
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For intermediate valuesof q the situation is more complex, and the �gure above shows
qualitativ ely how the motions of the acoustic and optical branch modesdi�er at the same
value of the wave-vector (labeled K in the diagram). For the high q limit in the Brillouin
zone, things again becomesimple. In each case,half of the atoms have no displacement.
For the acoustic branch it is the light (m2) atoms that are stationary, while in the optical
branch it is the heavy (m1) atoms that do not move { hence the atom-on-spring-like
frequenciesof

p
2k=m1 (acoustic) and

p
2k=m2 (optical).

Theseproperties of the two branchesmake it possibleto readily understand the optical
behavior of solids such as NaCl. At su�cien tly high energies,there are no normal modes
that canabsorblight, and the material is transparent until the electronicdegreesof freedom
are accessed(and that we'll discusslater). Once the optical branch energiesare reached,
however, signi�cant absorption can occur. For NaCl, the onset of this absorption is near
� = 15 � m (seeFigure 13.4).

Figure 13.4 (Left) The infrared absorption spectrum of NaCl (the two curvescorrespond
to two di�eren t thicknesses).(Right) The re
ection spectrum of NaCl in the far-infrared,
at di�eren t temperatures.

Once beyond a frequency of
p

2k=m2, however, waves can no longer propagate in
the crystal until a frequency of

p
2k=m1 is reached. In this interval, typically in the far-

infrared, the solid becomesa good re
ector { that is, a mirror (again, seeFigure 13.4)!
Bandpass �lters based on this so-called restrahl region are quite useful in far-infrared
astronomy, as the onset and termination wavelength can be tuned using the massesof the
two atoms in the crystal.
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